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IIpeauciosne

Jlanublil Kypc JIEKIi B 3HAYATEIHHON CTEeIIeHN OCHOBAH HA MaTepHasaX Cepud KHUT MO TEOPUU
pacmnucannii, BKIOYaoIeii Mmonorpadun:

e B.C. Tanaes, B.B. IlIkyp6a “Beenenne B Teopuio pacrucannii” (M.: Hayka, 1975),

e B.C. Tanaen, B.C. Topmon, A.M. Illadpanckuit “Teopus pacuucanuii. OgHOCTaIUITHBIE
cucrembl” (M.: Hayka, 1984),

e B.C. Tamaes, KO.H. Corckos, B.A. Crpycesuu “Teopusi pacnmcanmii. MHOroctaamiiHbe
cucrembr” (M.: Hayka, 1989),

e B.C. Tamaes, M.{. Koame, .M. [Hadpanckuii “Teopus pacnucanuii. ['pymmnosbie
rexnosornn” (Muuck: ITK HAH Benapycn, 1998).

B xypce jeknmit paccmarpuBaioTCs JAeTePMUHUPOBAHHBIE 3a/a9d TMOCTPOEHWS ONTHMAJIbHBIX
pacnucanuii AJ1st pa3anaHOro Poja 00C/IYKUBAMOIINX cucTeM. [I[puBoasATCS onucanus MPaKTHIECKIX
CUTyalliii, B KOTOPBIX TaKue 3a/a9il BO3HUKAIOT, I COOTBETCTBYIONINX MaTeMAaTHIECKHX MOJeseil.
OcHOBHOe BHHUMaHHUE yJIeJIEHO MaTeMaTHYeCKHM MEeTOJaM pelleHus 3aJad U MeToJaM aHaJIh3a HUX
BBIYUCJATEIbHON CJI0KHOCTH.

Kypc nexknmit pa3douT Ha pasaenbl. B mepBoMm pasjene NpuBoaATCsS HanboJiee 00Iue TOCTAHOBKH
3a/1a4, BBOIUTCS cXeMa 0003HAYECHUN U OIMUCBIBAIOTCS OCHOBBI HANOOJI€E PACIPOCTPAHEHHBIX METOI0B
pellieHust 1 0/IX0/I0B K KJaCCU(UKAIIMN BbIYUCJIUTE/ILHON CJI02KHOCTH 3a/1a49. Bee 3a/1a4u mocTpoeHust
ONTUMAJILHBIX PACIUCAHUN YCJIOBHO pa3J/ieJieHbl Ha TPHU KJAcCa B 3aBUCUMOCTH OT XapaKTEPHCTUK
obcirykuBaronux cucrem. Kaxkapiit u3 pas/esioB 2, 3 u 4 MOCBAIIEH OJHOMY U3 3TUX KJIACCOB.

Kypc sekmmit  mpemgHasHadeH Il ISl CTY/JAEHTOB, aclHWPAHTOB W  CIHENHWAJNCTOB B
00/1aCTH 9KOHOMHYECKOI'O IIJIAHUPOBAHUs, HCCACJOBAHUS OIepalldii, JIOTUCTHKU U YIIPABJICHU
IIPOU3BOJICTBOM.






I'1aBa 1

OcHOBHBIE MOJeJIA I METOJIbI

Bagaun KaJeHIapPHOIO IJIAHUPOBAHUS — 9TO 3aa9M ONTHMAJBHOTO paclpee/eHnss OrpaHuIeHHBIX
pecypcoB Bo BpemeHn. MaremaTndecKne MOIEJIN U MEeTOIbI KAaJIeHIAPHOTO MIAHUPOBAHNS W3y dalOTCs
B paMKaX TeOpHWH paclucanmii. PaccmarpuBaemMble B TeOpWW paclucaHuii  3a1a9u  OOBITHO
dopMyIupyIOTCI B TepMHHAX OOC/IY:KHUBAaHHUS mpebosaHuil B CHCTEME, COCTOMAINEell U3 OJHOIO
JO0 HECKOJBbKHUX O00CIyzKHBAONUX npubopos. llox tepmunom “rpeboBaHmsa” MOApPa3yMeBAIOTCS
obpabaTbiBaeMble JETAJH, BBIYUCIUTETbHBIE ITPOrPAMMBbI, HMPOEKTHI, TPAHCIOPTHHIE CpPEJICTBA WU
T.1. Ilox TepmubnoM “mpuGOphH’ MOAPa3yMeBAIOTCS CTAHKH, BBIYHCIUTETbHbIE MAIIWHBI, TPYIIIHI
UCIOJHUTEIel MPOEKTOB, yYacTKH J0por u T.a1. IIpubophl sBISIOTCS OJHUM M3 OrPpaHUYEHHBIX
pecypcoB. TpeboBaHHUIO COMOCTAB/ISIETCST HEKOTOPOE MHOYKECTBO NPHOOPOB, KayKJblii M3 KOTOPHIX
MOYKeT WM J0JI’KeH 00C/IyKHUBaTh JaHHOe TpeboBanue. Ecim kaxkjaoe TpeboBaHWe MOMKeT ObITh
MOJIHOCTHIO OOCJIYy?KeHO JIFOOBIM H3 3TUX NPUOOPOB, TO OOCIYKMWBAIOIIAsT CHCTEMa Ha3bIBAETCS
OJTHOCTATHIHO (¢ OJTHUM HJIH HECKOJIBKUMHE MapaJlieJbHbIME puOopami). Eciiu TpeboBanme 101KHO
OBITH OOCJIY?KEHO TII0CIeI0BATE/IbHO HECKOJbKUMH IPUOOpaMU, TO TOBOPAT O MHOI'OCTaIURHBIX
cucTteMax o0OCIyzXKuBaHUsS. MHOrocTaMitHbIE CHUCTEMbBI, B CBOIO OYepejb, IOJApa3easdioTcd Ha TpH
OCHOBHBIX THuma: cucrembl flow-, job- u open-shop, onucanme KOTOPHIX NPUBEIEHO HUKE.

[Ipu rpyHIoOBbIX TEXHOJIOTHAX OOC/IYKHBAHUSI IPEAIIOIArAETCs, YTO TPeOOBAHUS 00C/IY 2KHUBAIOTCS
rpynnaMu Jinbo HapTHsIMU U [IPH IIePexojie 0T 00CIyKUBaHus TpeOOBaHUsT OJHOM IpyIbl (apTHH )
K 06C/IyKHBaHUIO TPeOOBaHUsI APYTOil Ipynibl (MapTun) HeoOXoauMa HepeHasaika mpubopa.

[Toctpouth pacnucanue O3HAYAET TEeM WIX HWHBIM CHOCOOOM yKasaTh /JIsA KayKIO0i maphl
“rpeboBanne — npubOpP’ WHTEPBAJ BPEMEHH, B KOTOPOM 3TOT HpuOOP O0OCIyKHUBAET JaHHOE
TpedboBanue. IIpu aToM 10/2KeH OBITh COOJIIOAEH PsJ OrpaHuYeHni, HanpuMep, TpeboBaHue He MOXKET
00CTyKUBAThCS JIByMd U OoJjiee IpruOOpaMu OJTHOBPEMEHHO; Ha MHOXKEeCTBE TpeDOBaHMT MOXKeT ObITh
3a/IAHO OTHOIIEHNE YACTUYIHOIO HMOPA/IKA, KOTOPOe HeJb3s HapyIIaTh, U T.II.

WNuTepec 0OBIYHO MpeaCTaBIgeT MOCTPOEHHE He JI0OBIX paclucaHuii, a JHWIIh TeX U3 HHX,
KOTOPbIE SBJISIIOTCHA ONTUMAJBHBIMA OTHOCUTEJIHLHO TOIO WM MHOTO Kpurepus. Kpurepuem Mozker
ObITh MHUHUMHU3AIUs ODOIIMEro MOMEHTa 3aBepliieHus 00C/IyKHMBaHUs Bcex TpeboBaHUil, CpejHero
BpeMeHHU peObIBaHUs TPeOOBaHMIT B CCTEME, CyMMAapHBIX 3aTPaT, CyMMapHOTO JIU00 MaKCHMAJJIHLHOTO
OTKJIOHEHHST MOMEHTOB 3aBePIIeHUs 00CIyKIUBAHUs TPeOOBaHUIA OT 3aJaHHBIX IUPEKTUBHBIX CPOKOB
U T.II.

Kypc Jexkmmit BKIO4YaeT deTbipe pasfena: JaHHBIA pas3zien, UMeIONuii BBOJHBIN U
MeTOJIOJIOTHUEeCKHil XapaKTep, U TPU pa3jiesia, HMOCBSIIEHHbIE PA3JIUIHBIM TUIIAM OOCTYKHBAIOIINAX
CHCTEeM: OJHOCTAIUMHBIM CHCTEMaM, MHOTOCTAIUMHBIM CHCTEMaM H CHCTeMaM C T'PYIHOBBIMU
TEXHOJIOTHSIMHU OOCTyKUBAHU.

B pazxa. 1.1 unpuBojgsarcs HauboJiee oOIMe HMOCTAHOBKHM 3a/a4d IOCTPOEHUs] OINTHMAJIbHBIX
pacnucanuii, gaercs 0030p CYHMIECTBYIOIUX THIOB OOCIYKHBAIOIIMX CHCTEM ¥ OTMEYalTCs
MPaKTHIECKHEe CHTYaIlld, B KOTOPHIX BO3HUKAIOT COOTBETCTBYIONINE 3aaa4u. B pasm. 1.2 BBoasTCSH
HeoOXommMMbIe obo3HadeHus. B pasa. 1.3 00CyKIal0TCss HEKOTOPBbIE ACIHEKTHI BBIUYUCIATETLHOM



CJIOKHOCTH JIUCKPETHBIX 3ajad. B paza. 1.4 paccmarpuBaercss CHTyallus, KOTJIa paclucaHue
OJIHO3HAYHO  OIpeJesieTcs  yKa3aHueM  IOCJe0BaTeIbHOCTeil  oOCayKuBaHUd — TpeboBaHUi
npubopamu. Bpomgrcsa obo3HadeHus 1 HamboJee pacupOCTPAHEHHBIX IIOCIeJI0BATeIbHOCTEH u
OIICBLIBAETCI TaK HA3bIBAEMBIil IIepeCTaHOBOYHLIM IIPUEM, YaCTO IPUMEHSIONTUICS TP UCCJIeJOBAaHIN
CBOIICTB ONTHUMAJILHLIX IOCIeg0BaTeIbHOCTeH. B paz3a. 1.5 u 1.6 onuchBaOTCI METOI JUHAMIYECKOTO
[POrPAMMUPOBAHUsT M CIIOCOD IOCTPOEHUsI E-TPUOJIMKEHHBIX aJI'OPUTMOB, OCHOBAHHBIN Ha
MIPUMEHEHUH aJITOPUTMa, IMHAMUYECKOT0 ITPOrPaMMHUPOBaHUs K HEKOTOPOI peJIaKCUPOBAHHOM 3a/1a4e.
B paszx. 1.7 omucwiBaioTcsi HEKOTOPbIE HMPUEMbI IOJIYUYEHHS TapaHTUPOBAHHBIX OIEHOK TOYHOCTHU
NpUOIMZKEHHBIX aJIropuT™MoB. B pasza. 1.8 omuchiBaloTCss MeTOJAbl MHHUMHU3AIUU [PUOPUTETO-
MOPOKIAIONNX (PYHKITMOHAIOB.

1.1. ITocTanoBKa 3aa4

Oana u3 HanboJiee OOIMX MOCTAHOBOK 3a/1a49U MOCTPOCHUS] ONTUMAJIBHOIO PACIIMCAHUS COCTOUT B
caeayioneM. Imeercss MHOXKeCTBO, COCTOsIIEe U3 N TPeOOBaHUI, KOTOPOE JIOJIZKHO ObITH 00C/IyKEHO
m mpubopamu. O0cayKuBanue TpebOBaHUs TPUOOPOM MOXKET HTPOUCXOIUTH € NPEPbIBAHUAMY WIN
bes npepwsanut. B nepBom ciaydae mnporecc obcIyKuBaHus TpeboBaHUS NPHOOPOM MOMKET ObITh
IpEepBaH U 3aTeM BO300HOB/IEH B OoJiee O3 THUI MOMEHT BpeMeHu. Bo BTopoMm ciiydae Takue JeiicTBUs
3armperrnenbl. Kakapiii mpudbop MoxkeT 06C/1yzKHBATh He DoJiee OTHOr0 TpeDOBaHMS B KaK/Iblii MOMEHT
Bpemenu. Kazkjoe TpeboBaHue MOXKeT OOC/TYKHUBAThCA He OOJiee 4eM OJHUM MPHOOPOM B KarK/Iblii
MOMEHT BpPEMEHH.

[TockoJibKy € TOYKHM 3peHus HOCTPOEHUsi OLTUMAJIbHOIO PACIUCAHUS LPUPOJA TpedoBaHUIT
Oe3pasjimydHa, COMOCTABUM UM 4ucja j = 1,...,n, KoTopbie jaJjee Oy/ieM UCII0JIb30BaTh B Ka4eCTBE UX
n1eHTH(PUKATOPOB. AHAJIOTUYIHO MPENOJIOKIM, 9TO TpudOpaM comocTaBiensl yucaa [ = 1,...,m.

s TpeboBanus j 3amaHa JAUMEABHOCTIL €T0 00CAYydcusanus py; mpuobopom I, j = 1,...,n,
I = 1,...,m. Kpome Toro, moryt OBITH 3aJaHbl JAPyTrHe XapPaKTEPUCTUKU TaKWe, KaK MOMEHIM
nocmynaenus Tj, paHee KOTOPOIO OOCTy:KHBaHUe 3TOr0 TpeOOBaHHA He MOXKeT OBITb HadaTo,
Jupexmuensili cpox d;, K KOTOPOMY HeOOXOIUMO JHOO JKeJaTeabHO 3aBepIINTh O0CIy KHBAHUE
9TOr0 TpebOBaHUS, 6€c0601 KoaPduyuenm (6ec) w;, XapaKTePUIYIONMHUil OTHOCUTETHHYIO BaZKHOCTD
TpeboBanus j, u HeyObBaommii dbynkimonan f;(t), onpeaensionmit cmoumocms 0OCTY KIBAHUS
9TOr0 TpebOBAaHMS PU YCJIOBUU, 9TO €r0 00C/Iy’KUBAHUE 3aBEPIIALTCS B MOMEHT BpeMeHu T.

[Ipejnosiaraercsi, 4TO0 9T U JIpDyrUe YHUCJIOBbIE IMapaMeTpbl U 3HaYeHUsd (DYHKIUN SBJIAIOTCS
OeJIbIMU HEOTPpUIaTEJIbHBIMA YHUCJIaMHU.

Ha mHOKecTBe TpeGOBaHW MOKET OBITH ONPEIEJIEHO 0MHOWEHUE NPeduLecmosatus (nopadka)
— OmHapHOe, TPaH3UTUBHOE, aHTUpedJeKCHBHOEe OTHOIIeHue. Ecaum TpeboBaHme ¢ IIpeIiecTByeT
TpeboBaHUIO j, TO OOCIyKHBaHHe TpebOBaHUS j HE MOXKeT OBbITh HAdaTo 0 3aBepIIeHUsd
00CTyKUBAHUS ¢.

Mpbl orpaHmuMBaeMcsd pacCMOTPEHHEM CHUTYAIUil, B KOTOPBIX BCe IapaMeTphbl 00CTyKUBAOIIei
CHCTeMBl W TPeOOBAHUI SBIIIOTCI O0EMEPMUHUPOBAHHBLMU, T.e. 3apaHee OIpeaeJeHHBIMU. Bce
YUCJIOBbIC IIapaMeTpPbl U 3HAYCHUA fj (t) npealoJaraoTcd HeoTpulaTe/JIbHbIMA HEeJIbIMUA YUCJIaMU.

1.1.1. Omnpenenenne pacuucanud. [lox pacnucanuem nonmmaercs (yHKIUs, KOTOpas
Kak/IoMy npubopy | m MoOMeHTy BpemeHu t comocrtapjsier TpeboBaHme, 00C/IyKUBAEMOe MPUOOPOM
[ B momenT Bpemenu t, qubo ykas3biBaer, uro upubop [ B Moment t mpocrtamBaer. C TeIbIO
KOPPEKTHOI'O ONpeJIe/IeHusI MOMEHTOB 3aBepIeHusi O0CIyKUBaHUs TpeOOBaHmil, 3Ta (QYHKIUI
SIBJISIETCSI TIOJTy HETIPEePBIBHOI cyieBa 1o t. [TocKoIbKY CyIIecTBYIOT pasindubie (GOPMBI TPEICTABIEHHST
dbyHKIHIit, GOPMBI Ipe/ICTaBIeHUs PACIUCAHUN TakKe pasandaiorcs. VMu mMoryT ObITH (DOPMYJIBI,
tabaunbl, rpadukn u T.1. Hanbosee m3BecTHoil rpadudeckoit (hopMoii mpeacTaBaeHns PaCIACAHNS
aBasgeTcsa duazpamma I arnnma.

IIpumep 1. /IBa TepmuuaJa a’ponopra MJOJMKHBI B TeYeHWHW /HS NPUHATH W OTIPABUTH
12 camoseroB. Hekoropoe pacnucanme pabOThl T€pMHHAJIOB IpeJCcTaB/IeHO auarpammoii ['amHTa



tuna (Bpemsi-npubopsl). ONpesesnTh, sIBIserTcs JH 3T0 pacHucaHue JOMYCTHMBIM, eCIH 3aTaHbl
JKeJIaTeJbHbIe MOMEHTBI HAadasla U 3aBepIIeHns OOCAYKHBAHUSA CAMOJIETOB, JITHTEJbHOCTH WX
00C/IyKUBaHNS TEPMHUHATAMH, a TaKyKe OTPAHMYEHHE O TOM, 9YTO JIOMYCTHMOE OTK/JIOHEHHE OT
JKeJaTeIbHBIX MOMEHTOB Hadasta (r;) u 3aBepimenus (d;) obciykuBanus camoseros 2, 6 u 11 me
JOTKHA mpeBbimaTh 0.5 daca.

Ty do Te dg 11 dyy

Puc. 1. /Inarpamma lannra jyis npumepa 1.

OrBer: pacuucanue HeJIOMyCTUMO, TaK KaK OTKJIOHeHue OT diq npesbimraer 0.5 daca.

ITpumep 2. llex, cocrodmuii U3 5 CHENMUATU3UPOBAHHBIX MPUOOPOB, TOJKEH W3TOTOBUTH
Tpu u3zgenus. JIag Kaxkaoro mu3gesnds 3aJaHa MOCTIEI0BATEHBHOCTb MPOXOXKIEHUS MTPUOOPOB U
JUIMTELHOCTH COOTBETCTBYIOIMX onepanuii. luarpamma lanara tuna (Bpemsi-rpeboBaHusi) 3a/1aeT
HeKoTOpoe pacrnucanue. OupenenTh, SBAAETCA JU 9TO PACHUCAHUE JOMYCTHMBIM, €CJIU KayKIblii
npubop MoxkeT obpabarbiBarh HE Oojiee OJIHOTO M3JIe/IUs B KayK/Iblii MOMEHT BPEMEHH.

Mspeme 1 | 3 | 5] [ 3] 1] | 4]
Mspeme 2 | 2 | 4] 3| 5] 4| 1 |
Msmerme 3 | 1 | 2| 4 | 2| 3]

0 “BpeMs

Puc. 2. /Inarpamma lannra jiyis npumepa 2.

OrBer: pacnucaHue HeJIOMYCTHMO, TaK TPUOOp 3 00CIyKHBAeT OJHOBPEMEHHO JBa TPEeOOBAHMS.

Kpurepuem onruMaabHOCTH pacnucaHusi sBjseTcs CcoOJIojeHne TpeOOBAHUSIMU 33 aHHBIX
JIMPEKTUBHBIX CPOKOB, JTUOO MHUHUMHU3AIUS HEKOTOPOro (PYHKIIMOHAIA CTOMMOCTHU, 3aBHUCSIIETO OT
MOMEHTOB 3aBepIlleHus 00C/TyKUBAHUS TPEOOBAHUIA.

1.1.2. Tunbl 00CIY>KUBAIOMINX CHUCTEM. 33Ja9YU TOCTPOEHWS ONMTUMAIBHBIX PACTUCAHUN
MOT'YT OBITH YCJIOBHO Pa3jieJIeHbl HA HECKOJIBKO KJIACCOB B 3aBUCHMOCTH OT THIIA OOCJIYKHBAIOIIEH
cucTteMbl. Pazimaalor ciiegyinue THIB 0OCTYKHUBAIOIUX CHCTEM.

Opnocraguitabie cucteMbl. Kaxkioe TpeboBaHne MOXKeT OBITH IIOJTHOCTHIO OOCTYKEHO OTHUM
13 M UMEIOIINXCs TPUOOPOB, 0 KOTOPBIX TOBOPAT, UYTO OHU pabOTAIOT MapaJiiebHO.

MHuorocranuiitabie cucteMbl. Kax/ioe TpeboBanue JJ0J2KHO ObITH I1OC/IE0BATE/IbHO 00C/1Y ZKEHO
HeckoJibkuMu tpubopamu. llpejrosiaraercs, 49ro mnocje OKOHYaHUs OOC/IyKUBaHHUS TpebOBaHUe
HeMeJIJIEHHO 0cBOOOXK 1aeT npubop. Kpome Toro, Bpems mnepexoja TpeboBaHus ¢ 0JHOTO puboOpa Ha
JIPYTOi MaJIO ¥ UM MOXKHO TipeHebpedn. [Iporecc obcaykuBanns TpeboBaHus TPUOOPOM HABBIBAETCSI
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onepayuetd. MomeHT 3aBepiieHns OOCIYy:KWBaHUsST TpeOOBAHWS pPaBeH MOMEHTY 3aBepITeHHsT
BBINIOJTHEHHS [TOCJIe/IHEH ommeparuu 3Toro rpeboBannsa. MHOrocTauiiHble CHCTEMBI, B CBOIO OYepe/ib,
Pa3IeIIoTC Ha CJIeLYOMIHIe.

Cucrema “flow-shop”. Kaxkmoe TpeboBanue J0:KHO OBITH OOCTYKEHO KazKJIbIM M3 HIPUOOPOB

1,...,m B mopsgake 1,...,m, T.e. 10 Havdajga 0OCTyKUBaHUudA MpuObOpoMm [ + 1 obcIyKuBaHUE STOrO
TpebOBaHUs JHOJIZKHO 3aBepIINThC Ha mpudope [, [ =1,... m — 1.

Cucrema “open-shop”. Kaxoe TpeboBanue j10/12KHO ObITH OOCJIY?KEHO KazK/IbIM U3 HpudOpPOB
1,...,m, mpoxo/ist UX B MPOU3BOJIBHOM MOPsiike. MapripyThl TPOX0ZK 1eHUsT TPUOOPOB TPEOOBAHUSIMU

ABJIAIOTCA 9aCThIO MPUHUMaAEMOT'O PEIIeHNA.
Cucrema “job-shop”. B »371oit cucreme tpeboBaHusi WMEOT 3ajJaHHBIE, HE 00sS3aTETHHO
OJIMHAKOBBIE MAPIIPYTHI MPOXOZK/IEHIA MPUOOPOB 1, ..., m, B KOTOPHIX PUOOPBI MOT'YT MOBTOPATHCS.

3amanue 1. [locrpouts guarpaMmvbl [anHTa JIJIi HEKOTOPBIX 33129 U BRIYUCUTH 3HAYCHUS PSIIa
HEeJIEBBIX (DYHKITHOHAJIOB.

Samanue 2. K KakoMy KJ1acCy OTHOCHTCsI 00C/Iy?KUBAIOIas CUCTEMa B CJIEAYIONINX 3a/a9ax:

2.1. OguH crpouWTeb B TE€UYEHHE CMEHBI JOJIKEH BBITIOJHUTH 7 3aJaHUil, KayKI0e U3 KOTOPHIX
TpedyeT MCXOAHbIE MaTePUAJIbI, TOCTABAsIEMbIe B pa3Hble MOMeHTHI BpeMenn. CoCTaBUTH paclucaHme
paboThl CTpouTe/ I TaKoe, YTOOBI BCEe 3aJaHusl ObLIN BBIIIOJHEHBl B 33/ JaHHbIE CPOKH.

2.2. JIBa KpaHa OOCJIYKHBAaIOT IO'beMHBIe paboOThl Ha 17 CTPOUTENBHBIX O0bEKTaX. 3ajaHbl
BpeMeHHbIe HHTEPBAJIbl BBHIIOJIHEHHS PA0OT U HPUOBLIbL OT MX BbIMOJTHEHUs. COCTaBUThH pacluCaHue
paboThl KpaHOB, MAKCUMU3UPYIONIEE CYMMAPHYIO TTPUOBLIE.

2.3. Py jerasieit jospkeH upoiitu 00OpabOTKY Ha TOKapHOM, ¢pe3epHoM u HLindoBaJIbHOM
CTaHKaX B YKa3aHHOI IOCJIeJ0BATEIbHOCTH. 3aJaHbl JIAUTEJHLHOCTH O0pPabOTKH KaykI0i jerasin
Ha KakaoMm cranke. OupeaennTh MOPSI0K 0OpabOTKHU JAeTajeil KarKIbIM CTAaHKOM TaKOil, 4TOOBI
MHUHUMHA3HPOBATH CPeaHee BpeMsi MpeObIBaHUsl AeTajleil B 00C/IyKUBaIOIIeil cucreMe.

2.4. Ha kaxgom u3 10 moJseit HeoOX0AMMO TPOBECTH H CEIbCKOXO3sIHCTBEHHBIX PabOT B JIFOOOM
mocje0BaTeIbHOCTH. Kaxkjaas paboTa BBINOMHAETCA YHUKAJIbHON Marmuuoii. CocTaBUTb ILTaH
BBLIIOJIHEHHSI PA00OT MAaIIMHAMHU TaKOil, YTOOBI 3aBEPIINTL BCe pabOThl KaK MOXKHO ObICTpee.

2.5. [Ipu BBIIMyCKe JIEKAPCTB UCHOJIB3YIOTCA XUMUYeCKHe BaHHBI. /Ij1g KazKJIoro THIIA JIeKApPCTBA
3a/IaHa OIpeeeHHAs T0CIeI0BATeTbHOCTD MPOXOXKIeHIS HEKOTOPBIX U3 3TUX BaHH. OIHOBPEMEHHO
B BaHHE MOXKET HaXOJUThCA OAMH THI JieKapcTBa. CoOCTaBUTh paCIUCAHHE BBIIIYCKA 3aIaHHOIO
KOJIMYECTBA JIEKAPCTB PA3HBIX THIIOB, MAKCUMU3UPYIOIIEE 3arpy3Ky BCEX BAHH.

1.2. Ob6o3HaueHUd

JLns mpejcTaB/ieHHs 3a7ad MOCTPOEHHUs ONTUMAJIbHBIX PACIHUCAHUIl MCIOJIb3yeTca 0DO3HAUEHUe
a/3/v, cocrosiee u3 Tpex noJeit. Huzke npuBoggTcst 0603HAUCHUS [T KIACCAYECKUX 339 TeOPUH
pacmucanuii, He 3aTparuBaioIie 3a1a91 C TPYIIOBBIME TEXHOJIOTUIME OOCTY KUBAHUS.

1.2.1. IlepBoe mose o = @ ONHCHIBaeT OOCIY:KHUBaMOIIyIO cuctemy. [Ipemanmomaraercs, 9To
a; € {,P,Q,R,0O,F,J}, vae - obo3nauaer myctoii cumBoJl. [lepBble YeThipe CUMBOJIA CJLyZKAT JIJIst
0603HaYeHNs OJTHOCTAIUHHON CUCTEMbI OOC/IY KUBAHUS:

® a1 = - :oaun npubop; pi; = pj;
o a1 = P : napaanreavnvie udenmurroe npubopoul; pyj = p; A BCeX TPHOOPOB;

e oy = Q : napassensvrvie Npubopvl PasHol NPOU3EOOUMENLHOCTIU;, Py = P;/U;, TAe U —
npoussodumesbHocms Tpudopa [;

e a; = R : napaaresvnvie pasiuvnvie npubopol; pp; ABIAIOTCA TPOU3BOIBHBIMU IEJIBIMH
HEOTPUIATETbHBIMA YUCIAMU;

e oy = O : open-shop;
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e oy = F : flow-shop;
e oy = J : job-shop.

Ecmu oy € {O, F, J}, 10 Dij ABJISIOTCHA HPOU3BOJIbHBIMU HEIbIMA HEOTPULIATEIbHBIMU YHCIIAMHU.
CuMBOJI (g CIIYKUT JIJIST OMUCAHWS KOJUYIECTBa NpuOOpPOB. B ciydae as = m mmeercs B BUALY,

YTO KOJUYECTBO NMPUOOPOB (PUKCHPOBAHO W paBHO M. B ciydae ay = - KOJUYECTBO TPUOOPOB
— mepeMeHHas BeJIUYNHA, 3HaYeHHe KOTOPOil SBJIAeTCd 3JeMEHTOM BXOJHBIX JAHHBIX 3a/1a49H.
O6o3nauenne o = - IPUMEHLAETCS JIUIIb B COUETAHUN C (g = 1.

1.2.2. Bropoe mose [ ommcbiBaeT XapaKTepuCTHKH TpeboBanuii. Ilpeamomaraercs, aro [ C
{B1,..., 05}, vae [y onpesenensl CaeayOMuUM 00pa30M:

o 3 € {,pmin};

e [3; = - : mpepbIBaHUs OOCTYKUBAHUSA JTIOOOTO TPeOOBAHUS 3ATIPEIEHDI;

e [3; = pmin : UpepbIBaHUs PAa3PEIICHbI;

e By €{pj=p.py=pk

® 3, = - : AqnuTeNBbHOCTH OOCTyKUBaHUS TpeOOBaHHUU p; OO P TPOU3BOIBHBI;

o By € {pj =p,p; =p}: p; OO pP;; ONUHAKOBLI U PABHBI D Jjist BCeX TpeboBauuii 1 npubopos;
[ 63 - {',dj = d},

e (33 = - : ecau 3a/JaHBl JUPEKTHBHBIE CPOKH dj, TO OHH SBJISIOTCS IPOU3BOTBHBIMH;
e (3= (d; =d): dj onnHAKOBEI U paBHLL d JJIs BCeX TPeOGOBAHMIL;

o fied{ ks

e (3, = : MOMEHTBI MOCTYILICHHS PABHBI HYJIO JJIs BCeX TPeOOBAHUIA;

e (34 = r; : 3aJaHBl IPOU3BOJIbHBIE MOMEHTBI IIOCTYILJIEHNs TPeOOBaHHH T';;

o (5 € {-,prec,tree,in — tree, out — tree, s-p, chain};

e 35 = - : Ha MHOXKecTBe TPeOOBaHWIT HE 33 aHBI OTHOIIEHWS PEIIECTBOBAHNSA;

b5 = prec : Ha MHOXKeCTBe TpeOOBaHUN 3a/laHbl OTHOLIEHHMS IIPEANIeCTBOBAHUS, KOTOPbIE
MPEJACTABJISIIOTCS TPOU3BOJIBHBIM AIMKJINIHBIM OPUEHTUPOBAHHBIM IPacdoM;

Bs € A{tree,in — tree,out — tree,chain} : rpad OTHOUIEHHUI NPEANIECTBOBAHUS SBJISIETCSI
JIepeBOM, BXOJSIIUM JE€PEBOM, BBIXOIAIINM JepPeBOM U HAOOPOM Iemeil COOTBETCTBEHHO.

JLs oT/1e/IbHBIX 33729 MOTYT OBITH MCIOJIb30BaHbl HEKOTOPBIE JIPYTHE JIETKO HHTEePIIPETUPYEMbIe
obo3uauenus. HeobxoauMble MOSCHEHHS TAIOTCA MO XOY U3JI0KEHUSI.

1.2.3. Tperbe moJie, 7y, ONHCBHIBaeT KPUTepHUil 3aJa4dW, KOTOPBIiI COCTOUT B OTBHICKAHHUHI
pacIucaHnus, JOMyCTUMOIO OTHOCUTE/IHHO JIUPEKTUBHBIX CPOKOB JIHO0 MUHUMH3HUPYIOIIET0 HEKOTOPbIi
ueaesot GyYHKyuoras. SHAUYeHHE TeJeBOT0 (DYHKIIMOHAIA 3aBUCHT OT CJIeAYIONINX BEJIMINH, KOTOPHIE
MOT'YT OBITH BBIYUCJEHBI JI0 KayKI0TO TpeOOBAaHUS j NMPH 3aJaHHOM DPACIUCAHUU:

— momenm 3asepuerus obcayotcusanus Cj;

— epemennoe cmewenue L = C; — dj;
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— sanasdusarue T; = max{0,C; — d;};

— edununnnti wmpag U, toe U; = 1, ecin tpeboBanune j spisiercs sanazdusarowum (C; > d;),
u U; = 0, ecoin TpeboBanue j ne siBiasiercs 3amaszasisaiomum (C; < d;). He 3amazapisaioniue
TpeboBanus Oy/eM HA3bIBATH PAHHUMU.

Pactmcanue donycmumo ommocumesvio QUPEKmuGHbLT CPOKOS, eCm
C; < dj nus Beex j.
PaccMaTpuBatoTes cyiejiytomiue 1ejeBble hyHKINOHABL:
— MAKCUMANDHAA CMOUMOCTND fnax = max{ f;(C})};
— obwuti momenm sasepuwenus 00cayorcusanui Cpa = max{C}};
— MAKCUMANLHOE 6PEMEHH0E cMmewsenue Ly, = max{L;};
— MaKcumarvroe 3ana3dveanue T, = max{7}};
— cymmapnan cmoumocmsv Y f; =3 f;(C));
— (s3sewennan) cymma momenmos 3asepwenus y_(w;)Cj;

— (836ewennoe) wucao sanazdvearouwur mpebosarut; Y (w;)U;;

(63sewennoe) cymmaproe sanasdusarue Y (w;)T;.

B npuBejienubix Bbilie 0003HAUYEHUSIX KAaXK/IbIIl MAKCUMYM U CyMMa, 6epeTcs 1o BceM TpebOBaHUsIM
J. Ilpeanonaraercs, 910 GYHKINOHATBI fimax B Y f; ABISIOTCT PE2YAAPHOILMU, T.€. HeYOBIBAIOIIUMHI OT
MOMEHTOB 3aBepIIeHns 00CTyzKuBaHusd TpeboBanuii. O4eBUIHO, YTO OCTATbHbIE PUBEIEHHbBIE BBIIIe
(bDYHKIIHOHATBI TaKKe SABISTIOTCS PETrYIsaPHBIMHA.

Tperbe o€ 7y COMEPIKUT 0OO3HATEHIE OTHOIO U3 MepPeInCIeHHbIX Kpurepues, T.e. 7 € {C; < d;,
fmaxa s 7ij7}}

1.2.4. Hmxke OmHUCHIBAIOTCSI HECKOJBKO TPUMEPOB, TOKA3BIBAIOIINX, KaK HCIOJIb3YIOTCS
MpUBE/IEHHbIE 0O03HAYEHUS.

Bagaua 1/prec/ Y w;Cj: umeercs ojun upubop; Ha MHOXKeCTBe TPeGOBAHMII OlpE/Ie/IeHbl
[POU3BOJIbHbIE OTHOIIEHUS HPE/IIIECTBOBAHUS; KPUTEPUl COCTOUT B MHUHUMU3BAIUU B3BEIIEHHON
CyMMbI MOMEHTOB 3aBepliiienus. KpoMe TOro, 3ampernieHbl IpepbiBaHus U BCe TPeOOBAHUS TOTOBBI
K O0OCJIy’KUBAHUIO B MOMEHT BPEMEHU HOJIb.

Bamaua Qm/p; = p,d; = d/C; < d;: mveercs m napaJulelbHBIX TPUOOPOB  pa3HOi
IIPOU3BOIUTEIBbHOCTH, IIe 1M (PUKCUPOBAHO; BCe 3HAUEHUS D; U BCe 3HAUeHUs d; ONHAKOBBI; KDUTEPHil
COCTOUT B OTBICKAHWM PACHUCAHUS, JTOMYCTHMOTO OTHOCUTETHHO 33JaHHBIX JUPEKTHBHBIX CPOKOB.
3anperniensl mpepbiBanusd. Bee TpeboBaHMS rOTOBBI K OOCTYKUBAHUIO B MOMEHT BPEMEHU HOJIb.

Sananune. PacmudpoBars psii 0603HaYeHNI 33129 IOCTPOEHNUS PACIHCAHMIA.

1.3. OcHOBBI T€OPUU CJIO2KHOCTH BBIYMCJIEHUII

B rTeopuu  CJIO)KHOCTH  BBIYMCJIEHUN  BBOJAMTCS  IOHATHE TPYAHOPA3PEIIUMON  3aIa4uu.
CymiecrBoBanne  3ddekTuBHOrO  (OBICTPOr0) — aJropuT™Ma  pelieHus XOTs Obl  OXHOW U3
TPYJAHOPA3PENIUMbIX 33Ja4d BJeYeT CYIIeCTBOBAHUE TAKOIO poOJia aJIropuT™Ma i JI00oi u3
Taknux 3a7ad4. I3 aToro ciemyer, 9T0 [AJ1st TPYAHOPA3PENIUMBbIX 3a/1a4 CyIlnecTBoBaHne 3O (MEeKTUBHBIX
AJITOPUTMOB PeIIeHus] MAJOBEPOSTHO.
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1.3.1. 3agauym pacno3HaABaHUA U SKCTPeMabHbIe KOMOMHATOPHBIE 3ada4uu. [1ox 3adaued
pacnosnasarus (ceoticms 0bsexmos) GynemM MOHUMATD HEKOTOPbIi OOIIHIT BOIIPOC, MPEe MO Iaraloliii
oTBeT ’7a”’, ecaum paccMaTpHBaeMBbIil B 9TOM BOIIpoce 00beKT 00J1a1aeT CBOWCTBAMU, ONHCAHHLIMH B
dopmynuposke Bonpoca. OOBbEKT U ero CBOCTBa OMUCHIBAIOTCS C IIOMOIIBIO HEKOTOPBIX [APaMeTPOB,
KOHKPEeTHBIE 3HAUYEeHH KOTOPBIX B 001Ieil (hopMyIHpOBKE BOIIPOCa OTCYTCTBYIOT. [lapaMerpaMu MoryT
ObITh MHOXKECTBA, rpadbl, ynuc/ia, GyHKIUM U T.11.

Ipumep 3adavwu 1moOydaercss UpPU 3aMeHe BCeX uMelomuxcs B o0mmeit (opmynpoBke 3agadun
napamMerpoB WX KOHKDETHHIMU 3HaveHusiMu. [Ipumvep HasbiBaercst 0a-Npumepom, ecam [pu
COOTBETCTBYIOIIMX 3HAYEHUSIX MapaMeTpoOB 00beKT 00/1a/1aeT yKa3aHHBIME B (hOPMYIUPOBKE 3a1a9H
CcBoOiicTBaAMU.

dxcmpemanrvras kKombunamopnas 3adaua cOCTOUT B caeayiomeMm. Ha xonmeanom muoxkecrse X'
onpenesen dbyukuuonan F(x), z € X'. Heobxoaumo B 3ajaHHOM HoaMHOKecTBe X MHO)KecTBa X'
OTBICKATH Takoi 3meMentT x*, uro F(x*) = min{F(x)|z € X} (3agaua Munnvusanuu), 1u60 TAKOH
1Y, aro F(2°) = max{F(x)|z € X} (3agaua MaxcuMu3anun).

ComnocraBuM 3KCTpeMaJsibHON 3ajaue B ciepyiomyo 3ajady pacnosHasanus B': oupejenntb,
CyIIECTBYET Jiu Takoii 31emMeHT &' B 3a1auHOM MHOKecTBe X, uro F'(2') <y (nmmbo F'(z') > y B ciyuae
3a/1a91 MAKCUMU3AINH) JJis JAHHOTO JefCTBUTebHOrO Yncia y. OueBuHO, ecyin T* pelenne 3a/1a4u
muHuMEu3auu B, 1o ssement 2 € X rakoii, uro F(x') < y, cymecTByer Torga u TOJBKO TOTJA,
korja F(z*) < y. Takum obpasoM, sKcTpeMasbHasl 3aJada He MpOINe COOTBETCTBYIONIEH 3a1auu
pacro3HaBaHus.

1.3.2. Pasymuble cxeMbl KoampoBaHusdA. [[0CKOTBbKY 3ajadyl HHTEPECYIOT HAC C TOYKH
3peHns pas3spabOTKH aJrOPUTMOB HX PENIeHHs W Peasn3alui 3TUX aJropuTMoB Ha DBM, BXommHbIe
JTaHHBIE 3312491 JOJIZKHBI OBITH KAKIM-TO 00pa30M 3aK0AUpOoBaHbl. CXxeMa KOJIUPOBAHMS COMOCTABIISAET
IEIOYKY CHMBOJIOB KayKIOMY MPHUMEPY 3aJa4H.

Ouenka BuHUCAUMENLHOT  (6PEMEHHOT) CAOACHOCTIU  GAZOPUMMG DEWeHUHA 3a0a4U — MO
dyrryus om Oaunv, 3anuct 6xodHot uHndopmayuy 3adavu, T.e. OHA HEIMOCPEJICTBEHHO 3aBHCUT OT
BBIOPAHHOI CXeMBbI KOJIMPOBAHMS.

MozkHO ToI00paTh CXeMy KOAMPOBAHUSI, KOTOpast JaeT OYeHb JJIMHHBIE KOAbI ITPUMEpPOB 3a1a4u,
TaK YTO MOYTH JI000H aaroput™ Oyaer 3h@GeKTUBHLIM OTHOCUTE/IBHO JIUH TAKUX BXOJOB U MBI HE
CMOZKEeM OIIPeJIeJINTh, KaKOil ajropuTM Jjydmre. KpoMe Toro, cxema KOJHPOBAHHSA MOYKET BBIIaBATh
KOJIbI CYIIECTBEHHO PA3HON JUTMHBI JJIs PA3HBIX IMPUMEPOB OJHOI U TOil Ke 3a1a4dn. B aTom ciyuae
HEIOHATHO KaK OMPEeIeIATh BRIUHCIUTETbHY IO CJIOKHOCTD aJIrOPUTMA — HA OJHUX IIPHMepax OH Oy1er
3¢ eKTUBHBIM, Ha IPYTUX HET.

OTH W JApyrue HPOTHBOPedHst OyAyT yCTPAHEHBbI, €CJH IO0JIb30BaThCsd TaK Ha3bIBAEMbIMHU
PABYMHBLMU CTEMAMU KOOUPOBAHUSL. ByaeM roBOpUThb, 9T0 CXemMa KOJAUPOBAHUS SIBJISIETCS PAa3yMHOIT,
€CJIN OHA, YIOBJIETBOPSIET CJIEAYIOMNM HeDOPMATbHBIM YCIOBHSIM.

(a) Kod npumepa 3adauu dosstcen Ovimb  KOMNAKMHLM U He  doadicen  codepicamb
HEODA3AMENDHYI UHPOPMAUUIO UAYU CUMBOADL.

(6) Yucaa us npumepa 3adauu doadchv, bvimo npedcmasienv, 6 060uwHOl, Aub0 Kakol-HuUbOYIb
UHOTL CUCTNEME CUUCAEHUSA C OCHOBAHUEM, OMAUMHBLM 0T eUHULDL.

Cucrema cumC/IeHHs ¢ OCHOBaHHEM, PaBHBIM 1, Ha3bIBaeTCs yHapHOil. B 3Toil cmcreme umcio
3 npeacrasisiercs B Buge 111, gucsno 4 B Buge 1111 u . (kak 3apyOKu y japeBHEHX Jiojeii). B
YHAPHOI CHCTeMe CUYUCAEHUs JIJIs IPEACTaBICHHsI [EJI0r0 YhCaa & Tpedyercs T eIuHull maMsaTa. B
JIBOMYIHOM CHCTEMe CUHCJIEHHST BCE YNCJIa MPEICTABISIOTCS B BUIE MOCIEI0BATEILHOCTEH IBYX YHCEI:
0 u 1. Yucao 3 npeacrasisiercss B Buge 11, aucio 4 B Buge 100, guciao 5 B Buge 101 w t.a. s
npejcTaBienns neaoro unciaa x tpedyercs O(log, x) mynei u egunun (exunani namsatn). OyHKIHs
O(z) ompeeisieTcst CJieIyomuM 06pa3oM:

lim Ofx)

Tr—00 €T

= const.

(B) Cxema woduposanus 0oascna o0baadams ceolcmeom 0ekodupyemocmu, T.e. JJisi KazKIO0ro
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napamMerpa 3a/a49n JIOJKEeH CYIeCTBOBATH TMOJNHOMHUAIBHBI aJrOPUTM, CIIOCOOHBIN BBIIEJUTH KO
9TOTO IMapaMeTpa U3 Koja JIFoOOro mpuMepa 3a/1a49i.

(r) Cxema woduposarus dosscra obecnenusamsv 00HOPOIHOCTL NPU KOOUPOSIHUL DABAUYHLE
npumepos 00not u mot oce 3adayu. OTHOPOTHOCTH O3HAYAET, UYTO CXe€Ma KOJIMPOBAHHS JOJKHA
obecreunBaTh g JIFOOBIX JBYX Pa3IdYHBIX MPHUMEPOB 3aa9H IOJYUYeHHe KOJOB, ~"OMU3KUX IO
JUIMHE, €CJTH 9T IIPUMEPBI CO/IEPKAT OJIM3KHE 110 BeJTMINHE YUC/Ia U KOJIMIeCTBO apaMeTpoB B 000uX
npuMepax npubJIU3UTEHHO OJHO U TO ZKe.

Broinosinenune  ycioBusi  OJTHOPOJHOCTH MOXKeT OBbITh 0O0ecredeHo COOJII0IeHueM CJIe/1YIOIIero
npoctoro mnpasmia. CxeMa KOJIUPOBAHUS He JOJIKHA 3aHUMATHCSI PACITO3HABAHUEM CIEn(puaecKux
CBOIICTB KOMPyeMoro npumMepa 3aaaqu. [Ipu mocTpoennn Ko/ia KOHKPETHOTO TPUMepa 33/Ia91 CXeMa
MOZKET HCII0JIb30BATh JIMIIL T€ CBOICTBA, KOTOPHIE HEIOCPEJICTBEHHO YKa3aHbl B (OpPMY/IHPOBKE
3a/1a9M U ABJIAIOTCA OOIUMHI JI/IsI BCEX IIPUMEPOB JIaHHON 3ajadu. Takum obpa3oMm, xod npumepa
3a0a4u doadtcen codeparcamsb AUWD MY UHPOPMAUUI, KOMOPYIO codeparcum 00uas HOPMYIUPOSKA
3adavu, ONOAHEHHAA KOHKPEMHBLMU 3HAYEHUAMU NAPAMEMPOS 340G,

Yeaosue (r) mpesoTBpALIAeT MOSBJIEHUE CJAMIIKOM KOPOTKHX KOJOB I OT/IEJIbHBIX IIPUMEPOB
sagaun. C apyroii cTopoHbl, ycjaoBue (a) He JaeT BO3MOZKHOCTH TMOSIBJSITHCS CJUIITKOM JIIHHHBIM
KOJ[AM.

1.3.3. BeruucauresnnpHas (BpeMeHHas1) CJIOXKHOCTH ajgropurmoB. ITosmHoMuanbHbBIE 1
TICEBOOTOJIMHOMHUAJIbHBIE AJTOPUTMBI. [l0o/1 BpeMeHHOI CJI0KHOCTHIO AJTOPUTMA TOHUMAETCS
KOJIMIECTBO  IACMEHMAPHLLE ONEPayUl, HeoOXOoamMoe st ero peaausanuu. Jljist aaroputvos,
IpeIHA3HAYEHHBIX /I peann3anun Ha DBM, 1o smeMeHTapHBIME IIOHHMAIOTCS TaKHe MAIIHHHBbIE
olepalun, Kak CJIOXkKeHHe, YMHOKeHHe, CpaBHEeHHEe JBYX YHCENI, 3alliCh JUOO CUNTHIBAHHE UHC/IA,
PACIOIOKEHHOIO IO U3BECTHOMY aJpecy, U T. II.

JLnst moboro npumepa [ HEKOTOPOi 3a1a4n BBeIeM B pacCMOTpeHHe J1Be (DYHKITHH:

— dyuknus Length[I], onpenensiomast ayiuny Koja npumepa | npu UCHOIB30BAHUH Pa3yMHON
CXeMbl KOJUPOBAHUS U

— dyuxmus Max[I], onpenensiionias BeJIMIuHy HAUOOIBIIErO YMCA0BOrO napaverpa B 1. Ecim
3a/aua He cozepKuT unces, To nojgaraem Maz[I] = 1 mas ao6oro npumepa 1.

Kaxk y»Ke oTMedasoch, OIeHKa BBIYHCJIATETbHON CIOKHOCTH AJTOPUTMA PElIeHus 3a1a9l — ITO
GYHKINA OT JIMHBI 3aIUCH BXOJIHON MHMOpPMAIIN 33 atN.

AJropuTM peleHns 3aJa9l HA3BIBACTCS NOAUHOMUAADHbIM, €CTH er0 BpeMeHHas CJI0:KHOCTDH He
IPEBOCXOJUT HEKOTOPOro mosjmHoma ot ¢dyukuuu Length[I] nnst mo6oro npumepa I 9Toit 3amadm.
CoOTBeTCTBYIOIIAS 38243 HASBIBAETCS NOAUHOMUAADHO Padpewumoti. [lomTnHOMIATBHBIE AJITOPUTMBI
HPUHATO CIYUTATH YMMEKTUBHBIME, TOCKOJIBKY MOJIUHOMUAIbHAS (DYHKIUs IPU OOJIBIINX 3HAYCHUAX
aprymenra (Length[I]) pacrer He Tak GBICTPO KaK SKCHOHEHIMATBHASL.

[TommrOMuaILHO pa3pemuMbie 3aa4u 00pa3yioT KJjacc P.

Anroputm  perieHust 3a7a9YU HA3BIBAETCS  NCEBIONOAUHOMUGALHBLM, €CJIH  er0 BPeMeHHast
CJIOKHOCTH HE MPEBOCXOJUT HEKOTOPOro mosmuHoma ot aByx dbyukuumit: Length[I| u Max[I], - pis
jgoboro npumepa I sroit 3amaun. CoOTBETCTBYIOMAA 3aJa9a HA3BIBACTCS NCEBIONOAUHOMUAALHO
PA3PEULUMOT.

1.3.4. Kunacc NP zamau. NP-noaupie u NP-Tpyaubie 3amaum. 3ajada OPHUHAIICKHAT
knaccy NP, ecium oHa MOXKeT OLITh pellleHa 3a INOJMHOMHAILHOE BpeMs Ha TaK Ha3bIBaeMOil
HeIeTepMUHUPOBAaHHON MamuHe ThiOpHHTa, KOTOpas peanbHO He cylmecTByeT. Ha Takoil mammne
3a IOJMHOMHAJILHOE BpPeMsl MOXKHO Peajn30BaTh KakK I[OJUHOMUAJIbHBIE TaK M HEKOTOPbIe
HEIIOJIMHOMHUAJIbHbIC aJITOPUTMbI. MO)KHO CKa3aThb, YTO Ha HEKOTOPbLIX 3dTallaX cBoeit pa6OTbI, KOoriaa
€CTh HECKOJIbKO BapUaHTOB JlaJIbHEHRINNX JeHCTBUil, HeJeTepMUHUPOBAHHAST MalllnHa 00paIiaeTcs K
MOMOIIA OpaKyJia (Hpe,ZLCKaBaTe,HH 6y;:ymero), KOTOPBI NOJICKA3bIBAET JaJbHEHIne NeiiCTBAM.

Bagaua II naspiBaerca NP-mpyownoti, ecam mobasg 3azada u3 kiaacca NP nosunomuansvrio
ceodumesa K Heil, T.e. UMes IOJHHOMHUAJbHBINA ajaroputM peinenus NP-Tpyanoit 3amadm, MOXKHO
HOJIYYUTh HOJMHOMHUANBHBI aJIropuTM pernreHuda Jao6oil 3agaun u3 knacca NP. 3azaga



15

pacnosnasanus II naszwiBaercsas NP-noanoti, eciim ona NP-rpyana u npunagieskut NP.

[longTre TOMMHOMHAJIBLHONR CBOAUMOCTH TpaH3uUTUBHO. [losromy mma mokasarenbcTtBa NP-
TPYJAHOCTH HEKOTOPOil 3aJa4u JOCTATOYHO MOJUHOMHUATBLHO CBECTH K Heil HeKoTopyio NP-tpyamyio
3ajaqy. g sroro mas oboro nmpuMmepa u3BecTHoir NP-TpymHOl 3a7a4un 3a IMOJHMHOMHAILHOE OT
€ro pa3MepHOCTH BpeMs IMOCTPOUTH MpHUMep Halleil 3ajJa4uu U MoKa3aTh, uTo perrerne NP-Tpynnoit
3a/la4¥ CYIIECTBYeT TOrJla UM TOJIBKO TOIJIA, KOIJA CYIIECTBYET PeIleHre IOCTPOEHHOIO ITpuMepa
HaIrel 3a/1a4u.

DKcTpeMasibHast 3ajada  HasbiBaeTcss NP-TpymaHOii, ecaum COOTBEeTCTBYMOIIAsi e 3aada
pacno3naBanus spjsiercsds NP-TpyiHoOii.

N3 cymecrBoBanus MOJTUHOMHUAILHOTO AJTOPUTMa, pelieHusi Kakoi-uuoy b NP-TpyiHoii 3a1a4u
cJlejlyeT CyIecTBOBaHHe HOJMHOMUAILHLIX aJrOPUTMOB pellleHHs /I BeeX 3ajad u3 kiaacca NP,
BKJIOYasg Bce NP-mosHble 3a/1a4m.

Kak y:ke ormedanoch, Bce MOJIMHOMUAATBHO pa3pelrnMbie 33/ 1a49i MOJTHHOMUAATBHO PAa3pPeInnMbl HA
HeJIeTepMUHUPOBAHHON MarmuHae Twiopunra. [TosTomy

P CNP.
Onnako mesacao P = NP uma P # NP.

[Tockonbky HE A7 oxHoit NP-TpymHoit 3amaum He pa3paboTaH MOJHHOMHAJIBHBIN aaropuTM
pellieHusi, B HACTOsIIee BpeMsl ODIIENPUHATON SBJISETCH I'MIOTe3a O TOM, 4TO

P £NP.

JInst Toro, 9TOOBI ee OIMPOBEPTHYTh, JOCTATOYHO MOCTPOUTH MOJHHOMHUAJIBHBIN AJITOPUTM pelleHus
J1000i (KaKoif-uuby/ b otHoil) NP-1pyauoit 3agaqun. Cuncok Takux 3a/1a4 BKJIOYAET JeCATKH ThICS
3a/1a4 U3 pa3/IMuHbIX 00/1acTeil HAyKU.

3a pa3paboTKy MOJINHOMUAIBHOIO aaropuTMa perterus 0o NP-TpymaHoil 3a1a4un ycTaHOBIEH
npu3 B 1.000.000 mornapos.

1.3.5. NP-tpyanbie B CHJIBHOM CMBbICJe 3amauu. Hapsiay c pasgesenuem 3ajgad Ha NP-
TPY/AHBIE U TOJUHOMHUAJILHO paszpeniumbie, NP-Tpyaabie 3a1a4u, B CBOIO 04Ye€pe/ib, MOAPA3IEISTIOTCS
Ha NP-Tpy/aubie B CHJILHOM CMbBICIE 332491 U 3a/Ia9d, HUMEIOIIHe IICEBI0NOINHOMUAIbHBIE aJITOPUTMbI
pemennsi. NP-Tpyaubie B CHJIBHOM CMBIC/IE 33JIa9l HE UMEIOT ICeB/IONOJTUHOMHUATBLHOIO aJIrOPUTMA
pelleHus.

1.3.6. IIpumepst NP-Tpyaabix 3ama4.

NP-tpynnas 3amada, uMeroras ICeBIOIOJTHHOMHUAIBHBIN aJTOPUTM PEIIeHHS:

PABBUEHUE:

3aaubl LEeJIble HOJIOKUTEIbHbIE YUCIa A1, dg, - .., 0y U A Takue, 410 Z’]"-:l a; = 2A. Tpebyercsa
onpeje/nTh, cymecrsyer i Muozkecrso X C N = {1,2,...,r} raxoe, 910 > ;cx a; = A.

NP-Tpynnasg B cHIbHOM CMBICTIE 3aa49a:

3-PASBUEHNE:

3ajlaHbl IeJIble [OJIOKHUTeJbHbIE YUCJIA a,0s,...,a3 u A rtakue, yro A/4 < a; < A/2,
jJ=1,...,3r, u ?’":1 a; = rA. Tpebyercsa oupenesnTsb, CymecrByeT Jiu pa3OHeHHE MHOXKECTBA
{1,2,...,3r} ma r menepecekaromuxcst nogmuokects Xi, Xy, ..., X, Takoe, 9ar0 Y cx,a; = A,
l=1,...,r.

Herpynao 3amerurh, ecaum pemrenne 3agadn 3-PASBBMEHWE cymectByer, To Kaxkmoe u3
MHOXKeCTB X1, ..., X, COAEPXKHUT B TOYHOCTH TPH JIEMEHTA.

Herpymao 3amerntn, uto ecim pemrenne 3amaun 3-PASBUEHNE cymecrByer, To KaxKmgoe u3
MHOXKeCTB X1, ..., X, COAEPKUT B TOYHOCTH TPH JIEMEHTA.

3amanue 1. CpaBHHUTb BpPEMEHHYIO CJIOXKHOCTDH CJIEAYIONUX aJTOPUTMOB pEIIeHUud 3aa4uu

PASBUEHUNE:
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Anropurm 1: TlocTponTh BCeBO3MOKHBIE Da30MEHHsT W TPOBEPUTH, CYMIECTBYET JIM HCKOMOE
IIO/IMHOZKECTBO.

Asropur™ 2: YIOpSI0UATh YUCIA A1, A2, - . . , A, TO0 HeBO3pacTanuio. Haznauarh B MHOKeCTBO X
MHJEKCH 1,2,... 10 TexX mop, MoKa CyMMa COOTBETCTBYIOIINX 4YhCeJ He mpeBocxoauT A. (Asropurm
OTBICKHBAET MPUOINZKEHHOE PEleHne 3a/1a4H)

Bpemennbie ciioxuocrn pasubl O(27) u O(rlogr) coorsercrBenno. Bbrumcjurb 3naveHus
dbyuxnuit 2" u rlogr upu r = 5, 10.

Bamanue 2. Jlokazarh, urto 3ajga4a P2//Chax aBasgercs NP-tpyauoii. B kadecTBe TagioHHOl
ucnoJib3oBath 3a1a1y PASBUEHNE.

1.4. OnTuMaJJbHBIE TIOCJIEAOBATEJILHOCT TPEOOBAHMIT U TIePECTAHOBOYHBIN
npuem

1.4.1. OnrumajbHBIE IIOCJ€A0BATEJbHOCTH. Bo MHOrmx 3ajadaX ONTHMAJbLHOIO
IJIAHUPOBAHUS  PACIHUCAHWS  OJHO3HAYHO  OIPEJEJdI0TCd  YKa3aHmeM IOCIe0BATeTbHOCTelH
o0cTyzKuBaHUs TpeOOBaHUI KaxKJIbIM W3 MpuUOOpPOB. B psae ciaydaeB B TaKUX CHTYAIUAX YIAETCS
YCTAaHOBUTDb, YTO CYIIECTBYIOT ONTUMAJIbHBIE IOCJTEJI0BATETLHOCTH, B KOTOPBIX TpPeOOBAHUS
YIOpsI0YeHBl IO HeyOBIBaHMIO JMOO HEBO3PACTAHMIO 3HAUYeHHH HEKOTOPOro IapaMeTpa aj,
j =1,...,n, conocraBjeHHOI0 TPEeOOBAHUIO.

Huzke npuBojsites obo3nadenusi Hanbojiee pacipoCTPaHEHHBIX ITOC/IeI0BATE/IbHOCTE].

Ilocaedosamenvrocmv EDD (Earliest Due Date) — TpeGoBauust yHOPSIZIOYEHBI 110 HEYObIBAHUIO
JUPEKTUBHBIX CPOKOB d; : di < -+ < d,.

Iocaedosamenvrocmo ERT (Earliest Release Time)— TpeboBaHus yIOPsA0IEHBI 10 HEYOBIBAHUIO

MOMEHTOB HOCTYILUTEHHS 7 : 77 <+« < 7y

Ilocaedosamenvrnocmo  SPT  (Shortest Processing Time) — TpeGoBaHUsI YIOPSIOYEHBI  TI0
HeyOBIBaHUIO JIUTeTbHOCTe(l 0OCTyKUBAHUA Pj @ p1 <« -+ < Dy

Ilocaedosamenvrocmo SWPT (Shortest Weighted Processing Time) — tpeboBaHusi yrnopsijioueHbl
110 HeyObIBAHUIO OTHOLIEHUH p;/w; @ py/wy < -+ < p,/w,.

Ilocaedosamenvrocmv LPT (Longest Processing Time) — tTpeboBanusi yHOPSIOYEHBI 110
HEeBO3PACTAHUIO JIJINTEIBHOCTEll OOCIYyKUBAHUA Pj © P1 = =+ + > Pp.

1.4.2. IlepecranoBounsblit mpuem. [Ipu jjokazare/ibCTBE TOrO, YTO CYHIECTBYET ONTHUMAJIbHAS
MOCJIeIOBATETLHOCTh ~ TPeOOBaHMA,  YAOBJIETBOPSIONIAs  OMpPEJeJeHHBIM  YCJIOBHUSM, 3a9acTyIO
HCIIOJIb3YeTCd TaK Ha3blBaeMBbIil nepecmanosouroill npuem, KOTOPbIl COCTOUT B CJEYyIOIIeM.

[Ipenmosiaraercs, 4YTO CyIIeCTBYeT ONTHMAJIbHAS IIOCI€I0BATEJbHOCTh, B KOTODOIl B3amMHOe
pacrosoyKeHne HeKOTOPBIX TPeDOBAHMIL ¢ U j He yIOBIETBOPSIET HEOOXOIUMBIM ycaoBusaM. Hampumep,
MPEJIIOoJIaraeTcsd, 9TO B ONTUMATBHON TOCTIeI0BAaTeIbHOCTH TpeboBaHMe ¢ TPEIIIeCTBYeT TPEOOBAHUIO
Jj, B TO BpeMs KaK € TOYKH 3PEHUS PACCMATPUBAEMBIX YCJIOBHIl OHU JOJXKHBI OBITH PACTOJOZKEHBI
B 00OpaTHOM IIOpPsi/IKe. 3aTeM PACCMATPHUBAETCS II0CJIEI0BATE/]bHOCTD, MOJIyYeHHAsS U3 HCXOHOI
IyTeM IepecTaHOBKH TpeboBanuii ¢ u j Mecramu. [lokasbiBaercss, 4T0 B pe3ysbrare 3HAYECHUE
1e1eBoro byHKIMOHAIA 00 YMEHBIAeTCst (YTO MPOTHBOPEYUT MPENOI0KEHHIO 00 OMTHMAIBLHOCTH
MCXOIHOI MOC/IeJ0BATEILHOCTH ), JTHO0 He YBEJNYNBAETCs (Y4TO CBUAETEILCTBYET 00 OMTHMAILHOCTH
U HOBOIi TIOCIe0BaTeIbHOCTH ). [IpuMeHeHre yKa3aHHOll MPOIEIypbl KOHEYHOE YUCI0 Pa3 HPUBOJUT
K ONTHMAJIbHON TOCTeI0BATEIbHOCTH, YIOBIETBOPSIONIEH TPeOYEeMbIM YCIOBUIM.

3avacTyio HCHoJIb3yeTcsd O0OOIIeHne OMUCAHHOW TEeXHWKHW, MPU KOTOPOM IEpPECTABISIIOTCS He
OT/Ie/IbHBIE TPeOOBAHUs, a TeJIble CeTMEHTHI MOCIETIOBATETHHOCTH.

B jasbueitniem, ecjim 1pu JI0Ka3aTebCTBE HEKOTOPOI'O YTBEPXKJIEHUS TEXHUKA ITPUMEHEHUS
1IePECTAHOBOYHOI'O 1IIpUEMa HEe BbI3blBaeT 3aTPY/IHEHUIl, OTMeYaeTcss JIMIb BO3MOXKHOCTH
HCII0JIb30BaHUS 3TOT'O IIPUEMA U CaMO JI0KA3aTeJIbCTBO HE TPUBOJIUTCS.

Bamanue. /loka3arb, uro nociepoaresbaocta SPT nu EDD gapisitorcst ontuMa/ibHBIMK 111 38,19
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1//3> Cj u 1//Lyax COOTBETCTBEHHO.

1.5. JImHaMu4iecKoe IIporpaMMUpPOBaHNIE

Hunamuuaeckoe uporpammuposBanue ([II1) sBiasiercs yHUBEPCAJBHBIM  METOIOM  DeIleHHst
IKCTPEMAJIbHBIX 33/1a4.

CymectByer neckoabko wuaTepnperanuii meroga JIII. Msr pacemorpum JIIT kak mpomecc
MMOCTPOEHUsI MHOYKECTB YACTUIHBIX PeIeHnil WCXOMHON 3a7a4u W BHIOOPA W3 ITUX MHOZXKECTB
doMUHUPYOWULT PEIIeHuil TaKuxX, YTO XOTd Obl OJHO M3 HHUX MOXKET OBITb ~JOCTPOEHO 10
ONITUMAJILHOTO.

[Ipu TakoM 1oX0/e IpoIecc pelleHns HeKOTOPOil 3a4a41i MOKeT ObITh OPTaHU30BAH CJIETY OIITUM
obpazoMm. /st onpeie IeHHOCTH, PACCMOTPHUM 3a,/1a9y MUHAMHU3AIAN

f(z) — min, z € X.

Bynem dopmupoBars muoOxkecTBa X, Xi,..., X, YaCTHUYHBIX pENICHUH, IJIe MHOXKECTBO Xji1
MOJIyJaeTcd U3 MHOXKeCTBa Xj IMyTeM ~JIoCTpauBaHus KazKjaoro pemennda n3 Xi. OntumasibHOe
pelrenne x* BHIOMpaETCsa U3 MHOXKeCTBa X,,.

C KaKJpIM 9aCTUYHBIM pernerneM T € Xy Oy/eM CBI3bIBATH HEKOTOPbIN HAOOP napamerpos B =
(k,b1,...,b;), HA3BIBAGMBIX NEpeMeHHLLMU COCMOAHUA. Habop B nepeMenHbIx COCTOHUST HA3BIBACTCH
COCMOAHUEM.

[Tycrs Xi(B) o6o3Ha4aeT MHOKECTBO 4YaCTHUHBIX pemiernii © € X B cocrosHUn
(coorBercTByIONUX cocrosianioo) B. Ilycrs B(x) o603Ha4YaeT COCTOSIHAE YaCTHIHOTO DelleHus .

B merogme [I1 ¢ kazxkapim cocrostaneM B cBsa3biBaercst GyHkuus domunuposarus F'(B) Takas, 9o
YACTUYHOE PellleHne, HAXOJSIIeecs B COCTOSHUN B u MakcuMusupyromiee (Ju60 MUHUMU3HDYOTIEE )
F(B), domurupyem Bce ocTaIbHbIE YACTHYHBIE DENIeHHs] B COCTOSHUU B T.e. 3T0 YaCTUIHOE PelleHne
MOKET ObITh JOCTPOEHO O IMOJHOTO JAOMYCTHMOIO PeIleHHsl ¢ HAMMEHbIIMM 3HAYEeHHeM IeJ1eBOM
GbyHKIHUA Cpeu BCEX MOJIHBIX JOMYCTUMbIX PEIeHuil, IOCTPOCHHBIX U3 JTI0O0TO YaCTHIHOTO PEIIeHHST
B cocrosiunu B.

U3 onpenenenust pyuxiuu F(B) ciegyer, 9ro B Kaxk oM MHOKecTBe X)(B) 10CTaTOYHO BHIOPATH
JOMWHHUPYIOIIEE PEeNieHne AJid JaJbHEAINNX TOCTPOEHUA.

O6o3HaunM depe3 S MHOXKECTBO BCEX BO3MOKHBIX COCTOAHHIL. DTO MHOXKECTBO HA3BIBAETCS
NPOCMPAHCMEOM COCTNOAHUL.

B meroge I peKyppeHTHO BHIYUCISIOT 3HadeHust F'(B) u HaXoasIiT COCTOSTHUE, COOTBETCTBYIOIIEe
ONTUMAJILHOMY pelleHnio. 3aTeM BOCCTAHABIUBAIOT CaMO ONTUMAJIbHOE pelleHue.

s npumenenust Merosia I HeoOX0iuMO KOPPEKTHO OLPEJIe/IuTh

1) mpocrpancTBO cocTosiHmit S,

2) dyuknuo gomunuposanus F(B), B € S,

3) crmocob MOCTPOeHNsT YacTHIHBIX pereHuit &' € Xy 1 U3 9acTHIHbIX permennii © € X,

4) meroj, Bbrancaenus cocrossuus B(z'), ucnonb3ys cocroguue B(z), ecan ' € X1 "nocrpoen”
3 xr € Xg,

5) peKyppeHTHYIO GOopMy/Iy I Bbraucaenns 3uadenuii F'(B).

1.5.1. IIpumep anropmrma JIII. B kadecTtBe mpmmepa pacCMOTPUM CJEAYIONIYIO 3aady.
Cayxkamnuii 1012KeH BBIIIOJTHUTH 1 PA0OT K 3aJaHHOMY CPOKY d, HAUUHAs ¢ MOMEHTA BPEeMEHU HOJTb.
Jng xaxkaoit paboTel j 3aJaHa JIUTETbHOCTDL BBINOTHEHHA p; W IMTpad wj;, BLILJIAYHBAEMBIH C
caydae 3aBeplieHns j mociae d. Bce mapaMeTrphbl SBASIOTCS HEOTPHUIATETBHBIMU TETBIMUA UHUCTAMU.
Tpebyercst HaiiTu TaKy[O 10CJI€/0BATEJILHOCTD BBIIOJHEHUS PadOT, YTOObI cCyMMapHbIil mTpad ObLi
HAUMEHbBIITHM.

[Ipu 3amaHHOl MOCTEIOBATEILHOCTH PAbOT (i1, ...,1,) JIEFKO ONPEIEJNTH MOMEHT 3aBEDIIeHMsI
BBITIOTTHEHNST KazKI0# pabOTHI 1: C’ij =3 Diy, -
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Beenem B paccmorpenme nepevennnie U;: U; = 1, ecam pabora j gapiasercsd 3amas3gbiBaiolneil
(C; >d),nU; =0, ecu j saBasierca panneii (C; < d). Tpebyercsa HaliTi TaKyIo MOCI€I0BATEIHHOCTD
pabor, uro 3navenue y_7_; w;U; MEHUMAIBHO.

BameTrnmM, UTO Ha 3HAUYEHHE MeaeBoil (bYHKIUU BAUsSeT JHITb WHAOOPMAIUSI O TOM, KaKuhe
paboThI  SIBASIIOTCS 3aMa3/bIBAIOIINMA, a KaKue paHHUMH. [l03TOMY CyIecTByeT ONTHMaTbHAsI
OCJIEI0OBATEILHOCTD PabdOT, B KOTOPOil Bce paHHue pabOTHI YIOPSIOYEHBI HPOU3BOJBHO U BCE
3ara3/plBaonue padoThl YHOPSI0YEHBl MPOU3BOJBHO U PACIOJIOXKEHBI IMOCJe IOCJIe/HeH paHHei
paborsl. Torna 3aja4a MozxkeT ObITH chOpPMY/IUPOBaHA CJIEAYIOIMMM 00Pa30M:

n
Z w;U; — min
=1

IIPA YCJIOBUAX
n

ij(l - UJ) < dv

J=1

U e{0,1}, j=1,...,n

Ota 3agaua NP-TpymgHa.

[ycre U* = (Uf,...,U}) — ontuMambHBI BeKTOD i 9T0ii 3amaun u W* — coorBercTByIomee
3HA4YEHMe 11e/1eBOi (DYHKIUU.

CdopmynnpoBannast 3ajia4a, B CBOI0 04epe/ib, MOXKET ObITh IIPOMHTEPIPETUPOBAHA B T€PMUHAX
JIT cnenxyromum obpa3om.

Bynem ¢opmuposarh gactn4nbie perenus, onpegesds nepemennsie U; = 0 mbo U; = 1 naa

j=1,...,n. Byzem rosopurb, uyro yacruganoe pemenune (Ui, ..., Uy) Haxomurcs B cocrosauu (k, a),
k _
€CJIM ONpeJIeNIeHbl 3HaUeHus nepeMennbix Uy, ..., Uy u 3HaueHne orpanuvenus 7 p;(1—=U;) =a.
[IepemenHbIE COCTOSHUS MOTYT NpUHUMATh 3HadeHus k =0,1,... . numa=0,1,...,d.

13 navanbuoro cocroguus (0,0) moxkuO nepeiitu B cocrostaue (1,0), npu koropom Uy = 1, 6o
B cocrostaue (1,p1), rme Uy = 0, ecim py < d.

Paccmorpum mekoropoe cocrosiaue (k,a), k € {2,...,n}. B 310 cocrosinme MOXKHO 1e€peiiTi TOJBKO
u3 cocrostaus (k — 1, a), ecim Uy = 1, mbo u3 cocrosuus (k — 1,a — py,), ecam Uy, = 0.

Onpenemnv dynkunonan gomunauposanus F(k, a) kak nanMenbiiee 3uadenne neaesoi pynknum
Z?Zl w;Uj, Boranciaennoe juist pemtennit B cocrostann (k, a). 13 onpenenennst dbyunkunonana F(k,a)
CJIeJIYeT, UTO

W* = min{F(n,a)la =0,1,...,d}.

Buauenust F'(k,a) Moryr ObITH BBIUHCJEHBI PEKyppPEeHTHO. [l MHUIUAIN3AIUN PEKYPPEHTHBIX
Berancaenuit monozkuM F(0,0) = 0 u F(k,a) = oo asa Beex (k,a) # (0,0).

U3 onpenenenns dyuknuu F'(k, a) caeayer, 9aro obinee pexyppermmuoe coOmHoweHue MOKET ObITh
3aMMCAHO KaK

F(k,a) =min{F(k—1,a) +wy, F'(k—1,a —pg)}, (1.1)
k=1,...,n, a=0,1,...,d.

[Ipu srom, ecin F(k,a) = F(k—1,a) 4wk, TO B 9ACTUIHOM DPEIIeHUH, COOTBETCTBYOMIEM COCTOSTHUIO
(k,a), nepemennast Uy = 1. Ecim ke F(k,a) = F(k —1,a — px), 10 B 3r0oM pemterun Uy = 0.

1.5.2. Ooparsbeiii xoa. OnrumanbHoe pernenne U* MoxKeT OBITH HAleHO € IOMOIILIO
CTeYIONIeil MpOIeayphbl, HA3BIBAEMONW 0b6pamHui 0od. DTa MpOleaypa HCIHOJb3YeT TaOIUILY
pasmeprocTu n X (d+ 1), B kax10ii sueiike (k, a) koropoii xpanurcsa nadopManus o TOM, Ha MepBOi
WM BTOPOil KOMIIOHEeHTe jocturaercs Muaumym B (1.1) juist ykasanubix 3uadenuii k u a. Ha nepsoit
urepaiyuu nojaraeM k =n u a = a*, rae a* oupegensiercs uz W* = F(n,a*). Ecim munuvym B (1.1)
JIOCTHTAETCsT HA 1epBoit kKomnonente, To nojaraem Uy = 1, k := k — 1, ocrasiasem a 6e3 n3menenunit
U TePexoJuM K CJeAyIoIleil mrepanunu Hpomeaypbl 00paTHOro Xxoga. Kcam MUHUMYM JOCTHUTAETCs
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Ha BTOPOil KoMHoHeHTe, To nosiaraeM Uy = 0, a := a — py, k := k — 1, u nepexoium K cjejyroineit

urepanun. [loc/ie BoIONHEHNs . uTepanuii Oy1eT mocTpoel onTuMasbablii Bektop U* = (US, ..., U}).

1.5.3. Bpems paboret m Tpedbyemas mnaMdaATh. IDddexkTuBHocTh agaropurma 11
OTIPEJIe/IATCS €r0 BPEMEHHOI CJIOZKHOCTBIO u 00beMOM TpebyemMol maMaTH. AHAJU3 aJropuT™a
JUIST pACCMATPUBAEMON 3a/1a4l MOKA3bIBAET, IT0 Bbiuncaenue F(k,a) TpebyeT BBINOJHEHUS OTHON
Olepalui CJIOXKEHUs W OJHOIl omepanun cpaBHeHHs g Kaxkaoil mapel (k,a). Takum o6pa3zom,
BpeMeHHas CJI0KHOCTH 3TOro ajroputma pasaa O(nd).

Yro kacaercs oObemMa HAMATH, TO CJEAYET OTMETHTb, 4YTO JiIsi BbIYUC/EHUS OITUMAJIBHOIO
3HaveHus 1eseBoit pyukmun W* Ha KaxK10M mare kK 10CTaTOYHO XPAHUTDH TabJINILY Pa3MepHOCTH 2 X
(d+1) co suavenusivu F(k—1,a) n F(k,a),a=0,1,... d. [lnst oTbIcKaHUsT ONTUMAJIBLHOTO BEKTOPA
U* 10CTaTOuHO IPUMEHUTH POIELYPY 00paTHOTO X0/a, Koropas Tpedyer n(d+ 1) qonoHure ibHbIX
€JTMHUT] TTaMSTH.

V3 mpuBemeHHOro amaam3a MOXKHO CJeJaTh BBIBOMA, oOmmil s Bcex anroputvon /JIII:
BPEMEHHAA CAOAHCHOCMD U 005em mpebyemot namamuy arzopumma /11 nenocpedcmeenno 3asucam
0M MOWSHOCTU COOMBEMCMBYIOULE20 NPOCMPAHCMEA COCTNOAHUL.

1.5.4. Bpi6bop mpoctpancTBa cocrogHuii. IIpambie u obparasie anrputmbl JIII. Kak
MPABUJIO, CYIMIECTBYeT HECKOJIBKO BAPHUAHTOB [T BBIOOpA MPOCTpAaHCTBa cocTogumii. Hampumep,
JUIs PacCMaTpUBaeMOil 3a/1a4nm MOXKHO BBeCTH COCTOsiHMst (k,w) Takue, 9TO aCTUYHOE DEIleHue
naxomurest B cocrosnun (k,w), eciu oupeejaens 3uadenus nepemennnix Uy, ..., Uy u S5 w;U; =
w. B arom cayuae dynknmonan F(k,w) onpenenserca kak HaMMEHbIIEE 3HAYEHUE OTPAHMYCHUS

¥ pi(1 — U;) nns pemennii B cocrosmuu (k,w). PexyppenTHoe cOOTHONTEHNE MOYKHO 3aIicaTh B
BH/IE
F(k—1,w)+pg, ecom F(k—1,w)+p, <d,
F(k—1,w—wg)

CoorsercrByromuit aaropurm I tpebyer O(n Y p_; wy) eIMHAILL BPDEMEHH W MAMSTH.

Asnropurmbr JIT1, B KOTOPBIX wacTu4Hble penierns GOPMUPYIOTCS OT HAvada K KOHILY, KaK 3TO
JIeJIAeTCS B IPUBEJIEHHBIX BBINIE AJATOPUTMAX, HA3BIBAIOTCS NPAMULMU. AJTBTePHATUBHBI MOIXO0/
COCTOUT B MOCTPOEHHN YACTHYHBIX DeIleHHil OT KOHNA K Hadaxy. Takue ajiropuTMbl HA3BIBAIOTCS
obpammrvimu. Hanpumep, paccMarpuBaemast 3a/1a4a MOZKET ObITh PEIlleHa B IIPOCTPAHCTBE COCTOSHUIA
(k,a) cremyromum obpasom. [Tonaraem F'(n+1,0) = 0, Bce ocranbuble Hauaabuble 3Havenust F(k, a)
PaBHBIMA GECKOHETHOCTH M BBIUHC/ISEM

F(k,w) = min{

F(k,a) =min{F(k+1,a —pg), F(k+1,a) + wy}

mig k =nn—1,....,1mwa=0,1,...,d OnrumanbHOe 3HaUYeHHE I€1€BOr0 (PYHKIIMOHATIA PABHO
W* =min{F(1,a)| a =0,1,...,d}.
1.5.5. YucaoBoit mpumep penieHud 3aga4dm O prok3ake meroaom JIII.

F(m):$1+2$2+1}3+$4+2x5+x6+2x7:>max,

B(z) = 2wy + @3 + 233 + 204 + x5 + 26 + 17 < 5, x; € {0,1}.

Xo (0)
F(z) | 0
B(z) | 0
X1 0 | 1)
F(z) | 0 1
B(z) | 0
Xo (070) (051) (150) (171)
F(z) | 0 2 1 3
B(z) | 0 1 3
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X3 (0,0,0) | (0,0,1) | (0,1,0) | (0,1,1) | (1,0,0) | (1,0,1) | (1,1,0) | (1,1,1)

"ij
—~
N
o
—
w
—
[}
w
B

3 mpejanoc/ie e YacTUIHbBIE PEIeHHs] PelleHnsT MOYKHO JIaJIbIlle He pacCMaTpUBaTh, TaK KaK €CTh
jpovmuHupyiomme. /lajgee qocTpanBaemM TOJIBKO JIOMUHUAPYIOIINE.

X4 (0707070) (0707071) (0707170) (0707171) (0717070) (0717071) (0717170) (0717171) (1717170) (1717171)
F(x) | 0 1 1 2 2 3 3 4 4 5
B(z) | 0 2 2 1 1 3 3 5 5 7
X5 (070507050) (050705071) (050707150) (070507151) (051705070) (071507051) (07151:170) (051715171)
F(z) | 0 2 1 3 2 4 4 6
B(z) | 0 1 2 3 1 2 5 6
Xe (0,0,0,0,0,0) | (0,0,0,0,0,1) | (0,0,0,1,0,0) | (0,0,0,1,0,1) | (0,0,0,1,1,0) | (0,0,0,1,1,1) | (0,1,0,0,1,0) | (0,1,0,0,1,1)
F(z) | 0 1 2 3 3 4 4
B(x) | 0 1 1 2 3 1 2 3
X7 (0,0,0,0,0,0,0) | (0,0,0,0,0,0,1) | (0,0,0,0,0,1,0) | (0,0,0,0,0,1,1) | (0,0,0,1,0,0,0) | (0,0,0,1,0,0,1)
F(z) | 0 2 1 3 2 4
B(z) | 0 1 1 2 1 2
X7 (0707071707170) (0707071707171) (0717070717070) (0717070717071) (0717070717170) (0’1’0’0’1’1’1)
F(z) | 3 5 1 6 5 7
B(x) | 2 3 2 3 3 4

Ourumanbroe pemenne x* = (0,1,0,0,1,1,1) co 3nauennem uesesoii dpyuknnu F(z*) = 7.

Baganume. Paspaborars asropurmbr JAIT s pemennst 3agau 1// > w;U; (¢ nupousBosibubiMu
jupekTuBHbiMU cpokamu) u P2/ /Ciax. g 3a1auu MunuMusanuu > w;U; BHauvase IOKa3aTh, 9TO
B ONITUMaJIbHOM pPaCIUCaHUU paHHUe TpeboBaHms 00C/IyKUBAIOTCs B 1ocJiegoBareibuoctu EDD.

1.6. IlocTpoeHne BMOJIHE MMOJIMHOMUAJIBHBIX c-IIPUOJINXKEHHBIX AJITOPUTMOB

B sTom pa3zaene omumceiBaeTcss MeTO MOCTpoeHUs 3hHEKTUBHBIX e-NPHOINZKEHHBIX aJrOPUTMOB
JIS 33729 MAaTeMaTHIeCKOTO TPOTPAMMHUPOBAHUS C cemapadeTbHBIMU TeeBbIME (DYHKITHOHATAMHI.
Meto1 ocHOBaH HA IPUMEHEHUU AJITOPUTMA JIMHAMUIYECKOTO ITPOrPAMMUPOBAHUS K PEJIAKCUPOBAHHOMN
3a/1ade, MOJIyIaeMOil W3 MCXOMHOI 3a/Ja9u IyTeM CIeMUAJIHHOTO OKPYTJIEHUS 3HAYEHUN IeJIeBOro
GbyHKIIHOHAIA U TIePEeMEHHBIX.

Paccmorpum 3aga41y Munnvusanuu ubo makcuMusanun gpyukipuonana F(x) npu yciosun © € X,
e X - HEeKOTOpOoe KOHEeYHOe MHOZKECTBO.

IIycrs F* 0603HaYaeT ONTHMATBHOE 3HAUEHHE TeJeBoro hyHKIMOHAIA 3Toi 3agaun 1 nycTs FH
ob03HAYaeT 3HAYEHHE IeeBOro (pyHKIIMOHATA JJId djdeMeHTa * € X, HMOJYUYeHHOrO HPU IOMOIIU
HEKOTOPOro mpubamKkenHoro aaropurma H. Ilpeanonoxum, aro F* > 0. Anropurm H mHaspiBaerca
E-NPUOAUNCEHHBIM  AA20PUMMOM, €CJIU JIJIsi JI000T0 3ajianHoro ducia € > 0 u Jjrodoro mpumepa
3aJ]a4M OH OTBICKMBAeT Takoil smement z € X, uro |F* — FH| < eF* Herpyano Bugernb, 4To
€ — OTHOCHTEJIbHAS TOIPEITHOCTh pemnteHus. Ecan e-npub/inzKeHHbIil aJIrOpuTM HMeeT BPEeMEeHHYTO
CJIOYKHOCTH, KOTOPasi OTPAHNYeHA HEKOTOPHIM TIOJTMHOMOM OT JIJIMHBI 3AMUCH BXOIHBIX JIAHHBIX 33/1a91
B JBOMTHOM ajihaBuTe, TO OH HAZBIBACTCS NOAUHOMUANOHOM E-NPUOAUNCEHHBIM aN20pUMMOM. Fcmn
K TOMY 7K€ €r0 BpeMeHHasl CJI0KHOCTH OrPaHMYeHa HEKOTOPBIM IIOJIMHOMOM OT 1/£, TO OH Ha3bIBAETCsI
BNONAHE NONUHOMUGNOHDIM. E-NPUOAUACEHHBIM GN2OPUTMMOM.

OpuH W3 M3BECTHBIX IMOJXOJ0B K pa3paboTKe BIOJHE ITOJUHOMHAIBHBIX E-TIPUOJIHKEHHBIX
AJITOPUTMOB, TPETOKEHHBIN /T PelleHus OY/IeBbIX 3a/1a9 JUHEHHOrO MPOrpaMMUPOBAHUSA C OJTHUM
OrpaHWYEHHEM, T.e. /I 3aJla9 THUIA 3a0aY4U 0 PIOK3aKe, COCTOUT B OKpyrjieHuu KOIDPUIuenTos
nejieBoro (pyHKIHOHAJA. DTOT IOAXOJ MOXKeT ObITh 0000IIeH JJIsi pelleHust 0oJiee CJA0KHBIX
3a/1a9 MaTeMaTHIeCKOTO IPOrPDAMMHUPOBAHUs C cenapabe/bHBIMEU [EeJeBbIMUA (DYHKIINOHATAMEI U
MepeMeHHbIMHU, TPUHUMAIOIINME 3HAYEHWsT W3 33 JaHHOTO KOHEYHOTO0 MHOYKEeCTBA, IMPHU TOMOIIH
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CJIEJIYVIOIINX OCHOBHBIX ujei. [lepBas miuest cocTOMT B OKPYTJIEHUM 3HAYEHMH KayKI0H OTHeabHO
KOMIIOHEHTBI 1€e/1€BOro (PyHKIHOHAIA. IDTO IMO3BOJSIET pa3padoTaTh BIOJIHE IOJUHOMHAJbHBIE &-
NpuOIUZKEeHHBIE aJTOPUTMBI J/Isd 33Ja4d C IeJeBbIME (DYHKIIMOHATIAMHU, 00Jiee CJIOKHBIMH, UYeM
JuHeilinble. Bropasg maed coCcTOMT B pacCMOTPEHHM OKPYTJIEHHBIX 3HAYEHWIl MepeMeHHBIX, 9TO
IIO3BOJIsIeT He OTpaHHUYNBATLCA 33JadaMHi, B KOTOPBIX IepeMeHHble NpuHHMAaloT 3HadeHus 0 m 1.
Huxke sTor Oosiee oOmimit 110/1X0/1 OIHUCHIBAETCS Ha HPUMEpPAX 3a/[a4 MUHUMH3AIMU, HA3bIBAEMbIX
MUHUCYMHOT T MUHUMAKCHOT 30400 4QMU.

Janee dopmyupyercss MUHHUCYMHasi 3ajada W HMPUBOIUTCS E-NPHOJIMKEHHBIH ajaroput™m K.
ee pemrennsi. Ajaroput™m K. sBISIETCS BIOJIHE TOJHHOMHUAJBHBIM E-MPUOINKEHHBIM aJITOPUTMOM,
e€Ccau OTpeleeHbl TOAXOAANINEe HUKHWE W BEPXHWE OIEHKHW ONTHMAJbHOTO 3HAYEHUS IIeJIeBOTO
dyuxnuonaaa. AHAJTOTHIHBIN TOIX0/] IPUMEHSITCS JIJId MEHIMAKCHOM 3aa49n. ONuChIBaeTCsa TaKzKe
IpOIE/y pa yIYUIIeHUT HUZKHIX U BEPXHUX OIEHOK ONTUMAIbHOIO 3HAUYEHHS 11e/IeBOr0o (DYHKITMOHAIA,
OCHOBaHHAs HA MPUMEHEHHH HEKOTOPOTO HPHOJIMKEHHOIO aJrOpuTMa.

B TepMuHax MEUHMMAKCHBIX B MHUHHCYMHBIX 33189 MOT'YT OBITH C(OOPMYIUPOBAHBI MHOTHE 3a,1a1H
ONTUMAJIbHOTO TIJIAHUPOBAHU .

1.6.1. MunaucymHag 3agada. [lycrs Ha MHOXKecTBe R AeHCTBUTEBLHBIX YUCET OIIPEIeIeHbI
HeoTpunaTenbubie HeyobiBaomue gynknunonaans f;(x),7i =1,...,n; na maoxecrse R" = R X ... X R
onpenenen pyukmuonan Z(r) = Z(x1, ..., x,), HeyObBaoomuii 10 Kaxaomy aprymenty, u A € R.

Munucymuas 3agada KMIN dopmysaupyercs ciiegayroinmm oopa3oMm.

n

F(z) =Y fi(z;) — min,

i=1
IIpu yCJIOBUAX

Z(x) > A,
xiGRi,izl,...,n,

—~ o~
~— ~—

rne R, C R,i=1,...,n, — 3aJlaHHble KOHEYHbIE MHOXKECTBA.

DTa 3aa9a MOXKeT ObITh CHOPMYINPOBAHA B TEPMUHAX 3349l O PIOK3aKe CJIeLyIOIUM 00Pa30M.
[IpeamoioKuM, 9T0 TpeaAMeThl 1 THIIOB JOJ2KHBI OBITH YIIAKOBAHBI B PIOK3aK. [Ipeamersl KaykIoro
TUIA ¢ YIAKOBBIBAIOTCH €JuHON maprueil. Bo3amoxkublii pazMep x; Takoil TapTUu BbIOMpPaeTCs
n3 MHOXKecTBa ;. O0beMm, 3aHMMaeMblii x; TpeaMeraMu THIa 7, OmpeneasieTcss (OyHKIHOHAIOM
fi(z;). CrommocThb BeeX BHIGPAHHBIX MPEJIMETOB ONpe/easeTcst GYyHKIUOHATIOM Z (X1, . . ., Ty). 3aga4a
COCTOMT B MHUHHUMHU3AIMH CYMMapHOro 00ObeMa BBIOpAHHBIX IIPEJIMETOB IPH YCJOBHH, 9YTO HX
CTOMMOCTD He HU:Ke 33JaHHOro 3Hadenns A.

O6o3uaunm Tounoe pemenue 3agadun KMIN wepes z* = (zf,...,2}). OueBumno, 4ro z*
CYIIECTBYET TOIJA M TOJBKO Toria, korma Z(x') > A, rne o' = (2f,...,2)), u o — nanbosbninii
sjieMeHT MHOXKecTBa ;, ¢ = 1,..., n. IIpeanonoxum, aro x* cymecrByer u u3Bectubl uucaa V u U
takue, uro 0 < V < F(x*) < U.

Cdhopmymupyem okpyesernnyto 3adawy KR. B mocranoBke 3T0ii 3aa4i MCIOJIB3YETCA BEJIUINHA
0 = eV/n. lanee, |a| obo3nauaer Hambosblee Ieji0e YUCIO, HE MpeBocxojgdiiee a. 3agada KR

COCTOUT B CJIEYIOIIEM:
n

fz) = _Lfi(z:)/0] — min,

i=1
npu yeaosusx (1.2) u

x; € {x;(0), z;(1),...,z:(|U/0])},i=1,...,n, (1.4)

riae x;(l) stBasiercst HanboOIBIIUM 3J1eMeHTOM ' € R;, yaoierBopsionuMm yeiaosuto | fi(x)/d] = 1,
I, 9TO SKBUBAJCHTHO, yciaosuio [0 < fi(x) < (I 4+ 1)0. Eciu takoro ssementa He CymiecrByeT, TO
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[Tpeaosioxkum, aro jyis jrodoro | € {0,1,...,|U/d]|} 3a Bpems O(7) moxuo waiitu x;(l) 6o
YCTAHOBUTH, 9TO ero He cymiecrByer. Torma 3amada KR moxker ObITh chOpMyTHpOBaHa 32 BpeMs
O(mnU/9).

VeranoBum B3anMocBsa3b 3aaa9n KMIN n okpyrimennoii 3amaan KR.

Teopema 1.1. JIt060l mouHwbt as2opumm pewerus 3adavwu KR sasasemcs c-

npubaudceHHvM ar20pummom 0as 3adavwu KMIN.

HokazarenbpcTtBo.  PaccmorpuM Tounoe pemenme 20 3amaun KR. Ilo ompemesenmio 0HO

yrosietBopsier orpanndenusm (1.2), (1.4) u, caenoBarensho, (1.2), (1.3). Ocraerca nokasarb, 4To
u3 cymecrsosanus r* caeayer cymecrsosanue 10 u F(z2°) < (14 ¢)F(x*).

[Tpeanosoxkum, uro z* cymecrsyer. Torga cymecrsyer pemenne x’ 3agaun KMIN rakoe,
9TO KOMIOHEHTA T, 3TOTO PEIeHuss — HAMOOJBIINIT 3JEMEHT MHOXKEeCTBA R, yI0BIETBOPAIONIMI
coornomenuto | fi(z5) /0] = | fi(x})/d], i = 1,...,n. TTo kpaiineit mepe, z; = x} mua i = 1,...,n.
[TockosibKY 10 OTpeiesiennto &, > xf nias i = 1,. .., n, u GyHKIMOHAT Z () ABJIsSETCsT HeyObIBAIOIINM,
Z(x') > Z(2*) > A. Takum obpasoM, ecim ¥ CymecTByer, TO CYIIECTBYeT 110 KpaiiHell Mepe OHO
pelrenue, yjobjiersopsiomee orpannuenuam (1.2), (1.4), T.e. cymecrsyer V.

[Tokazkem, uro F(2°) < (1 + &) F(z*). CupaBeuBbl COOTHOMIEHHS:

F(2°) = Xj: zi: /5] +né <

(52sz )/ +nd < F(z*) +nd < (14+¢)F(x").

Huzke npuBoamTest ajJropuTM JUHAMUYECKOrO mporpamMmvupoBanust K. pemenus 3agadn KR s
cayuas, korja (ynkuuonan Z(zr) aBasercs cenapabejqbHbIM. B 3TOM aJropuTme HCIOJb3yeTcs
BEepXHsisl OlleHKa onTumabHoro snadenns f(z°) mesesoro dyHknmonaza 9Toil 3aja4n, KoTOpas
MOJIy 9aeTCs CJIEIYIONUM 00pa30oM:

f@®) < fla*) S F(a") /5 < UJS.

[Ipesmoiozkum, 9T0 PyHKIMOHAT Z UMEeT BUJL

n

Z(ZL‘) = Zzi(xi)u

=1

rae z;(x), 1 = 1,...,n, ABIAIOTCS HEKOTOPHIMU HEyObIBalOIuME (yHKImonaamu. B anropurme K,
PEKyPCHBHO BuIaucstiorest 3uavennst Z;(f), rne Z;(f) — makcnvanbaoe 3uavenne Z () NpH yCJIOBHH,

UTO ONPEJIEJEHbl 3HAYEHUs TIEPBHIX j HEPEMEHHBIX T1,...,%j, u > iy | fi(z;)/0] = f. ®opmanbuoe
OIIMCAHUE AJTOPUTMA COCTOUT B CJIEJLYIOIIEM.

Anaroputm K..

ITar 1. (Maunmanusamus). omaraem Z;(f) = 0, ecu f = 0,5 = 0, u Z;(f) = —00 B nIpOTHBHOM
ciaydae. [lomaraem 7 = 1.

IMTar 2. (Pexypcus). Jua f=0,1,...,[U/d] Boruncasiem cuemyromniee:

Zi(f) = max{Z; 1 (f — | fi(z;)/d]) + zj(x;) | zj € {z;(0), ..., 2;(f)}}.

Ecim j < n, o nojaraem j := j + 1 u nosropsiem mar 2. B mpoTuBHOM ciiydae HEPEXOIuM K
mary 3.
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ITar 3. (Orwickanue x°). OnTumasbHoe 3HAaUEHEE HETeBOro (bYHKIHOHATA PABHO

min{ f|Z,(f) > A, f =0,1,...,|U/s]}.

0

COOTBeTCTByIOH_Lee penmieHne r- OTBICKUBaeTCd IIpU IIOMOIIU O6paTHOI‘O X04Ja aJaropuTMa.

Bpewmennas  cioxuocth  aiaroputva K. pasma  O(X[_, Umin{U/d, |[R;|}/0) wm, uro
sxpusatentno, O(X[_; nUmin{nU/(eV),|R;|}/(eV)). Eciu mommocth Kaxjgoro muoxecrsa I
OrPaHMYEHA HEKOTOPOH KOHCTAHTOW, Kak, HampuMep, B OObIYHON 3azaue o prok3ake ¢ 0-1
IlepeMeHHbIME, TO BpeMeHHas CJI0KHOCTH airopuTMa pasaa O(n?U/(eV)). B mpoTtusHOM ciiydae oHa
pasua O((n®/e?)(U/V)?). OTu onenKr BpeMeHHO{l CJI0ZKHOCTH MOTYT GBITh yMenbienbt 10 O(n? /e +
n?loglog(U/V)) m O(n3/e? + nloglog(U/V)) cooTBeTCTBeHHO, ecU MCHOIb30BaTh MPONELYPY
YLy 9IIIeHNUsT ONEHOK, TIPUBEIeHHYI0 Huzke B 11. 1.6.3. Takum o6pazom, ecau 3aavenne U/V orpanudero
HeKOTOpOI?'I SKCIIOHEHTOH OT JAJIMHbL 3allMCHU BXO/IHbIX JaHHbLIX 3a/Jda44d B YHAPHOM aﬂ(baBI/ITe, TO
obbeauHenue ajaropuryma K. ¢ nponeypoil y/IyunieHus OneHOK 00pa3yerT BIOJIHE MOJIMHOMUAJIbHbI
e-npubIMKeHHbI il ajroputm st 3agaqn KMIN.

AHaJoruIHBI M0X01 MOYKET OBITH TPUMEHEH JJIst TPUOINYKEHHOTO PEleHns CJIeIyoIIeil 3a,1aqu
Makcumusanun KMAX.

F(z) — max,

npu ycaoBusx (1.3) u

Z(z) < A. (1.5)

B sToit 3amade n B Apyrux 3ajadax, pacCMAaTPHBAEMBIX HHXKE, IIPEIIIOIaraeTcs, 9TO H3BECTHBI
HIZKHIE U BepXHHE OIEHKH ONTUMAJILHOIO 3HAUYEHH 1e1eBOro pyHKIHOHATA. IS BCeX 3TUX OMEeHOK
UCIOJB3YIOTCSA OJUHAKOBBIE oOo3HadeHus V u U coOoTBeTCTBEHHO, U mpejamnoaaraercs, aro V > 0 u
d=¢eV/n.

Oxpyriiennas 3aa4a, s 3agaan KMAX dopmynmupyercs cieayiommum 06pa3om.

f(x) — max,

npu ycaosusx (1.5) u
z; € {3(0), 24(1), ..., 2 ([U/6])}i=1,...,m,

riae ;(l) aBasiercss HaMMEHBITHM dj1eMeHTOM T € R;, yaorerBopsiomum | fi(x)/d] = [, ecau on
CYTIIECTBYET.

J1g perenus 3Toit 3a/1a9M MOZXKHO JIETKO MOIUMUIIMPOBATD AJITOPUTM K. CIEAYIONIUM 00PA3OM.
B onucannu mara 1 cuMBOJI 00 3aMeHsIETCsl HA, —OQ, B OIMUCAHUU Iara 2 CUMBOJI MiNn 3aMEHsIeTCs Ha
max, ¥, B OIIMCAHUHU I1ara 3 CUMBOJI Max 3aMeHsiercsd Ha min. MoaudunupoBanubiii TakuM 00paszom
agroput™m K, siBisiercst e-npuOmKeHHbIM ajroputMmom perenust 3agadu KMAX. Ero sBpemennast
CJIOZKHOCTH OCTAETCs TOIl Ke, 4TO U Yy MCXOIHOTO AJITOPUTMA.

1.6.2. MunumakcHaga 3agada. Munnmakcuas 3agada PMIN cocrout B ciemyroriem.

T(y) = max{zn: fulyi)ll=1,...,m} — min,
i=1

IIPA YCJIOBUAX

v €40,1,...,¢;},i=1,....,n,0l=1,...,m, (1.6)
Zylz:qzul: 1,...,71, (17)
=1

rie fi;(+) — HekoTopble HeoTpuATe IbHbIE (DYHKIUOHAB, § = 1,... . nl=1,... m.
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OTa 3a/ada JOMYyCKAeT CAeAYIONIYI0 WHTeprperannto. [IpeanosmoxnM, 910 mpeaMeTsl 1 THIIOB
JIOJKHBI OBITH YMAaKOBaHBI B M KOHTeiiHepoB. O0Iiee KOIMYIECTBO IPeJIMETOB THIA % PABHO (.
Ecmu y; npejMeTroB THNA ¢ YIAKOBBIBAIOTCA B KOHTelHep [, To OHU 3aHUMAOT fi;(Y;;) €IMHUIL ero
obbeMa. 3ajJaua COCTONT B MEHUMHI3AINN 00beMa Harbo1ee 3alI0,JTHEHHOI0 KoHTeiiHepa. Takas 3a/1a4ua
SIBJIIETCS B HEKOTOPOM CMBICJIe JTBOMCTBEHHON K W3BECTHOW 3adaue 06 ynakoske 6 Kowmeinepol, B
KOTOPOU KarK/Iblil KOHTelHep uMeeT OrpaHuuYeHHbIH 00'beM, KOJIMYeCTBO KOHTEeITHEPOB HEOI' PAHUYEHO,
U 3ajlada COCTOMT B TOM, 4YTOOBI YIIAKOBATH IPEJIMETbl TaKUM 00pa3oM, 4ToObl MUHUMU3UPOBATH
KOJIMYECTBO UCHOJIb3yeMbIX KOHTEHHEPOB.

st Toro uToObl pazpaboTarh e-mpud/IMKeHHbiit aaroput™ s 3agadun PMIN, chopmynupyem
CJIeIVIONLYI0 OKpyT/IeHHY0 3a1a4dy PR.

t(y) = max{f:l[fli(yli)/(ﬂ l=1,...,m} — min,

IIPHA YCJIOBUAX

(ylia""ymi>eQiai:]-)"'7n7 (18)
rie (; sIBJISIeTCS MHOYKECTBOM PeImeHuit (Ui, . . ., Upy,) CASAYIONHUX CACTEM YPABHEHUIT, OMPeIeIeHHbIX
JUTSL BCeX PA3TMIHBIX HAGOPOB (11,...,7y), 1 € {0,1,...,|U/é|},l=1,...,m.

th(ul)/éj :7“[,[: 1,...,m, (19)

w € {0,1,...,¢:},l=1,...,m, (1.10)

> ou =g (1.11)
=1

Ucnonb3ys coornontenne |y| <y < |y| + 1, yeaosus (1.9), (1.10) moryT 6bITh mpeoOGpa3oBaHbL
K BHJLY

w € {a,a+1,....0}1=1,...,m, (1.12)
rae a; u b — rakue uucnaa, uro fi(a;) = min{ f;(u)|fu(uw) > dr,u € {0,1,...,q}} u fu(b) =
max{ fi;(u)| fu(u) <(ri+1),u € {0,1,...,¢}}.

[IpeamonozkuM, 910 ynucaa a; u by MoryT 6eiTh Haiigensl 3a Bpemst O(7) mis sroboro [. TTokazxkem,
ur0 3aga1a PR Moxker 6biTh copmyauposana 3a Bpems O((m + 7)n(U/§)™). Tlougarno, uro |Q;| <
O((U/o)™) nnga i = 1,...,n. Ocraerca mokazath, uro cucrema (1.11), (1.12) MoxeT ObITH peleHa 3a
spems O(m).

Ecoam Y% a; > ¢; nmubo Y% by < g;, o (1.11), (1.12) u, caegoBarensno, (1.9)-(1.11) me umeer
pemenus. [Ipemnosioxum, 4o

a<g <> b (1.13)
=1 =1
Haiinem Takoit magexc k, 1 < k < m, aro
k—1 m k m
%SZCL[‘FZ()ZI/I%ZZ(M—F Z by. (1.14)
1=1 I=k =1 I=k+1

Bmech Y7 =0,ecmu k=1, u 37", . b =0, ectu k = m. B cuny npeamonozxenus (1.13) Taxoe
k Bcerma cymecTByeT. 3a1a0M 3HAUEHHUS U; CJICAYIOMHIM 00Pa3oM:

w=a,l=1,....k—1Luy=0b,l=k+1,...,m,

k—1 m
uk:qi—(Zal—i— Z bl>
=1

I=k+1
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[Tousitro, uro >;° w = ¢;. Hanee, nz (1.14) caenyer a; < u; < b Takum obpazom, (Ui, .. ., Up)
apigerca perrennem cucremsr (1.9)—(1.11).

OueBuHO, YTO HpUBEJIeHHas mporeaypa pemtenus: cucrembl (1.11), (1.12) u, ciegoBaTenabHO,
cuctempr (1.9)-(1.11) TpeGyer Bpema O(m), ecinm smadenus >or,a; m St b, k = 1,...,m,
BBIUHCIEHBI 3apaHee. [[0CKOIbKY YHCI0 PA3THIHBIX HAOOPOB (71, . . . , Ty, ) U 3HAYEHUI 4, JIJIsT KOTOPBIX
HeobxoxumMo pemars cucremy (1.9)—(1.11), ne upesocxouur (U/6)™ u n coorsercrsenHo, 3ajada PR
MozkeT GbiTh chopmymposana 3a spems O((m + 7)n(U/5)™).

VceranoBum B3auMocBsi3b ncxoaHoi 3aaadu PMIN u okpyriennoit 3agaaun PR.

Teopema 1.2. Joboti mounvli aszopumm pewenuss 3adavu PR sasasemcsa c-
NPUbAUNHCEHHBIM aA20PUMMOM O0as 3adaywu PMIN.

HokazarenbctBo. Ob6oznaunm Tounwle perrenns 3a1a1 PMIN u PR uepes y* u y° coorsercTsenno.
Jnst  gokasaresbCcTBa  TEOPEeMbl  JOCTATOYHO MNOKAa3aTh, YTO W3 CYMIECTBOBaHWA ¥* ciemayer
cymecrsosanue y° u T(y°) < (1 +&)T(y*).

[Tpeamosozkum, uro y* cymecrsyer. Torma cymecrByer Marpuna i Takad, 9TO I JI0O0ro ¢ €
{1,...,n} BekTOP (Yl - - - Ypp;) ABIAETCS PEIIEHHEM CHCTEMBI

Lfi(yis) /6] = Lfulyi) /6], 0 =1,...,m,

Yy € {O,l,...,qi},l:1,...,m,Zyzi:qi.
1=1

[To kpaitueit Mepe (Y3, ..., Yy’ ;) ABIgeTca pemieHueM 3Toil cucreMmbl. Takum obpazom, QQ; # ¢ st
i=1,...,n, e y° cymecTByer.

[okasxkem, aro T(y°) < (1 + &)T(y*). Hanomunm, aro § = eV/n u V < T(y*). Cupaseniusa
CJIJIYIONIAs EeIM0YKa HEPABEHCTB:

T(") < Smax{ Y [full)/0)[1 = ... m} +nd <

5max{i[fli(yzi)/5j|l =1,...,m}+nd=

5max{§lfli(yfi)/(5ﬂl =1,....m}+nd <T(y")+nd < (1+e)T(y").

Huxxe mnpuBomuTCcs aaropuT™ AUHAMHYECKOTO TMPOrpaMMHUpPOBaHUs perrenus 3amaun  PR.
Herpyano sameruts, uro u3 T(y*) < U caeayer t(y°) < U/S§. Dra BepxHas oueHka s
t(y?) mcnonbsyerca B upuBEJeHHOM HuzKe aaropurme P. pemenus 3agadm PR. B anropurme P
dopmupyeTca moce10BaTeIBHOCTE MHOXKECTB 5o, S1, ..., S,. Kakmoe MHOXKecTBO S; BKIOYaeT
pazmmunsie mabopst (11, ..., T,,). Kaxastii nabop u3 S; coorBercTByeT HAOOPY HEPEMEHHBIX Yy, | =
1,...,5,l=1,...,m, qisa KoTOpOro BuiOHAIOTC orpannyenust (1.8) u 1) = >0, | fu(yu) /0] < U/S,
l=1,...,m.

Anaropurm P..
IMTar 1. (Maunuanusamnus). [Tonaraem So = {(0,...,0)} u j = 1.

IMTar 2. (Qopmuposanue Si,...,S,). Honaraem S; = ¢. s kaxgoro nadopa (11, ...,1,) € Sj_1
¥ JUIsL KazKJI0ro Habopa (Y1, .. ., Ymj) € Q; Boruucasiem T} = T) + | fi;(yi;)/0]. Ecoa T) < U/
st L =1,...,munabopa (17,...,T ) wer 8 .S, To gobasisem ero B S;. Ilpu j < n mosaraem
J =7+ 1 m noBropsem mar 2. B mpoTUBHOM cJIydae MepeXoJauM K Iary 3.
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ITar 3. (Orwickanne y°). HaGop uz S, ¢ wmammenbmum suauenmem max{Tj|l = 1,...,m}
COOTBETCTBYeT penrenuio y”, KOTOpoe MOKeT OBbITb Haif/[eHO IpU MOMONIU OGPATHOTO XOJa
AJITOPUTMA.

YCeTaHOBUM BPEMEHHYIO CJI0XKHOCTH ajropurva P.. OdeBuaHo, 9To mporeaypa (popMupoBaHus
muoxkecTBa S; Tpebyer Bpemst O(m|Q);||S;—1]). Mockoapky aist kazxmoro mabopa (11,...,71,,) € S;
soinosasiercas 1, < U/o, 1 = 1,...,m, To |S;| < (U/d)™ mna j = 1,...,n. Takum obGpasom,
BpeMeHHasl CJIOKHOCTH ajropurma P. ue upesocxomutr O(mn(U/6)™) win, 410 3KBHUBAJIEHTHO,
O((U/V)™mn™*! /e™). Wcnonb3ys mpoueaypy yaydllenus oneHok (cum. 1. 1.6.3), sTa BpemeHHas
CJIOZKHOCTH MOJKeT OBITH ToHHKeHa 10 O(m3™n™ ! /e™ + m2mn™ 1 loglog(U/V)), T.e. amropurm
P. ¢ BKJIIOYEHHOIT B HEro HpOIEe/ypOil y/IydlleHusl OLEHOK $BJISIeTCH BIIOJIHE HOJTMHOMUAJIBHBIM E-
NpUO/IMKEHHBIM AJTOPUTMOM, ecju m (bukcuposano, u Beaudauna U/V orpanmvena 1mo kpaiineit
Mepe KCIIOHEHTOll OT JIJIMHBI 3aIlMCH BXO/HBIX JIAHHBIX 3a/1a4i B YHAPHOM aJjihaBuTe.

Ouepngnast momudukamuss ajgaropurMa FP. MoKeT OBITH WCIOJB30BaHA I MPUOJIHKEHHOTO
perrenns ciemyromeii 3amaun PMAX:

min{) _ fu(y)|l =1,...,m} — max,
i=1

npu yeaosusx (1.6),(1.7).
Anropurm P, sgBisieTcsl e-npHOJIMKeHHBIM aJTOPHTMOM pelleHus STOi 3aJa4y, ecJd Ha mare 3
9TOTO AJITOPUTMA BeIOUpaeTcss HAGOp ¢ MakcuMmaibHbiM 3HadenneM min{7;|l = 1,...,m}.

1.6.3. Ilpouenypa yayduieHus OneHoOK. [Iponemaypa yrydmenns HuzKHeil 1 BepXHeil OleHKN
ONTUMATHLHOTO 3HAYEHUS IeeBOro (hyHKIMOHATA 33Ja9i MUHAMH3AIUN TO3BOJISIET OTHICKUBATD
takoe umcao FO uro FY < F* < 3F° rme F* — MHUHIMAJbHOEe 3HAYEHHE IeJIeBOrO
dyuxnuonasia. [Ipomnensypa ocHoBana Ha HPUMEHEHUHU CHEIUAJIBHOTO PUOJIUZKEHHOTO AJTOPUTMA.
Huxe ommchiBaloTCsi CBOHCTBA, KOTOPBIMEH ITOT aJrOPUTM JOJIZKEH 00JIajarTh JiJisi TOTO, YTOOBI
npore/ypa Obljia KOppeKTHON 1 3D DEeKTUBHOI.

[Tycrs F* > 0 u umeercs npubiuzkennsiii ajropurm X (A, B), ya0BJeTBOPSIONIAii CJ1e/1y FOIuM
YCJIOBUSIM:

(1) must 106BIX HOOKUTENbHBIX Yncea A u B 1 npou3BOJILHOIO HabOpa BXOJHBIX JAHHBIX 331491
anroputm X (A, B) oThICKHBaeT pellieHne co 3HaYeHUeM nesesoro dynkmmonana FX < B+ A,
ecan F* < B;

(2) Bpemennas caokHOCTH anroputma X (A, B) orpanndena nosuaomom P(Length, B/A) or nByx
IepeMeHHbIX, rae Length — jaauHa 3anucu BXOJAHBIX JAHHBIX 33891 B JBOMYHOM asibaBure.

[IpeoI0zKiM, 9To I pacCMaTpUBAeMO 3aa4l N3BeCTHB HUKHAS M BepXHAA OLCHKH TaKHe,
qr0 0 < L < F* < U. Ecm U > 3L, To mpejsiaraeTca IpoIeaypa oThICKans dnciaa FC Takoro, 9To
FY < F* < 3F°.

B s10ii nponeype npumMensiercst Moaudukanusa memoda deouurozo noucka (B uarepsaie [L, U]).

IIpouenypa yaydiiieHus OIEHOK.
ITar 1. Tonaraem F° =L, j =1, a; = 0 u naxomum neJoe uucio b; taxoe, uro 2% 1 < U < 2% [,
ITTar 2. Boraucasem kj = [(a; +b;)/2] m Fk) = 2k=1[,

ITlar 3. Ilpumengem aaroputm X (F*) 2F®*)) Ecin on maxomut pemrenme co smadenmem FX <
3F®5) 1o nomaraem FO = F®) y ecin k; = bj, To npouenypa sasepmaercd. Ecam k; < by,
nojlaraeM ajq = a; u bjy1 = kj. Ecin anropurm X(F®5) 2F®)) pe maxomur pemrenusi co
suauennem FX < 3F®) 1o npu k; = b; nponemypa sasepimaercsa. Ipu k; < b; moaraem
ajy1 = kj m bjy1 = b;. B obonx ciaydaax mosaraeM j := j + 1 n mepexoamm K mary 2.
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Teopema 1.3. FEcau usdsecmuwvt wucaa L uw U maxue, wmo 0 < L < F* < U, u

anzopumm X (A, B) ydoseaemeopsem ycaosusm (1) u (2), mo npouedypa yayuwwenus
ouenox omuickusaem 3navenue F° maxoe, wmo F° < F* < 3F°, u umeem epemennyro
caoorcnocmv O(P(Length,2)loglog(U/L)).
JokazareabcTBo. BHadase ¢ mOMOIBI0 MHIAYKIUAK MOKAXKEM, 9TO /s KaKJIOrO0 3HAYEHHS 7,
HCIOIb3yeMOro B mpomeaype, 2% L < F* < 2% [ nu6o cymecTByer 3nadenne j Takoe, aro F*) <
F* < 3F®) nng xaxmoro i > j, mpu xoropom amroputm X (F®*) 2FF)) gaxomur pemenne co
snauenmem FX < 3F ki), [TousitHo, uro 2L < F* < 01y, [Tpeamoioxkum, aro 249 L < F* < 205 [,
u paccmorpum nipumvenerue ajgropurva X (F*) 2F®)) npu k; = [(a; + b;)/2]. Ecan anropurym me
naxoaut permenusi co snadennem FX < 3F®) 1o u3 yenosus (1) creyer

U1 [, = oki[, « F* < b = obiti],

Ecitit a/iroput™ oThicKuBaeT pertente co 3uadennem FX < 3F®) 10 neofxoanMo npoanaIn3nposarh
aa caygas: F* < 2F®) g4 2F®) < p* < FX_ B nepsowm caywae

201 [ = 2% < F* < 2F®) = obin1 L,

Bo BTopowm ciyuae
Fk) < op®) « p* < 3pk))

u bji1 = kj;. IlosTomy gya moboro ¢ > j + 1 Bomosngerca k; < k;. TakuM oOpa3oM, ecn aaropuTM
X (F®) 2Fk)) gaxomur pemenne, To F* < FX < 3Fk g

i) < 9 (ki) < oF ki) ~ F* < 3 (ki)

PaccMOTpuM HOCTETHIOI HUTEpaIuio, OmpeienseMyio mu3 ycaoBus k; = b;. B stom ciayuae
bj = a; + 1. B culy HHAYKTHBHOIO IPEIIOJIOKEHN BBIIOIHACTCS Fs) = ok=l], — 9a], < F* <
20 [ = 2F*3) qugo FO = F*) | rhe i apisiercs HOMePOM TIOC/IeAHeH HTEPALNH, HA KOTOPOIT aJropuT™
X(F%) 2FF)Y pamen pemenne co 3unauennem FX < 3F®) B nociexmem ciydae KOPPeKTHOCTD
npomeyphl JoKazana. B mepsom ciyuae B cmiay yeaosus (1) amropurm X (F®*i) 2F®)) waiiner
pemenne co 3madenmem FX < 3F%) y mostomy F° = F®*i). Takum obpasom, smadenme FO,
HaifleHHoe 1P HOMOIIY IPUBEICHHOMN IPOleLyphl, yA0OBIeTBOpdAeT yeaosuio FO < F* < 3FY.

BpeMeHnHas CJI0KHOCTD IIPOIELYPhl YAYUIIEHHS OIEHOK MOXKET OBITh ONpejeseHa CJie Ly OIuM
o6pazoM. TToCKOIBKY Jle/ieHre OTPe3KOB MOMOJAM MPOU3BOIUTCS B WHTEpBase |aq,bi], KoaudecTBo
urepaiuii 31oii mpornemypsl He npesocxoaut O(log(by — aq)). OueBnmno, uro by < log(U/L) + 1. Ha
KazK10ii nrepanun oaun pas upumensiercs ajgropurm X (F*) 2F®:)) 13 yenosus (2) caeayer, aro
BPEMeHHasl CJIOKHOCTh 31oro anaropurMa pasua O(P(Length,2)) s aoboro kj. Takum obpasom,
BPEMEHHas! CJI0XKHOCTH HPOIeAyphl yiayuiienus oneHok pasua O(P(Length,2)loglog(U/L)). ]

B kauecrse anropurMa X MOKHO HCIIOJIB30BATH E-TIPUOJINKEHHBIN aIrOPUTM, Y/ 10BJIE€TBOPSIONILAIT
yeaosusiv (1) u (2), monarast € = 1. Creyer oTMeTUTh, 9TO MHOTHE E-MPUOJIHZKEHHBIE aJTOPUTMBbI,
B TOM YHCJIe BCE MPHUBEJIEHHDBIE B JIAHHONW KHUTE, YIOBIETBOPSAIOT 3TUM YCJIOBUSM npH £ = 1.

[Tporeypa y/aydileHus OIeHOK U CBA3AHHbIE ¢ Heli Pe3yJIbTaThl JIEIKO aJIalTUPYOTCS JIJist 3314
MaKCHMU3AIHH.

Banmanue. Paspaborars e-npubimkenusie agroput™Mer st 3aga4 P2/ /Cha u 2// 3 w;C;. s
3agaun MuHIME3anun Y w;C; BHaYase MOKa3aTh, 9TO B ONTHMAJBHOM PACIHICAHIH KayKIblil TPHOOD
obcaryzKuBaeT TpeboBaHud B mocaenoBareabaocta SWPT.

1.7. IIpubam>keHHBIE aJITOPUTMbI C TapAHTUPOBAHHBIMU OIEHKAMMU
TOYHOCTHU

Pacecmorpum 3agauy MunuMusanuu nejiesoro dpyukinuonasia F(x) na muoxkecrse X. O6o3HaunM
F* = min{F(x)|z € X}. TIpeanonoxum, uro F* > 0.
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[TycTh npubinyKeHHBIH ajaroput™ H OTBICKMBAeT 3JeMeHT MHOkecTBa X co 3Haudenmem FH
nesesoro (GyHKImonana. BeegeM B pacemorpenne semmanny Ay = FH/F*. Jrta permunna 3apucut
oT aiaropurMa H m or Habopa BXOJHBIX JAaHHBIX 3aJa4ud. B J1aHHOM pasjese 1moJ rapaHTHPOBAHHOMN
OIIEHKON TOYHOCTH peIleHHsd, IOJydaeMoro Hmpu moMmolnu [, OyaeM MOHHMAaTh BEPXHIOI OIEHKY
BeImunHBl Ay 1pu J1060M HaAOOPe BXOIHBIX JTAHHBIX 3a1a4M.

[Tocrpoenne 3ddekTuBHbIX HPUOJIMKEHHBIX AJIOPUTMOB € TIapaHTUPOBAHHBIMHU OIEHKAMU
TOYHOCTU uMeeT CMbICa Jijiss NP-Tpyanbix B cuyibHOM cMmbicje 3aja49 u NP-Tpyanbix 3ajad4, s
KOTOPBIX HE M3BECTHBI OBICTPOAEHCTBYONINE E-IPUOJIMKEHHBIE aJITOPUTMBbI.

B nasbheiiinem obosnadenns F*, ¥ u Ay ncnosib3yrores mpn paccMOTPEHHN KOHKPETHBIX 33,124
7 KOHKPETHBIX TPUOINKEHHBIX aaropuT™MoB. CMBICT 3TUX 0003HAYEHWIT He W3MEHSIeTCs .

1.7.1. TlapannenbHbie npubopsl. Muanmvuzanua ), w;C;. Paccmorpum NP-tpynnyio B
cunbHOM cMbicse 3agady P// Y w;C;. B 310ii 3amade pacnmcanue OJHO3HAYHO OIPEIEJISeTCs
pa3dueHneM MHOXKeCcTBa TpeboBaHUIT Ha MOAMHOXKecTBa Ni,...,N,,, rae TpeboBaHHS MHOXKECTBA
N, obcayx)upaloTcg TpuOOpoM [, U yKa3aHHeM MOpg/Ka OOCTyKHBaHHA TpeDOBaHWiII B KayKJIOM
moIMHOXKecTBe. [Ipu momomnu mepecTaHOBOYHOIO IpHeMa HETPYIHO I0Ka3aTh, UTO JTOCTATOTHO
OIPAHUYHMTHCA PACCMOTPEHUEM PACIHHCAHUN, HIPU KOTOPHIX TPEOOBAHUA KayKJIOI'0 IHOJAMHOYKECTBA
yuopsitodensl 1o npasuiy SWPT, re. no neybpiBanuio 3nadenuii pj/w;. Takum obpasom, pacuucanue
O/IHO3HATHO OIpeJIe/IseTcsl pa30ueHneM MHOXKECTBA TPeDOBAHUIT HA M MOIMHOYKECTB.

Omumrem npubsnmzkeHHslit agroput™m A pemenust 3agaun P// > w;C;, Koropslit cocrour B
crepytomem. [lepenymepyem tpebosanust B nopsiake SWPT tak, aro py/w; < -+ < pp/w,.
Opranmzyem m nojamMuoxkectB Ni,...,N,,, mnonarag BHadage N; = --- = N, = ¢. Bygem
ocjIeI0BaTeIbHO, HAa4YMHAs C IEepBOTO, pacIpeiesdaTb TpeOoBaHus 1,...,7Nn IO ITOIMHOXKECTBaM.
[Iycth TpeboBanug 0, . . ., k, k < n, pacupenenens, riae 0 — GUKTUBHOE TpeOOBaHKE, COOTBETCTBYIOINIEE
HavaabHOU curyaruu, pg = 0. Tpebosanue k + 1 HazHavaercs caeayionuMm odbpazom. ObGo3HAINM
Py =3en, pj, L = 1,...,m. Haxoaum Taxoe noamuozxectso Ny, uro B} = minj<p<m, P Tlostaraem
N, = N U{k+ 1} n, ecom k 4+ 1 # n, nepexogum K HazHadenuio tpeboBanus k + 2.

Bpemennas ciaoxuocts agropurma A pasma O(nlogn), ecim xpanurs 3uavenuss Pp, ..., P, B
BU/Ie TUPaMU/Ibl WU cOATAHCUPOBAHHOTO 2-3 JepeBa.

Ob6osnauum 4epes Fi' u [} MuHnMaabHOe 3HAUeHne (yHKIHOHAIA YwiCjompum=1lum=mn
coorBercrBenHo. OueBuHO, 9To F} = Z?Zl wi Yl _pim Ef = Z?Zl W;p;-

HaiizleM BepXHIOIO I HUZKHIOIO OIeHKN 3HadeHns F*. OgeBmmno, uto F* < F4. TlockoapKy Ha
UTepaIun j aIropuT™Ma A BBIIOTHIETCS

j—1

1
P = min {P,} < =) p,
m

1<h<n —
nmMeemM
A 1 13
FALSY wi(=) pi+p)=—> w; > pit
=1 M4 mij=1 =1
1. & m—1
- ;= —Fr F
( m)zwjp] m 1 + n

Jist  nojiydenusi HuKHeil oneHknm 3HadeHus F noHajgobuTces  psiji  BCHOMOIaTeIbHbIX
YTBEPzKICHUN.

Jlemma 1.1. ITycmo by,...,b, — delicmeumeavnvie wucaa. Tozda (3], b;)? < nyi b?.
Jemma 1.2. Ecau pj/w; =C, j=1,....n, mo F} = 55(X7_ p;)* + 3 F;.
Jlemma 1.3. Ecau pj/w; =C, j=1,...,n, mo F* — $F: > L(Fy — 1F7).

Teopema 1.4. aa arbozo pacnucarusa cnpasedauso Y w;C; > %Fl* + ";—_IF

*
m - n’
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Joka3arenbcTBo. Bocmnosb3yemest HHAYKIMeEi 10 GUCIY 7 PA3IndHbIX 3Hadenuii p;/w;. [pn r =1

CIIpaBe;TNBOCTDL YTPEBXKAeHHA cieayeT u3 jeMMbl 1.3. Ilycrs Teopema BepHa mpu Bcex r < k — 1,
k> 2.

[IycTb nMeeTcss k pasimyaHbIX 3HAYEHUH Dj/w; U p1/wy = -+ = Pg/Wq > Pgi1/Wqy1. Tomoknm
Y = We+1P1/(Pg4+1W1) B PACCMOTPHM BCIOMOTATENBHYIO 3a71ady, B KOTODOil Beca OOGO3HAUECHBI W,
U Jyld IepBblX ¢ TpeboBanuit w; = ~yw;, j = 1,...,q. OueBUsHO, YTO BO BCIOMOIATe/bHOII

3aJa49e KOJIMIeCTBO PA3INIHBIX 3HAYEHUIT P; / w; paBHo k — 1. JI1s BcnoMorare/ibHOM 33124l BBeeM
oboznavenns Fy m F amanmormyunble 0603HAYEHHUSIM /LI MCXOAHON 3a7a4un. B cuiy MHIyKTHBHOTO
MPeIIOI0KEeHUSI,

— 1 % 1 % ]' *
> w;Cj - otn 2 (I = 557)
JIJIsI TI000T0 pacIuCAHUS.
Bsenem obosnauennsa
1 _ _ 1
X=F —-F' X=F—-F,
2 2
1 .. = _ 1,
Y_ZU)JO] 5Fn7 Y:Zw]OJ iFn,

3 semmsr 1.3 ciaenyer, aro mY > X uw mY? > X9 a u3 paBeHCTB wj; = yw;, j=1,...,q, —
X=_X140X)nY =Y +4(Y).

Bosmoxknsr apa caydas: 1) §(X) <mdé(Y) u 2) §(X) > md(Y).

B nepsom cayuae noayuaem X < mY, re. = (Fy — 1 Fr) < Y w;C; — 3.

Bo Bropom ciayuae u3 nepasencrsa mY ? > X9 cuenyer, uro mé(X)Y? > mX%(Y'). Tockoabky
v < 1, momygaem (1 —4)6(X)Y? > (1—7)X9(Y) nmm 6(X)YI+~4XY5(Y) > X96(Y) +~5(X)Y1.
[TpuGapasas K obenM [wacTsM 3Toro HepaeHcTBa Bemmanny XY 4+ v5(X)d(Y), nomyaaem (X7 +
S(X)NY +76(Y)) > (X9+6(X))(Y?+ §(Y)). Onmaxo,

X1+46X)=X, YI+46(Y)=Y,

Yi4+45(Y) =7Y, X7+~6(X)=~X.

[TosTomy mocsennee HEPaBEHCTBO NPUHUMAET BU/L Y XY > yXY. Iz mY > X u mociemHero
HepapencTBa ciaegayer ymY'Y > v XY. Takum obpazom, mY > X. n
* 1 o« m—1 A m—1 %
U3 Teopempr crenyer, uto F* > —Fy + T—=FF > F© — =
Ceityac HETPYIHO MOJYIUTH ONEHKY CBEPXY BETHIHHBI A4 :

—1 3m—1 3 1
Aa=FA P < (F + 2SR P < T
m

o2m 2  2m’

HOCKOTBKY F < F™.

1.7.2. 3agaya 06 ynmakoBke B koHTeiliHepbl. Paccmorpum NP-Tpyanyio B cHIbHOM CMBICTIE
3a/a4y 00 YMaKOBKe B KOHTeWHepHl, KOTOpas B TEePMHHAX TEOPHH PACIUCAHUI MOXKET OBITh
copmynuposana crexyomum obpasoM. B ycenosusax samaun P/d; = d/C; < d; npeanonaraerc,
410 M = n, d > max; p; u TpedyeTcsd OTbICKATh MUHUMAJIBHOE YHC/I0 IPUOOPOB U COOTBETCTBYIONIEE
pacmnucanue, Ipu KOTOPOM BCe TpeboBaHus Oy/IyT 00C/IyZKEHbI K 3aJaHHOMY JUPEKTUBHOMY CPOKY d.

[IpuBesem omnmcanuwe 4YeTwhipex TPHUOJUZKEHHBIX AJTOPUTMOB pelreHusl 3a/adu 00 yHaKOBKe B
KOHTeliHepbl. B ajqropurmMax paccMaTpuBaeTCs HEKOTOPast MepecTaHOBKa, T TpeboBaHMil, TPeOOBAHUS
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MOCJIEIOBATETHHO BRIOMPAIOTCS W3 ITOI MePEeCTAHOBKH W HA3HAYAKOTCS Ha MPUOOPHI B COOTBETCTBUM
¢ HEKOTOPBIMHE IpaBuiamu. PesepBoM Bpemenu npubopa [, 00o3HadaeMbiM R, Ha3bIBAETCS PA3HUIA
MeKJTy d U CyMMapHOU JJIUTETbHOCTHIO 00CTyKUBaHUs TpeOOBaHU, HA3HAUEHHBIX HA Mpubop [.

B amropurmax Bl u B2 mepecranoBka m sBasiercss mpou3BoJibHOR. Ha mare k anropurma Bl
uin B2 BoiOmpaerca TpeboBaHme, pacloioyKeHHOe Ha MecTe k B mepectaHoBke 7. B amropurve Bl
9TO TpebOBaHNE HA3HAYAETCS HA NPUOOP C HAUMEHBIIINM HOMEDPOM CPe/ii NPUOOPOB € JOCTATOTHBIM
pe3epBOM BpeMeHH JIJIsl 3aBeplieHusi 3Toro TpeboBanusi ¢ cpok. B amropurme B2 310 TpeboBanme
HA3HAYAETCS HA MPUOOP C HAMMEHBIITNM JIOCTATOYHBIM PE3ePBOM BPEMEHH.

Agpropurmer B3 u B4 ortnmuarorcs or aiaroputmoB Bl uw B2 coorBercTBenHO JMInb TEM, UTO
TpebOBaHMd B MepecTaHOBKe T pacmojokenwl B opaake LPT wmesospacranmns snadenmii p;.

Auropurm Bi mozker 6biTh peanmnsoBan 3a Bpemst O(nlogm;), nae m; — KoamdectBo npubopos,
HaiileHHOe 3TUM aJaropuTMoM. KaxKapiii m3 mpuOOpOB 0OOC/IY:KHBAaeT XOTd ObI OJHO TpebOoBaHUE.
OueBuamno, uro m; < n, 1 =1,2,3,4.

OneHuM TOYHOCTH MOJTYYAeMBIX TpH ToMolu aaroputmoB B1-B4 pemenwuii. He orpannunBas
obmuocTy, Oyaem cuurarh, yro d = 1lup; <1,57=1,...,n.

Jlokaxkem psiJi BCHOMOTATEJbHBIX yTBepxjaenuit i aJjroputmoB Bl u B2. Bregem B
pacemorpenne dynkmnuio ¥ (z), € [0,1] :

2, € [0,1/6],
_ ) 2z —1/10, e(1/6,1/3],
v(w) = 02 +1/10, I€(1/3,1/2],
1, e (1/2,1].

Janee 6yaem paccMaTpuBaTh PacIUCaHUsi, TOCTPOEeHHBIE TI0 ajaropuT™vam Bl anbo B2.

Jlemma 1.4. ITycmv na nexomopuiti npubop nasnavenve mpebosanusa 1,...,j. Toada
=1 ¥(ps) < 17/10.
Hoka3arenbcTBo. He orpannmumsast o0muoOCTH, IPEIIOIOKEM, ITO Py > - -+ > p;. Ecam p; < 1/2,
10 u3 onpeenenns Y(x) caenyer ¥(p;) < 3p;, i =1,..., 7. Toraa ST () < %Zle i <3/2.
Ecma p; > 1/2, 10 S0, p; < 1/2. B 9T0M cyuae JOCTATOYHO MOKA3aTh, 9T0 Y 1_, ¢h(p;) < 7/10.
BO3M0)KHBI cjlieAyromue BapuaHTbI.
1) p2 € (1/3,1/2], p3 € (0,1/6],
2) p2 € (1/67 1/3]7 D3 € (O’ 1/6]7
3) p2,p3 € (1/6,1/3], ps € (0,1/6],
4) p» € (0,1/6].
[Tpu BapuanTax 1) u 2) uMeeM COOTBETCTBEHHO

iw <Ot 4o —p) = —
Z () < gp2t g+ 55 —P) =3
u
J 1 6,1 1 7
i) < — < —.
gwp pz 10+5(2 p2) = 2+ —p2 < 10
[Tpu BapuanTe 3) nmeem
J 9 2 6 1 2 7
§¢ Di) PQ +p3) — 10+5(§—p2 P3) g"’ 5(172 +p3) < 10’

MOCKOTBKY P2 + P3 < 3.
[Tpu Bapuante 4) nmeem
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JLnst npubopa [ obo3uaunMm depes (J; MaKCUMAJIbHBII pe3epB Bpemenn 11 npubopos h = 1,...,[—
1, me. @ = max;<p<;—1 L. [Homoxum @y = 0.

Jlemma 1.5. asa arwbozo0 mpebosanus, Ha3dnawennoz2o Ha npubop | ¢ R > 1/2
cnpasedauso p; > Q).

HoxkazarenbcTBo. [l agropurma Bl p; > Q) mist iro6oro TpeboBaHusI, HA3HAYEHHOTO HA TPUOOP
l. Paccmorpum anroputm B2.

[Iycrs @ < 1/2. Torma R, < 1/2, h = 1,...,0 — 1, u uTeJbHOCTH OOCIYKUBAHUS [EPBOTrO
Ha3HAYEHHOIO Ha mpubop [ TpeboBanus 6osibire, Yem ();. O603HATNM 3TY JIUTEIHHOCTD Yepe3 7. Ecim
7 > 1/2, To nemma jmokazana. Eciu 7 < 1/2, o R; > 1/2 u ayiurebHOCTH BTOPOrO HA3BHAYAEMOTO Ha
npu6op [ TpeboBanust Goubie, Yem ;. O6o3HAUUM Ty JIUTEIBHOCTH Yepe3 7. Ecmu 7+ 77 > 1/2
TO JieMMa JoKazaHa. Ecam 7 + 77 < 1/2) 10 aMTeNnHOCTh TPETHEro HazHa1aeMoro Ha npuoop |
TpeboBanus 6osbie, Yem ;. [loBropsisi npuBeieHHBIE PACCY K IEHUST KOHETHOE YUCI0 Pa3, MOy IaeM
CIIPpaBEAJINBOCTh yTBEP2KAEHUA JIEMMBI.

[Tpu Q; > 1/2 umeem 7 > Q) > 1/2, uro u Tpedyercs. ]

Jlemma 1.6. ITycmo na npubop | wasnawens, mpebosanus 1,...,7 u Q; < 1/2. Ecau
Sipi>1—Q, mo X (p) > 1.
HoxkazarenbcrBo. He orpannunsast OOLIIHOCTH, IPEIIIOJIOKUM, 4TO Py > - -+ > p;. Ecan p; > 1/2,
10 ¥ (p1) = 1 u cupaBeYIMBOCTD YTBEPXKICHUS JIEMMBI JOKA3AHA.

[Tycrs p; < 1/2. Tockombky >y p; > 1 —Q; > 1/2, umeem | > 2. U3 memmbr 1.5 u py < 1/2
cleyer, 9To py > ;. Bo3moxubl BapuaHThi: 1) Ql - (0, 1/6] 2) Qe (1/6 71/3] 3) Q€ (1/3,1/2].
B ycaoBusix nepsoro sapuanta > iy ¢(p;) > $30_ p; > 8(1 — Ql) > 32 =

[Iycth B ycnoBugx BTOPOTO BapuaHTa j = 2. HOCKOJII)Ky p1+ p2 > 1/2, umeem 6o py > 1/3,
mmbo p; > 1/3 u Ql < p < 1/3. B nepsom CJIyqae V(p1) + (p2) = 2p1 + 2p2 = 2(p1 + p2) + 2p2 >
g(l — Q) + 3Ql 2 — le > 1, nockoJsibKy < L

ITycrs B yC,HOBI/IﬂX BTOPOrO BapuanTa j > 3. EC,HI/I p2>1/3mwmpy > 1/3uQ; < py < 1/3, 10 KaK
MOKA3aHO BbIH_Ie Y(p1) + ¢(p2) > 1. Hpeﬂnonome, uto () < p2 <p < 1/3 Torma Y7 1@[)(]92)

spitspe— 5t Sigp 2 5 tpe) 5+ 5 (1= Qu=pri—p2) = F(pi+p2) — 5 +5(1-Q) > s -5 = L.
B ycioBusix Tperhero BapuaHTa u3 j > 2 caeayer p; > 1 /37 pa > 1 /3 W jasee ZZ ( i) >
S(pl +po) + % > 1. Jlemma nokasana. -
Jlemma 1.7. ITycmv na npubop | wasnawens, mpebosanus 1,...,7 u Q; < 1/2. Ecau

I vp)=1l—aua>0 mop;<1/2,i=1,...,5, u Yl 1p,§1—Ql—goz npu j > 2.
HoxkazarenbcrBo. He orpannunsasi 0GUHOCTH, IPEILOJIOKHEM, 4TO p1 > -+ > p;. Ecom p; > 1/2,
10 ¥ (p;) = 1, 9TO NPOTUBOPEUUT YCJIOBUIO JIEMMBI.

[Tycrs [ > 2. Tockosbky p1 < 1/2, B cruty stemmbl 1.6 nveem py; > py > Q. B ity semmnr 1.6
mveeM Y oy p; = 1—Q;—y, tae v > 0. [lockonbky Y7, p; +7 < 1, MoxKHO BRIOpaTh 4mcaa 0; < 1/2
u 0y < 1/2 Takue, 910 01 > 1, 09 > po U 01 + 02 = p1 + P2 + 7.

3aMeHnM TpeGOBaHUSA C JJIATENLHOCTAMA P M Po HAa TPeOOBAHUA C JTUTEILHOCTAMEH 01 U Os.
OueBuano, uTo anropur™Mbl Bl u B2 pacupenendar HoBoe MHOXKECTBO TpeOOBAHM 110 TpubOpaM Tak
JKe, KaK ¥ MCXOJHOEe ¢ 3aMeHOil Ha upubope [ TpeboBaHUil ¢ JJIMTEIbHOCTIME P U Py Ha TPeOOBaHUA
¢ pumrespHoCTAME 01 1 Oy B cmmy semmbr 1.6, S0 1b(p;) + 1(01) + (8y) > 1. s mobwix 0, y,
0 < <y < 1/2, pomonnsercs (y) < ¥(x)+ 2y~ 1), Hosromy $(61) +(52) < (p1) +(pa) + o
Orciona nomyuaem Yj_; ¥(p;) + 27 > 1. Caenosarensuo, 2y > v n vy > Ja. Jlemma 1okasana.  m

Teopema 1.5. Cnpasedausv. nHepasencmea m; < %m* +2 0asni=1,2.

Hoxkazareascrso. OGosnaunv W = 7 ¢(p;). U3 aemmpr 1.5 caeayer, uro 15m* > U, Ilycrs
TpeboBanus 1,...,n pacupenenens mo npudopam. Obo3naunm depe3 N; MHOKECTBO TpeOOBaHUIA,
naznadenubix Ha npubop l. Ilycre P(N;) = Yicn, ¥(pi). U3 mocienosarenbnocT npubopos, Ha

KayK/Jplii M3 KOTOPBLIX HA3HAYEHO XOTd Obl OJHO TpebOBaHHe, BBLIIEJIHM IIOIIOC/IeI0BATEIbHOCTD
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1y, 1 BCEX MPUBOPOB TaKWX, 4TO ¢(le) =1—ay, ap >0, h=1,... .k aa moboro i € Ny,
h=1,...,k, Beinonuserca p; < 1/2, 0CKOJIbKY B IIPOTHBHOM CJIydae Q/J(Nl ) > 1. Orcoga cienyer,
aro Qp < 1/2, h=1,...,k

[Tokarkem, 9TO Ql/h ) 2 Ql/ + ah, h =1,..., k. OueBugno, 4T0 Ql/ = 0 n B cuity Jiemmbl 1.7
ZleNl, pi < 1—2ay. Torna Qu, > So. B cnny memmsr 1.7 nveenm ZzeN, pi < 1—=3(oq + ). Hosromy
Qu, > 2(ar + o) —Qz'2+9042HT£L

TaKHM obpazom, Yk lay, < 2 (Ql/hH — Q) = (Ql/ - Qu) < 10, nocKobKy @ < 1/2,
h=1,...,k. Orcioga u u3 ap < 1 OJTy YaeM Zi:l ap < 2.

Kax merpyano ybeaurnes, ¥(N;) > 1, ecin X ey, p; = 1. Hlycrs © — MHOMXKECTBO BCex Taxmx
1pubopos [, 4ro Z]eNl p; = 1. Torga m; < Zle@ V(N + k< Yierneta ¥(N) + Tz 1Ny ) +
SE_ o < U 42 < 1Im* + 2. Anajioruuo, m2 < 1tm* + 2. TeopeMa JIOKa3aHa. ]

N3 Teopembi 1.5 caejyer, 4ro Agy < 17 5 T = g anropurva H € {B1, B2}. Tlockoabky m* >
[P], rne P = 3% pj, o Ay < }g + [P] HaHOMHI/IM 91O 371€ech npejnosaraercs d = 1 n p; < 1,
j=1,...,n. Eccm dup;, j=1,...,n, — upoussosbuble uucia, 1o Ay < % + (Pz/d].

[Tepeiijiem K paccmorpenuto ajropurmos B3 u B4.
Teopema 1.6. Cnpasedausvt Hepasencmea m; < %m* +4 das i = 3,4.

Cxema JoKa3aTe/bcTBa TeopeMbl 1.6 aHAJOrMYHA cXeMe JIoKa3aTeabcTBa TeopeMbl 1.5. OHo
CBOJUTCSA K TMOCTPOEHUIO TAKOH BeCOBOI (DyHKIMM, aHAJOHYIHON (), 4TO a) cyMMapHbIH Bec
TpeboBaHMil, HA3HAYEHHBIX HA OJMH M TOT K€ HPUOOP, HE IPEBOCXOUT HEKOTOPOH KoncranThl C' > 1,
u 6) YUCI0 M3 WM My MOYKET HPEBOCXOJAMTH CyMMAapHBI Bec Bcex TpeboBaHWil He (oJiee, YeM Ha
nekoropyio koucranty C’. B ciayuae aaropurmor Bl n B2 noxywaem C' = 17/10, C' = 2, a B cryqae
asroputMoB B3 u B4 moayyaem C' =9/11 u C' = 4.

B cayuae, KOF,D;& dwupj, j =1,...,n, — IDOU3BOJbHbIe YHCJIA, U3 TeopeMbl 1.6 ciemyer, 4TO

Ag <4+ [p/dw H € {B3, B4},

3a,11aH1/1e. JlokazaTh, 9TO aJIrOPUTM, B KOTOPOM OdUepejiHOe TpeOoBaHue U3 IPOU3BOJILHOTO CITUCKA
HAa3HAYAETCS Ha NepBbiii 0cBOOOuBIIHIiCs Tpubop, rapantupyer A = 2 s 3auauu P/ /Chax.

1.8. MunuMmn3anusa OPpUOPUTETO-MOPOKIAIONNX (PYHKITMOHAJIOB

[Tycrs II, — MHOXKECTBO BCeX MepecTaHOBOK 7, = (iy,...,1,) 3J€MEHTOB MHOXKecTBa N =
J— J— P J— n
{1,...,np,r=1,....n, Iy = {me} = {(¢)} u Il = U_,II,.
Ha muoxkecrse 11, oupesesen dyuxmuonan F(m). Dror HyHKIMOHAN HABIBAETCH NPUOPUMEMO-
nopootcdarowum, ecam cymecrByer dynknuonan w(mw), m € II, maspiBaeMblil  GYHKEUYUOHAAOM
nPUOPUMEMa, KOTOPHI 00J1a/aeT CJeAYIONUMEA CBONCTBAMU: JIjIsT JIIOOBIX TEPECTAHOBOK 7 =

(nt, 7o, 7% 72) € I, u 7' = (7t 7 7%, 72) €11,

o u3 w(1?) > w(r?) cieayer F(m) < F(r') n
o m3 w(1) = w(n?) creayer F(m) = F (7).

Muorue 3aa4n MOCTPOEHUST ONTUMAIBHBIX PACIUCAHUNA CBOJATCS K MUHUMHU3AIMUHN TTPHOPUTETO-
MOPOZKIAIONMUX (PYHKIIMOHAIOB HA YACTUYHO YIIOPSIOYECHHBIX MHOXKECTBAX TpeOOBAHUIA.

MuoxectBo N gBIIETCI  4acmuvHo YnopadoweHHvM, €CTU Ha HeM 3aJaH0  O0MHOWEHUE
npedwecmeosanus (OUHAPHOE, MPAH3UMUBHOE, GHIMUPEPAEKCUBHOE 0MHOWEHUE), TIPEJICTABIEHHOE
epaghom pedykyuu smozo omuowenus G = (N,U). I'pad G HaspiBaercs rpadoM peayKiuu
OTHOIIIEHUST YaCTHIHOTO MOPSIAKA, €CJTU OH MOJIyUeH n3 rpada OTHOMEHUS YaCTUIHOTO MOPSAIKA Ty TeM
yaJeHus BeexX Tpan3uTuBHbix Jayr. Jyra (i,7) € U Torga u TOJIbKO TOrAa, KOrJAa i HEIOCPECTBEHHO
MpeIecTByeT J.



33

B 3agavax onTtuMasbHOrO IJIAHWUPOBAHUS, €CJAU 1§ TPEIINIeCTBYeT J, TO OOCTy’KUBAHHE
TpeboBaHUs j He MOXKeT OBITh HAa4YaTo JI0 3aBeplieHus oOcayKuBaHud TpeboBanus ¢. OTHOMIEHUS
IpEe/IeCTBOBAHUS IIPUCYTCTBYIOT B 3aJavax, IJle HEKOTOpbIe OIepAallud HCIOJb3YIOT Pe3yIbTaThl
JApyTux (MpeIecTBYONIX ) OnepaIuii.

1.8.1. Ilpumep mpuopuTeTOo-miopoXKaawIiiero @yHKIHOHAda. PaccMorpuM 3ajgady

1/prec/ > C;.
O6osnauum  1epes F(m) suadenme Y. C| ;Lﬂﬂ JaCTUYIHOTO PACTUCAHUSA, TTPEICTABICHHOTO
epecTaHoBkOi m = (iy,...,4,) : F(7m) = Y54 ZJ 1 Di -

Beegem B pacemorpenne dbynkunonan O(m, K) = > (K + Z] 1 D), tae K — mekoropas
KOHCTAHTA, IIPeJICTABIISIIONIAs MOMEHT BDEMEHM, HAauuHasl C KOTOPOIO HAYMHAKT OOC/IYKUBATHCS
TpeboBanus nepecranosku 7. Oboznaunm P(7) = 3 c(xy Pj-

Brerancanm

F(rt 77t 7?) =& (x',0)+ & (7%, P(r")) +@(7", P(r! ;7)) + & (2, P(n' ;7% 70)),

F(r' 7t n% 12 =& (x',0)+&(xb, P(7h)) + & (7, P(r' 7°)) + & (r? (7T1,7rb,7ra)).

Ilockompky P(7l, 7 7%)) = P(r!, 7% 1)), mepasercTBo F(7r1,7r“,7rb,7r2) < F(r!,n° 7, 7?)

9KBHUBAJIEHTHO
D(x", P(r")) + 0(x", P(x', 7)) < B(x’, P(x")) + B(x, P(x', 7)),

YTO 3KBUBAJEHTHO
{m"HP(r) < {7} P (")
W3 1nocjejinero HepaBeHCTBa CJIJIYeT, 4TO B KadecTBe (DYHKIMOHAJIA HPUOPUTETA MOKHO B3dThb

w(m) = {m}/P(n).

Baganne. Haiitn dynknuonan npropurera s 3agadn 1/prec/ Y w;C
Orser: w(m) = W (m)/P(r), tme W(rm) = > jefn} Wi

1.8.2. MeToapl MUHUMHU3ANNN OPUOPUTETO-MOPOXKAAOIMNX (PYHKIIMOHAJIOB HA
YaCTUYHO yNOPAJ0YEHHBIX MHOXKeCTBaX. [IycTh 3a1aH0 9aCTHYHO yIIOPSAJI0YEHHOe MHOKECTBO
N ¢ rpadom peaykuuu OTHOIIeHHs dacTuuHOro mopsyika G = (N,U). 3amzaua cocrour B
vurnmusaiuu F(7), m € 11,,(G), rue I1,(G) — MHOXKeCTBO BCEX EPECTaHOBOK 3JIEMEHTOB MHOXKECTBA
N, nomycTumMbX OTHOCHTENLHO G.

BBesem ciejpyrone omepanud  HaJ, OPHEHTHPOBAHHBIMU OECKOHTYPHBIMH rpadamu, He
COZIEPZKAIIMI TPAH3UTUBHDIX YT, KAKOBBIME SBJIAIOTCS IPadbl PEAYKIMA OTHOIIEHUS YACTHIHOIO
IMOPLAIKA.

IIpeobpasosanue I—t, s| omooscdecmenenus sepuwun t u $: 3amena BepumuH t u § OHON cOCMacHO
BepiuHoii [t, s]. Bee Bxopsimume (umexomsnime) JAyru B BEPHIMHBL § U S 3aMEHSIFOTCsSl HA BXOJSIINE
(I/ICXOILHH_[I/IG) AYTr'u B COCTaBHYIO BEpHIUHY. yﬂaﬂHIOTCH NMOoABUBIINECA TPA3UTHUBHBIE OYTH.

IIpeobpasosanue 1[I — (s,t) dobasaernus dyeu (s,t): mobamienue gyru (s,1) ¢ TMOC/ELYIONIAM
y/laJIeHHeM TPA3UTHBHBIX JIYT.

Jlna sagamnoro rpada, obosnauum uepes A(i) (A°(i)) MHOXKeCTBO IOTOMKOB (IpAMBIX
II0OTOMKOB) BepImuubl ¢ (MHemonmuecku, A — after). O6osmaunm uepes B(i) (B°(i)) mHoxecTBO
IPEJIIeCTBEHHAKOB (HEMOCPEICTBEHHBIX MPEJIIIeCTBEHHUKOB) BEPIIUHBL ¢ (MHeMOHHYecKH, B — be-
fore).

[Tycrs GO aBigercsa ucxonuniM rpadoM u G — rpadoM, IOTyUYeHHBIM B Pe3y/IbTaTe IPUMeHeHHs
npeobpazoanusi [ ju6o [1.

Teopema 1.7. 3adauwa MUuHUMU3AUUYU NPUOPUMEMO-NOPOHCIAOULE20 GYHKUUOHANA

F(7) na mnoocecmse 11,(G°) ceodumea ® munumusayuu F (1) na mmuosncecmee 11,(G),
ecau
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a) npumensanocy npeobpasosanue [ — [t,s] 6 cayuae B(s) =1t u w(s) > w(j) daa ecex
JjEetUA)\(A(s)Us), aubo

6) npumensnrocv npeobpasosarnue 11 — (s,t) 8 cayuae, K02da Hem OPUEHMUPOBAHHO20
nymu, cesaswvearouwezo s u t, u w(j) > w(i) das ecex j € sU B(s)\(B(t)Ut) ui € tU
A(t)\(A(s) U s).

Henb (i1, .. .,1x), [Jie KOMIOHEHTHI i; SBJISIIOTCS COCTABHBIME BEPIIMHAMU, HA3BIBACTCS W-U4ENbio,
ecm w(iy) > w(igyq), L=1,... k—1.
Herpyano y6eurbest, uro ecaun rpad G npejcrasiser coboil w-netb, TO nepecranoBka (iy, . . . , i)

ABJIIETCS ONTHUMAJIbHOIA.

Teopema 1.8. Ecau epagp G — aec, mo cywecmeyem nocaedo8ameasbHOCMb
npeobpasosaruti I u I, nepesodawas G 8 w-uens.

AJIropuT™M MUHUMU3AIUE TIPHOPUTETO-TIOPOK Aaronero (gpynknuonasa na muoxecrse 11, (G), rue
G — HabOp BLIXOAALINX JEPEBLEB COCTOUT B CJICAYIOLIEM.

Haiizem B G Bepmuny 4, Ha3bIBaeMyIo 0nopHot, Bee HPsSMBble TMOTOMKH KOTOPOH SBJISIOTCS
Bucssaumu. Ilycrs 3rum nmoroMkam coorsercrBytor w-tnenu C1, . .., Cp. Ilocrpoum w-uens (iq, ... ,14,),
yrnopsaaouns Bee pepmunbl neneit Cf,...,C) 10 HeBo3pacTaHHIO IPUOPUTETOB. llocTpouMm Iemb
(i 41, ... i,). Ecmm w(i®) > w(iy), To nenw (%41, ...,14,) apagerca w-nenvto. Ecmm w(i®) < w(iy),
TO 06beaunseM 10 1 i1 B cocTapHylo Bepmuny [i0,41]. JTamnee cpapuubaem w(i®, 1) u w(iy) u, B cydae
HeobxouMOoCTH, obbeaunseM [i0, 1] i iy. IIporece mpogozKaeTcs 10 TexX op, MoKa menb (10, 4y, . . ., 4,)
e Oyzer npeobpasosana B Hekoropyto w-nenb CO = ([ iy, ... g, ihr1, - - -, 0y). Yoansgem usz G Beex
IIOTOMKOB BEPIINHDbI Z'O U CTaBUM €l B COOTBETCTBUE W-1Ie1b CO.

[ToBTOpsieM ONMHMCAHHBIA HpoOLECC J0 TeX I0p, HoKa He OyaeT HnocrpoeH rpad, COCTOAIMRA U3
M30JMPOBAHHBIX BepiuH. [locaeoBaTe bHOCTh (COCTABHBIX) BEPITHH COOTBETCTBYIONINX W-IeMei,
B KOTOPOii BepIIMHLI YHNOPAJA0YeHbl IO HEeBO3PACTAHMUIO IPUOPUTETOB, ABJIAeTCd OITUMAJbLHBIM

pemeHnueM 3ada49u.

B cayuae, korma (G — Bxojgdmiee JepeBo, B KadecTBe OIOPHOH BBIOMpaeTcs BeplIMHA,
BCe HENOCPeJCTBEHHBIE NPeIIeCTBeHHUKH KOTOPOil i1,...,7, HE HMEIT HNpPeIINeCTBeHHIKOB.
dopmupyerca mens (i, ... ,1,,1°). Ona mpeo6pasyerca B w-menb myTem cpasienus w(i®) u w(i,).

Cocrasnag BepmmHa [i,,1°] obpasyerca, ecm w(i,) < w(i®). dasee mpouecc aHAIOIrMYeH CIydaro
BBIXOJIAIIETO JIEPEBA.

Baganue. Pemnrs 3amauy 1/out —tree/ Y. C;, B koropoit mveercs 10 TpeGoBanuii. Tpebosanue
3 npejiecrsyer TpeboBaHuio 4, KOTOpoe, B CBOIO Ouepejib, Hpe/iiectsyer TpeboBanusm 1, 7 u 9.
JimTeapHocT 00Cay KUBaHud p; 3aJaHbl B Tab/InIe

|

FRE
[ p; |4

[2[3[4]5]6]7[8[9]10]
[ 2

Oreer: ({2,8},3,4,7,{1,6,10},5,9). B nporecce pemennsi obpasyercst cocraBHoil ssement [3,4, 7).




I'1aBa 2

O HocTaauiiHble CUCTEMbI OOCIyXKNBAHUS

B jaunnoit riaBe paccmarpuBaioTcs OOCIYZKHBAIOIIAE CHCTEMbl, COCTOSIUE W3 OJHOIO JubO
HECKOJIBKUX TapaJsuiebHbiX npudopos. Kaxkioe TpeboBanme MozKeT OBITH TMOJHOCTBHIO OOCJIYXKEHO
JIIOOBIM U3 TTPUOOPOB.

ITockonpky dyHKINN cTonMOCTH HeyObIBaronye, ciaydail 7, = 0 1 m > n aBiageTcsa TPHBAATBHBIM
— JIOCTATOYHO HA3HAYHUTH KazK/0e TpebOBaHUe HA OTAETbHBII mpudbop.

2.1. Oanna ipubop. MakcumaabubIili niTpad.

Pacemorpum  3agauy 1/prec/ fuax. I1oCKOABKY MOMEHTBHI MOCTYILIEHUS TpeOOBaHWI paBHBI
HYJIIO U TPEePbhIBAHUS MpoIecca 0OC/IyKUBAHUS 3alPEIIeHbl, PACITUCAHNE OJJHOZHATHO OMPEJIe/IseTCs
MOCJIeTOBATETbHOCTBIO TPeOOBAHUIA.

[lycTh OTHOIIIEHUST TIPE/IIIeCTBOBAHNS 3a/I[AHBI OPUEHTUPOBAHHBIM OeCKOHTYPHBIM Tpadom G, =
(On,Y), tne O, — ucxomHoe MHOXKecTBO TpeboBanuii. Cienyommuii agroput™ mpejjoxen E.
Jloymnepom.

O603naunm uepes N~ (G,,) MHOKeCTBO Beex Bucadux sepumu rpada G, T.e. MHOKECTBO BCEX
TpeboBaHuil, He UMeEMUX HOTOMKOB B rpade G,. Borauciamm MomeHT 3aBepiieHusi 00C/Ty KUBAHUST
Bcex TpeboBanuit P, = i_1pj. OueBwano, uto oOC/IyKMBaHME OJHOrO u3 TpeboBaHuil
muoxkectBa N~ (G,) 3aBepmaercs B MomeHT Bpemenu P,. Ecau stum TpebGoBaHuHEM sIBJISIETCSI
TpeboBaHue I, TO CTOUMOCTH ero obciayxkusanus pasHa f;(P,). [Tockoabky (dyHKIUE CTOMMOCTH
SBJIAIOTCS HEYOBIBAIOIUMHE, HETPYIHO yOeJMTbCd, YTO IMOCJETHUM OOCTYKHBAEMBIM TpeboBaHUEM
B ONTHMAJIBHON MepecTaHOBKe siBjsiercss Takoe tpeboBanume i € N~ (Gy), uro 3uadenune f;(P,)
MuHEMATBHO. [lycTh 4, gaBigercda Takum TpeboBaHmeM. Toraa MOMEHT 3aBepIIeHus] OOCTYKUBAHUS
ocTaBimuxcst TpeboBaunuit pasen P, 1 = P, — p; . [loctpoum rpad G,,_; nyTem ynanenus u3 rpada
G, BepIIUHBI i, U BCEX BXOAsMX B Hee ayr. B rpade G),_1 oupenesum Bepuuny (rpeboBanue) i, 1
aHAJIOTMYHO TOMY, KakK Obljla onpejie/ieHa BeplinHa i,. lIporecc nosropsiercst jo Tex mop, MoKa He
Oy/IeT MOCTPOEHA TOCAEIOBATENLHOCTD (i1, . . ., 1, ), ABIAIOMAACA ONTUMAJLHBIM PENICHUEM 3a1a91

1/prec/ fuax-

Bamanue. Pemnrs 3amauy 1/prec/Lp.g, B xoTopoii mmeerca 10 tpebGosauuii. TpeGosanue 3
npe/iecTByeT TpeboBaHuio 4, KOTOpOe, B CBOIO O4epejib, HpejiiecTByer TpeboBanusiv 1, 7 u 9.
JmurenbHOCTH OOCTy?KNBAHUS D; U IUPEKTUBHbIE CDOKH d; 3aaHbl B TabJINIIE

o [1 ]2 [3 [4[5[6 7 [8[9]10]
p |4 [2 3 ]5 [7 [4]1 [2]9]4
d; |14 231725 [17]14 10| 7|9 |24

Omrser: (8,3,4,9,7,{1,6},5,2,10).

2.1.1. Tlokaxkewm, uaro 3amada 1/r;/C; < d; NP-moina B CHJIBHOM CMBICITE.
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Teopema 2.1. 3adaua 1/r;/C; < d; asasemcs NP-noanot 8 cuasbHOM cMbiCAE.

Bamaua 1/r;/C; < d; npunagmexxnt kmaccy NP, MOCKONbKY NpEICTABIEHWE ONTHMATILHOTO
pacnucanust Tpebyer O(n) eIUHUI] TAMATH U MOMEHTHI 3aBepIleHusi 00C/IyKUBaHus TpeGoBaHuUil
MOI'YT OBITH BBIUKC/IEHBI 38 BpeMs O(n).

Jlamee Bocrob3yemcss NP-nostHoit B cumbHOM cmbicse 3amadeit 3-PASBUEHUE: 3aganbr mesnie

IOJIOZKATEIbHBIE THCTIA O, Ao, . . . , A3, B A Takne, ur0 A/4 < a; < A/2,j=1,...,3r,u Z;’-rzl a; =rA.
TpebyeTcst onpeIeIuTh, CYIIEeCTBYeT Jin pazduenne MuokecTBa {1,2, ..., 3r} Ha I HeePECeKAIOTIUXCS
noamuozkecTs X, Xo, ..., X, Takoe, uro Y ey, a; = A, [ =1,...,7.

st mo6oro upumepa 3agaun 3-PABBUEHUE nocrpoum upumep 3saxaun 1/7;/C; < d;, B
KoTOopoM mMmeetcs 4r — 1 Tpebosanme: 3r ocrosnvlr TpeboBaHUil ¢ mapaMerpamu p; = a;, 7; = 0
nd; =rA+(r—1),j=1,...,3r, ur —1 ecnomozameavroe TpeboBaHme ¢ mapaMerpamu p; = 1,
r;=A(—-3r)+(j—3r—1)ud; =r;+1,j =3r+1,...,4r—1. Ilokaxem, uro 3ama4a 3-PASBIIEHUIE
HMeeT pelleHne TOIJIa U TOJBKO TOrJa, KOIJla CYIIEeCTBYET pelleHrue MOCTPOEHHOTO IpuMepa 3a/1a4uu
1/rj/Cj S dj.

Heobxoaumocts. I[lycts wMuHOXKecTBa Xi,...,X, TpeACcTaBIdi0OT PpelleHne 3aJadd  3-
PASBBUEHMUE. Iloctpoum pacuucanue, B KOTOPOM BCIOMOIaTe/IbHbIE TPEOOBaHUs OOC/IYKHUBAIOTCS
B uHrepBasiax |[rj,d;], j = 3r 4+ 1,...,4r — 1, u ocHoBHble TpeboBaHUs MHOXKecTBa Xi
00C/Iy’KMBAIOTCSI B HPOW3BOJBHOM TIOPSIJIKE I€peJ; BCIOMOTraTeJbHbBIM TpeboBanuem 3r + 1,
OCHOBHBIE TpeboBaHust MHO)KecTBa X;, [ = 2,...,r — 1, 00C/IyKUBAIOTCS B MPOU3BOJIBHOM MOPSIIKE
MeXKJIy BCIIOMOTaTeIbHBIME TpeboBanusaMu 31 + [ — 1 u 3r + [, OCHOBHBIE TPeOOBAHNST MHOKECTBA X,
00C/Ty2KHBAIOTCS B ITPOU3BOILHOM IOPS/IKE II0CJIe BCIIOMOraTe IbHOro TpeboBanus 4r — 1.

Herpynauo y6eaurnces, 9To 1715 noctpoerHoro pacnucanug C; < d; 1y1a Bcex TpeboBaHUil.

Hocrarouynocts. lIpeanomoxkuM, 4To cymecTByeT pacnucanue Takoe, uro C; < d; nmasg Bcex
TpeboBaHuii. B 3TOM pacnucanum BcrmoMoraTe/bHbIe TpeOOBaHUS OOCTYKHUBAIOTCA B HHTEepBaIax
r;,d;], 5 = 3r 4+ 1,...,4r — 1. O6o3naunm 4vepe3 X; MHOKECTBO OCHOBHBIX TpeboBaHMii,
obc/yKuBaeMbix mepea TpeboBanmem 3r + 1, wepes X;, [ = 2,...,r — 1, MHOKECTBO OCHOBHBIX
TpeboBaHuUil, 00C/IyKUBaeMbIXx Mexkay TpeboBanusivu 3r + | — 1 u 3r + [, gepe3 X, MHO)KecTBO
OCHOBHBIX TpeboBaHmil, 00C/IyKnUBaeMbIx 1ocje TpeboBanust 4r — 1. Torma M01KHO BBITTOJHATHCS
Yiex;Pi = 2jex; 05 < A, L =1,...,r, oTKyna cieayer, 9to > icx, a; = A, =1,...,r, T.e. 331292
3-PABBUEHNE nmeer perenne. [

2.2. Oanu ipu6op. CymMapHsbIil mTpad.

Uccnenyem 3amady 1// 30 f; u ee qacTHBIE CIydanl.

2.2.1. Bmauane paccmorpuM 3axady 1// > w;C;. LeneBoit hyHKIuOHAT 9TOM 331490 SBIAETCS
IPHOPUTETO-IOpOK AafomuM. Kpome Toro, mocaenoBareabHocTh SWPT, B KoTopoit TpeboBaHus
YIIOp#AJ04Y€HbI 110 Hey6bIBaHI/IIO OTHOIIICHU A pj/wj, ABJILETCS OITUMAJbHOI. ,ZLOKa3aTe.HbCTBO MOZKeT
6bITb IIpoBeACHO IIPpU IIOMOIIIU IMePpECTAaHOBOYHOI'O IIpUEMA.

2.2.2. Paccmorpum 3azady 1// > w;U;. Buagase jokaxem, 4ro sra 3agada NP-rpyna.

Teopema 2.2. 3adaua 1//> w,;U; sasasemca NP-mpyonot dasce 8 cayuae d; = d,
7=1...,n.

Bajaua pacnosHaBanus, CooTBeTcTBYOmast 3aa4e 1/d; = d/ > w;U;, npunaaexur kaaccy NP,
IIOCKOJIbKY IIpe/ACTaBJIEHHE OITHUMAJILHOI'O paCluCaHuAd Tpe6yeT O(n) CAUHUL, ITaMATN U 3HAYCHHUE
1e/IeBoil (PYHKIMU OT ONTUMAJIBHOIO PACIMCAHUS MOYKET OBITh BBIYUC/IEHO 3a BpeMst O(n).

Jlanee Bocniostb3yemcst NP-otnoit 3amadeit PASBUIEHUWE: 3a1anbl mesbie moaoKuTeIbHbIE YACIa,
ai, ag,...,a. u A Takne, uro 3°7_;a; = 2A. Tpebyerca onpeaenuTs, CymecTBYeT Ji MHOKECTBO
X CN={L2,...,r} TaKoe, 9410 X ;cx a; = A.

s moboro mpuMepa 3TOR 3aJadd HOCTPOMM mpuMep 3axadn 1/d; = d/ Y w,;U;, B koTopom
mMeeTcs r TpeOOBaHUil ¢ HmapaMeTpaMu p; = a;, w; = a; n d; = d = A, j = 1,...,m
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[Tokaxkem, uro 3amava PASBUEHWE uwmeer pemrenwe Torga u TOIBKO TOTIA, KOTJIA CYIIECTBYET
pelenre MOCTPOEHHOro mpuMepa 3amadn 1/d; = d/ Y w;U; co 3madennmeM meseBoit dbyHKIuH, He
peBOCXoasImuM A.

HeobxonumocTts. [Iycts muOKecTBO X siBisiercss pemennem 3aaa4dn PASBUEHUE. IToctponm
pacmucanue, B KOTOPOM BHadaje OOCTYXKHBAIOTCI TpeOOBAaHHS MHOMKECTBa X B IPOU3BOJTHHOM
HOPSJIKE M 38 HUMH OOC/HyzKUBalOTCa TpeboBanust MuoxkecTBa N\X B IPOU3BOJLHOM HOPSIJIKE.
[TockombKy 3 cx aj = A, TpeboBanna MHOKecTBa X ABJIAIOTCA PAHHUMHU U TPeOOBaHUSA MHOMKECTBA
N\X - zanazapiBaionumu. Torga st mocTpoeHnoro pacuucanust y, w,;U; = djeN\X G = A.

HocraTounoctb. [Ipeamnoioxknm, 9To cyIecTByeT paciuucanue co 3HaYeHueM Ie/1eBoit OyHKITNN
Y w;U; < d. Obosnaunm depe3 X MHOMKECTBO DaHHUX TpeOOBaHWI B 3TOM pacrnucanuu. lmveem
YiexPi = Yjexa; < d=AnYienxwj = Xienx @5 < A. Cremoparensho, ey a; = A, Te.
zamada PASBIIEHIUE umeer perenne. [

2.2.3. Huke mupusopurcs ajroputm BpemenHoii cioxkuoctu O(nlogn) pemenust 3anaun
1//>U;.

Yuopsaouum TpeboBanusd B nopgajgke EDD neyObiBaHus JUPEKTUBHBIX CpOKOB: di < -+ <
d,. Bynem nasznauath TpeboBaHHs Ha OOC/Iy:KHBaHHe B mopdajake 1,2 ... 10 Tex IOp, IOKa He
OyJIeT HapylleH JUPEeKTUBHBI CpoK odepemaHoro TpeboBanus. [lycTh Hapylmaercda JUpeKTHBHBIN
cpok d;. Cpeanm TpebGoBammii 1,...,j OTBICKHBaeM TpeboBaHHe € HamHOOJbIIeHl JITHTEJTBHOCTHIO
obcoy KuBaHug, Haupumep, tpebosanme k um ygansiem ero u3 mocsaepoBareabuoctu (1,...,7).
TpeboBanne k cumraercs 3anasabiBaionMM. Bcee 3amasapiBaionime TpeOOBaHUS OOC/IYKHUBAIOTCA B
MIPOU3BOJILHOM MOPSIJIKE TOCJIe TOC/Ie/IHero pannero Tpebosanus. Ec/u nocjie yiajaeHus BBIOpAHHOTO
TpeboBaHMs 00CTyKHBaHNEe TPeOOBAHNUS j 3aBepIIAETCH 1O JUPEKTHBHOIO CPOKA dj, TO MepexXoanM K
Ha3HaYeHUIo TpeOboBaHud j+1. Eciu JupeKTHBHEIN CPOK d; Bee ellle HAPYIIAETCsI, yAAIdeM OdepeTHOe
TpeboBaHne ¢ HAUOOJbIIEH JIUTETbHOCTHIO OOCTYKUBAHULA. Y IaJeHHe MPOJIOIZKAETCA JI0 TeX IOop,
HOKa JIUPeKTUBHBI CcpoK d; He OyaeT BbinoHATECA. IIponeaypa mpogozKaeTcd 10 TeX HOp, IOKa He
OyJIeT mMoCTpoeHa ONTUMAJIbHASA MOCTIEI0BATEIbHOCTh PAHHUX TPEOOBAHMUIA.

Bamaume. Pemnrs 3amauay 1//3 U;, B koropoii mmeercsa 10 tpeGosaumii. JlnmresprocTn
00CTy?KUBaHUS p; U JUPEKTUBHbIE CPOKH d; 3a/laHbl B TaOJIUIE U3 IPeIblIyIero pasjieJa.

Omnu w3 orseros: (8,7,1,6,3,2,10,4) — moc/iegoBaTeIbHOCTh paHHUX TpeGoBaHuii, 9 u 5 —
3ala3/bIBaoIIe TpeOOBAHUSI.

2.3. Ilapanmenbabie mpubopbl. MakcuMabHBIN ITPad

B mannom pasjesie paceMarpuBatorced 3a1a9u P/ / fuax 1 P/pmin/ foax 1 UX 4acTHBIE CJydan.

2.3.1. Brauase nokaxem, uro 3amada P/pmitn/Ciy., (Tpu paspernieHnn npepbiBaHuii) MozkKeT
ObITh perena 3a Bpems O(n).

Beraucnnm snavenne LB = max{max;{p;}, >, p;/m}. Herpyano y6emurnca, uro LB < C,
rie CF .. SBJISETCS ONTUMAJIHHBIM 3HAYEHHEM ODIIEro MOMEHTA 3aBePIeHus 00CTYKIBAHUS.

OnrumanbHOe pacnucanme GopMupyeTcs ciaeayiommM obpa3om. Hazmagaem tpeGoBaHust B
HPOM3BOJIBHON TOC/I€0BATE/ILHOCTH, HAIPUMEDP, B HOCAeA0BaTe/jbHOCTH 1,2 ...,n Ha 1PUOOPHI
1,2,...,m B unrepsase spemenu [0, LB], naunnas ¢ MoMeHTa BpemeHH HOJb. Ecau ma npubope
[ mocturayr moment Bpemenu LB u Tekyimiee TpebOBaHWE j IMOJHOCTHIO He OOCIYyKEHO, TO €ro
00C/Ty’KWBaHWE TPEPHIBAETCS W BO300OHOBJsIETCsT HA npubope [ + 1, HAYMHAS C MOMEHTa BPEeMeHWU
HOJIb.

[IpuBeIeHHBI AJTOPUTM HA3bIBAETCS AJIropuTMOM MaKHOTOHA WM TpAaBHJIOM 00epTKH (wrap
around rule). OueBHIHO, YTO MOCTPOEHHOE € MOMOIILID ITOTO AJTOPUTMA PACIHUCAHUE SBJISTETCSI
JOIYCTAMBIM (HE OJIHO TpeboBaHWe He OOC/IY’KUBAETCS JBYMsl TPHOOPAME OHOBDEMEHHO) U JIJIist
storo pacuucanus Cy.x = LB, T.e. OHO SIBJISETCS ONTHMATLHBIM.

Bamanue. [locrponrs mpumep 3agadu P/pmin/Chax, B KOTOPOM KOJIHYIECTBO TPEPLIBAHUI B
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ONTUMAJBHOM PACTIUCAHUH paBHO M — 1.

2.3.2. asee mokaxem, 1ro 3aja4a P//Cpayx (nupepbiBanust 3anpemens) NP-rpyjsa B cuibHOM
CMBICJIE.

Teopema 2.3. 3adaua P//Ch.x asasemcs NP-mpyonoti 8 cusbHOM CMBICAE.

Bocnonbsyemcs NP-tioninoit B cuibaOoM cMmbice 3amadeii 3-PASBVIEHUE. /Ina mob6oro npumepa,
sagaun 3-PABBUEHUE unocrpoum npumep 3agaun P//Chax, B KOTOPOM uMmeercst 3r TpeboBaHuit
¢ JUINTeIBHOCTAMHU OOC/Iy’KUBaHudA p; = a;, j = 1,...,3r, m r npubopos. Ilokaxem, 4To 3ama4a
3-PASBMEHUWE wnmeer pemntenne Torga u TOJIBKO TOIJA, KOTIa CYIIECTBYET pPelleHHe MOCTPOEHHOTO
npumepa 3313491 P||Chax co 3nauenneM Chay < A.

Heob6xoaumocts. I[lycts wMuOXKecTBa X7,...,X, [pejCTaBIdioT pelieHune 3aJaqu  3-
PABBUMEHME. Ilocrpoum pacuucanme, B KOTOpoM TpeboBaHums MHOxKecTBa X;, [ = 1,...,r,
00CTyKUBAIOTCS B TPOM3BOILHOM HOP4JIKe TpubopoM [. HeTpyano yoeuThbest, 9To /1 MOCTPOEHHOTO
pactucanusg Cp., = A.

HocraTounocTs. [1peios0Kum, 4o cymecrByer pacuucanue takoe, 910 Chpa, < A. Obo3naunm

qepe3 X; MHOKeCTBO TpeboBanuii, 00c/ 1y KuBaeMbix npudopom [, [ = 1,... 7. JloJKHBI BBITOJHATHCS
T

HEPABEHCTBA ) ey, Pj = jex, @ < A, I = 1,...,r. Tlockoneky >3 > icx,a; = 1A, umeem

Yex; a5 = A, l=1,...,r re. zanaua 3-PASBUEHUE nveer pemenne. [

2.3.3. Paccmorpum yacruble ciyvan 3aja4u 6e3 upepsisanuit. Haunewm ¢ 3agaun P/in—tree, p; =
1/Chax. O6o3naunm uepes N muoxkecTBO TpeboBanmii, yepes NT — muoxecTBo TpeGoBanuii, He
MMEIONIMX MPE/INEeCTBeHHUKOB OTHOCUTEIBHO rpada OTHOIEeHui npeamecTsoBanus, n depes h(j)
— BBICOTY BEPIIUHBI j B rpade OTHOIEHU MPe/IIecTBOBOBAHNUS, SBJISIONINMCS BXOJSIIUM JIEPEBOM,
T.e. JUIHHY (KOJMYeCTBO BEPIINH) e OT BEPIIHHBI j 10 KOPHS JepeBa.

Crenyromuit anropur™m H dbopMupyeT onTuMaibHOe pacnucanue s 3axadn P/in — tree,p; =
1/Chax, KOTOpOE OyieM HasbiBaTh H-pacnucanumeM. B amroputme H 1oMedatoTcst HEKOTOPbIE
TpeboBanus. Buadaie Bce TpeboOBaHUs SIBIAIOTCS HEIIOMEUYeHHBIMU.

[IporymepyeM wWHTepBaJbl BpeMeHNW eIuHUYHOW Anuabl 1,2,.... Ha wrepamwm ¢t anropumrma
H onpejnenennbie TpeboBaHusl HA3HAYAIOTCS HA OOC/IyzKHBaHWe HPUOOpPaAMHU B MHTEDPBAJIE BPEMEHU
t emmawaHON jmubl. Paccmorpum wmreparnumio t. Haiigem upubop [, He 3ajeiicTBOBaHHBINH B
unrepsaie Bpemenu t. Cpeay HemoMedeHHBIX TpeGopanuii MuOXKecTBa N1 BbIOMpaem TpeboBaHme
J ¢ maubosbinedi BoicoToit h(j), HazHauaem ero Ha O0C/Iy:KWBaHHWE B uHTepBaJje ¢ npubopom [ u
nomedaem tpebosanue j. [Ipomecc nHasznadenus TpeOGOBaHUN M UX MOMETKH IMPEKPAIIAeTCs TOIJa,
KOIJa B MHTepBaJie BpeMeHH ¢ Bce NpUOOPLI 3aHAThHl WM Bee TpeboBanuda MHOXKecTBa N1 momeuens.
B srom caydae uckiaodaem u3 N momedeHHble TpeboBaHud u, ecaiu N # ¢, mepexoauM K HTeparun
t+ 1, T.e. K Ha3HaUYeHUIO TpeboBauuii B uuTepBase t + 1. Eciu N = ¢, To H-pacnucanue mocTpOeHo.

Bpemennas cioxkuocts H-anropurma pasaa O(n).

Samanue 1. Jlokaxkute, uro H-aJaropuT™m pelraer 3aJa4dy B Caydae, KOIJa HMEeTCs HeCKOJIbKO
KOMTIOHEHT CBSI3HOCTH, KaXKJas U3 KOTOPBIX SBJISETCS BXOJISAIINAM JTE€PEBOM.

Bananue 2. Pemure 3anauy P/in — tree,p; = 1/Chax, B KOTOpOit M = 3, n = 12, tpeGoBanust
9,10,11 npeamecrByior 7, TpedboBanue 12 mpemmiecrsyer 8, Tpebosanus 7 u 8 mpejiecTByOT 4,
TpeboBanus 3 u 4 npeamectByioT 1 u TpeboBanus 5 U 6 HpeaNIeCTBYIOT 2.

OrBer: TpeboBaHus, Ha3HaYeHHble Ha 1pudbopbl 1,23 B wuHrepsajgax Bpemenn 1,2,3.45
coorBercTBento - (12,11,10), (9,8,6), (7,5,3), (4,2,), (1,-,-).

Banmanue 3. [Tokaxkure, Kak NCHOIB30BaThL H-aaroputym st perennst 3agaau P/out —tree, p; =

1/Chax.

2.3.4. Tlepeiinem k paccmorpenuto 3agaqdu P/in — lree,p; = 1/Lyax. Brauane npusemem
aJIropuT™M pemenus 3agadu P/in — tree,p; = l/C’j < d;. B srom asropur™me HCHOAb3YeTCs
MOHSITHE A-PAcnucaHum, Koropoe GOPMUPYETCs B COOTBETCTBUU ¢ HEKOTOPBIM CIIMCKOM TpebOBaHUii
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A= (j17 cee 7]71)

Tak xke, kak B H-ajaropurMme, OyjieM Ha3HadaTbh TpeOOBaHUS B MHTEPBAJIbI BPEMEHHU €JIMHUYIHOI
mauael t = 1,2,... u momedyaTh TpeOOBaHHUs CIHCKa A. BHauaze Bce TpeOGOBaHHS SIBISIOTCS
HEITOMEeYeHHBIMH.

Ha wrepamuu ¢ wmaxomum mpubop [, He 3aHATHII B MHTepBayse Bpemenu t. Haxomum mepsoe
HeloMedeHHoe TpeboBaHue J CIMCKA A, KOTOpoe lipuHajjlexkur mHoxkecrsy N7T. Hasnauaem j
Ha oOc/IyzKuBaHHe B uHTepBaje t npubopom [ m momedaem j. Ilporecc nasHadenust TpeboOBaHUit
U WX [OMETKHU HPEKpallaeTcss TOrJa, KOrja B WHTepBaje BpeMeHu ¢ Bce NpUOOPHI 3aHATHI WU
Bce TpeGoBanms MHOKecTBa, N1 momedenwl. B srom ciayuae uckiaodaem u3 A m N IIOMeYeHHBIE
TpeboBanus u, eciin N # ¢, epexoauM K urepanuu t+ 1, T.e. K Ha3HAYEHWIO TPEOOBAHUI B MHTEPBAJIE
t+ 1. Ecim N = ¢, 10 A-pacnucanue mocTpOeHO.

EnunnacrBennoe otnyne oT H-agaropurMa 3aKII09aeTCS B TOM, 9TO B IEPBYIO 0OY€peIb BHIOMPAIOTCS
TpebOBaHUs He ¢ HAMOOJbIIEH BBICOTOI, & ¢ HAMMEHBLIITUM HOMEpPOM B crucke \. VHBIMEU cioBaMu,
H-anroput™m gBIsgeTcs YaCTHBIM CIydaeM MIPUBEIEHHOTO ATTOPUTMA, €CJTU B CIIHCKE A OTCOPTUPOBATD
TpeboBaHUs HO HEBO3PACTAHUIO BHICOT.

st peennst 3anaau P/in—tree,p; = 1/C; < d; Buagasie moguduiupyem AnPeKTHBHbIE CPOKH.
O6o3naamm MoudUIIpOBaHHbIe JUpeKTuBHbe cpokn depes dj, j = 1,...,n. Honoxnm d;, = d, ans
KOpHsI 1 JjiepeBa. Ha KaKjaoMm ciiejyoiieM Imare BhIOMpaeM Takoe TpeboBaHue j, Jijisi KOTOPOrO He
Haii/leno d;, HO JiJig ero IpAMOro NOTOMKa k 3Hadenue dj Haiiseno. [lomaraem d; = min{d;, dj, — 1}.

3a,11aH1x1e. ILOK&)KI/ITG yTrBepzKjenue O TOM, 4YTO pacClluCaHue AOIMyCTUMO OTHOCHUTEJIbBHO
MO,ZLI/I(l)I/H_H/IpOBaHHbIX AUPEKTUBHBIX CPOKOB TOIlZJa W TOJBKO TOr/la, KOrJa OHO JOIIYCTHUMO
OTHOCHUTEJIbHO HMCXOJHBIX JUPEKTHBHDBIX CPOKOB.

Teopema 2.4. 3adawa P/in — tree,p; = 1/C; < d; umeem pewenue mozda u
mMoAbKo mozda, Ko2zda doNYCcmMumo OMHOCUMEALHO OUPEKMUBHBLL CPOKOE \-PACNUCAHUE,
o : ) ,
coomeemcmeyrouee cnucky A = (ji,...,jn), dj <+ < dj .

HoxkazarenbcTBo. Ilpemmnooxum, 910 A-pacnucanue, yrmoMsHyToe B (DOPMYJIUPOBKE TEOPEMBI,
HEJIOMYCTUMO OTHOCUTEJIHFHO JIUMPEKTUBHBIX CPOKOB. Cpean TpebOBaHWil, JjIsi KOTOPHIX HAPYIIEHBI
MOANMDUITTPOBAHHBIE JUPEKTUBHBIE CPOKH, BbhiOepeM TpeboBaHme j, 00C/IyzKHBaemMoe B HamboJiee
panHeM uHTepBasie spemenu t. Umeem t > d; > [d;]. 3nech |r| — mambosbmee meoe 4mcno, He
IPEBOCXO/ISIIEE T .

[Iycts v < [d;J — HauboJiee TO3/IHUIT UHTEpBaJ BPEMEHH, B KOTOPOM ODOCJIYXKHBAETCS MeHee M
TpeGoBanuii ¢ JUPEKTUBHBIME cpokamu dj < dj. Eciu unTepsana v He CyNIeCTBYeT, TO TeopeMa
JIOKa3ana, MOCKOJIbKY nmeercs ne menee m|d;| + 1, koropbie J0JuKHBL ObITh 00C/IY2KEHbl K MOMEHTY
BpeMeHu d; u, cjegoBaTeJIbHO, JOIIYCTUMOI'O OTHOCHUTEJ/IbHO JUPEKTHUBHLIX CPOKOB PaCIIMCaHUA HE
cymecrByet. [Ipeamosioxkum, aro v cymecrByer. [lokaxkem, 9T0O 9TO TpeJIIOJI0KEHWE NPUBOAUT K
nporuBopeunio. V3 mocrpoeHunsi A\-pacuucaHust CJaeIyeT, UTO I STOTO PACTHUCAHUS BBITTOTHSIOTCS
YCJIOBHUSI: a) cylecTByerT TpeboBanue k, k — j, KOTOpoe 00CIyKHMBAeTcss B WHTepBaje v (WHade j
ce10Baso obCTyKuBaTh B uHTepBate v); 6) ecin d; < d; m TpeboBanme i 0OCTyKHBACTCA MO3/THEe
HHTEpBaJa BpeMeHH! v, TO CYIIeCTBYeT TpeboBaHue [, KOTopoe 0OCTyKIUBAaeTCs B HHTepBaje v u |l — 1
(nHAve i cres0BaIo OOCTYKUBATD B HHTEPBAJIE V).

Moxno pacemoTpers aBa caydas: v = [di| w v < |d}]. Ecmu v = |d}], To obcmyxupanme
TpeboBaHus Kk 3aBepIiraeTcsd B MOMEHT BPEMEHH Ld;J < t. lockosibky k — j, TO U3 HPOIE/LYPHI
OTHICKAHUA MOM(BUIMPOBAHHBIX JIMPEKTUBHBIX CPOKOB caeiyer, uro d < d; — 1 < |d;].

CaenoBarenibHO, IJIsi TpeboBaHust k HapyiieH MoAnUIUPOBAHHBIA JUPEKTUBHBIA CPOK, YTO
npoTHEOpe nT BRIOOPY Tpebosamns j. Ecmu v < |d}|, To B unTeppame v + 1 obcyxupaercs m
TpeboBanuii i ¢ JUpeKTUBHBIME cpoKamu d; < dj. JIja Kaxg0oro ms sTux TpeGoBaHHil CyTmiecTByeT
TpeboBanue [, [ — 1, KoTropoe oOCIy:KHBaeTcd B HHTepBaje v. VI3 mporeaypbl OTBICKAHUSA
MOTUDUIIPOBAHHBIX TUPEKTHBHBIX CPOKOB cliefiyeT, uto d; < dj —1 < Ld;J [Tocko/IbKy B HHTepBaJIe
U MOZKeT 00CJTy2KHBaThcda He Oosiee m — 1 Takux TpeboBaHuUii [, TO 1Mo KpaiiHeit Mepe JaBa TpeOOBaHUA
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UMEIOT OJHOTO U TOT'O »Ke IIpeJNIeCTBEHHUKa, YTO HEBO3MOXKHO IJId BXOAJAIIETO JepeBa. |

Baganwme. Pemnre 3amaay P/in — tree,p; = 1/C; < d;, B xotopoit m = 3, n = 10, 1
npegmecTsyer 2, 2 upejamecrsyer 3, 3 m 4 upemmectByior 7, 5 u 6 upemmecrsyor 9, 7, 8 u 9
npeamecrytor 10, (dy, ..., dyo) = (6,5,6,4,9,8,7,3,2,8).

OtBer: mocjaegoBaTeIbHOCTH TpeboBaHUit Ha mpubopax 1,2,3 B mHTepBasax Bpemenn 1,2,3,4,5
coorBercTBeHHO - (8,6,5), (4,1,9), (2,-,-), (3,,), (7,,+), (10,,-). MogudnnupoBannbie AUpeKTHBHbIE
cpoku: (dy,...,dy,) = (4,5,6,4,1,1,7,3,2,8).

Bossparumcst kK pacemorpennto 3agaun Plin — tree,p; = 1/Lyax. Hycts LY, obo3nauaer
ONTUMAILHOE 3HAYEHNEe MAKCHMAJHLHOTO BPEMEHHOTOo cMmernenus. [lokaykem, 9To perenune 3a1a49u
P/in —tree,p; = 1/C; < d;j + M, tne M — mo6oe qucio, yaosiersopsiomee M > L*  apisercs
pemenueM 3aga4du P/in — tree,p; = 1/ Lyax.

JleficTBUTE/IbHO, HE CYIIECTBYET PACIUCAHUS, JOIMYCTHMOTO OTHOCHTEIbHO JTUPEKTUBHBIX CPOKOB
dij+71,7=1,...,n,ectn 7 < L}, . C 1pyroit cropoHbl, A\-pacnucaiud, IOCTPOEHHbIE AJITOPHTMOM

max*

H nng 1upeKTHBHBIX CpOKOB d; + M, j = 1,...,n, coBOagaoT opu J00bIX 3Hadenuax M > L7 . .

2.4. ITapangenbubie mpubopbl. CymMmapHBIil miTpad

B nanHOM pasgese paccMaTpWBAIOTCA 3aJa9W TOCTPOEHUS ONTUMAJBHBIX PACTUCAHWN JIJIsT
00CTyKUBAIOIIUX CHCTEM, COCTOSIIUX U3 MapaJlIeJbHBIX MpudbopoB. KpurepumeM onTHMaIbHOCTH
ABJIgeTCd MIHAMA3anus cyMMapHoro mrpada Y f;.

2.4.1. Paccemorpnm 3agaay R// Y C;. B 9roit 3a7ade JuTe1bHOCTD 06CTY KUBaHUS TPeOOBAHUS
J npubopoM [ paBHa p;;. Eciu TpeboBanme j HazHaueHO Ha pHOOP [ 1 0OcIyKuBaeTcd STUM Ipubopom
k-bim ¢ konna (mocse wero mpubop [ obenyxusaer k — 1 TpeboBaHue), TO BKJIAJ] 3TOr0 TpeOOBAHUS B
nejieBy1o GyHKIUIO paBeH kpy;.

Biesem 0-1 nepemennbie Z k) Takue, 4To Tjgr) = 1, eciu Tpebosanue j 001y KuBaeTrca Ipubdopom

| k-pim ¢ konma, u Zju) = 0, B mpormBHOM ciydvae. 3amada R//>C; comurcs Kk 3adave o
HA3HAYEHUAT
> > kpijwjary — min,
i (k)

IIPA YCJIOBUAX

Zx](lk)g]" lzl)"';my kzl,...,n’
7j=1

Zl‘](lk’) = ]-7 j: 1,...,”,
(LK)

ziaey €{0,1}, j=1,...,n, I=1,....m, k=1,...,n.

3BecTHO, UTO 3a7a9a 0 Ha3HAYeHUAX MOYKeT ObITH pemeHa 3a Bpems O(n?).

Hust pemenust 3anaau QQ// > C; cymecrsyer Gosee sddexrusnbiii asropurm. B ycsoBusx
9TOI 3ajaudm, ecau TpeboBaHHEe j 00CIyKuUBaeTcss npubopoMm [ k-BIM ¢ KOHIIA, TO €ro BKJaJ B
esteByio (byHKIUIO paBeH kp;/v;, TJe v; — IPOU3BOAUTEIBHOCTH HPHOOpa [. YIOPSI0MUM 3HATCHUST
k/v; no ueyGbiBanWio. 3ajada CBOAUTCS K BbIOOPY 1 3HaueHuil k/v; M Ha3HAUEHWIO KayKIOMYy W3
BBIOPAHHBIX 3HAYCHUIT HEKOTOPOrO TpeGOBAHUS j TAKUM 0OPA30M, 9TO CyMMa npou3seaenuii p; - (k/v;)
MHUHUMAJIbHA. VI3BECTHO, YTO JIJI 9TOTO JIOCTATOYHO BHIOPATH 1 HAUMEHBINNX Yuces k/v; 1 Ha3HAYATh
HanboJIbIIeMy U3 BBIODAHHBIX 4HCeT k/v; HamMemHblllee 3HAUEHHE Dj, BTOPOMY HAHOOJIBIIEMY H3
BBIOPAHHBIX THCEN k/v; BTOpOe HauMeHbIIee 3HadYeHne p; U Tak Jgasnee. Ecin 3navenne p; Ha3HAYEHO
3HadeHuto k/v;, 1o rpeGoBanue j obciyzkusaercs k-biM ¢ Kouna. 3agada Q// > C; moxer Obirb
pemena 3a spemst O(nlogn).

OnrumanbHoe pacnucanue st 3agadan P// > C; moxer ObITb HOCTPOEHO HPU  HOMOIIH
CJIEIYIOTIEr0 aJrOPUTMa. Y MOPSA0YNM JTUTEIBHOCTH 00CTyKuBanus Tpedbosanwuii o npasmiry SPT:
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pr < -+ < p,. Byrem maszmauarnp TpeboBanusi Ha NpHOOPHI B TOC/IEI0BATEJHLHOCTH 1, ..., M.

TpeboBanue j Ha3HAYaeTCd Ha TOT IPUOOP, IJie €ro 0OC/IyKUBAHUE 3aBEPIIATCSA PaHbIIE.

2.4.2. [llepeitnem k paccmorpenuio 3axad Q/p; = p/ > f; 1 Q/p; = D/ fmax- IockoabKy
JUTATEJIBHOCTH OOCJy?KMBAHMA OJMHAKOBBI, MOMEHT 3aBepIIeHHd OOCIy:KHBaHUS TpeOOBAaHUSA

npubopoM | MoxeT ObITb mpeicrasiaer B Buge ip/v;. Llpu stom f;(C;) = fi(ip/v) = bjay. Kak
n pamee, BBeJleM B paccmoTpenne (-1 mepeMenHbBIe Tj(;) TaKme, 9TO Tj) = 1, ecam TpeboBaHme
J obcnyxupaerca npubopoM [ i-bIM 1O TOPAKY, B Zji) = 0, B IPOTHBHOM cIydae. 3ajada

Q/p; = p/ > fj cBOsuTCS K 3aja9e O HABHAYECHUSIX
> D biay@ja — min,
J @)

IPU YCIOBUAX

iy <1, l=1,....m, i=1,...,n,
j=1

oz =1,j=1,...,n,
(i)

Tia) €{0,1}, 7=1,....n, Il=1,...,m, i=1,...,n.
Bamaua Q/pj = p/ fmax CBOAUTCA K MAKCUMUHHON 33/ade 0 HA3HATCHUSIX

max bj;) () — min
7:(il)

1pH Tex ke ycaopuax. Obe 3a71a4n MOryT GBITL pelteHbl 3a Bpemsa O(n?).

Bagnanne. ITocrpoitte cBesenne 3anaun P/rj,p; =1/ f; K 3aja4e 0 Ha3HAUEHUSIX.

2.4.3. llosgsienne BecoB TpeOOBaHUN 3HAYUTEIBHO YCJIOKHSIET 3a/a4dy.
Teopema 2.5. 3adaua P//Y w,;C; asasemcs NP-mpyonoti 8 CUAbHOM CMBICAE.

HoxkazarenbcTBo. Bocmnonb3yemcs NP-nosnoit B cubHOM cMbicte 3agadeit 3-PASBUEHNE. Jlnsa

moboro npumepa 3aaaun 3-PASBUEHUE nocrpony mpumvep 3agatu P// Y w;C}, B KOTOPOM HMeeTcs

3r TpeboBaHUil ¢ JJUTEJBHOCTAMH OOCIYyKHBaHHA p; = a; U BecaMu w; = aj, j = 1,...,r, ar

npubopos. ITokaxkem, urto 3amada 3-PASBUEHNE umeer perrenne Torma M TOIBKO TOTIA, KOTIA

CYLIECTBYET DelleHre MOCTPOeHHOro npumepa 3ajadn P// Y w;C; co 3navenuem Y w;C; < y =
3 a?/2 +mA?)2.

J=1"7

HeobxoammocTs. I[lycte wmuOXkecTBa X7,..., X, TpEJACTaBILAIOT pelleHne 3aaa9u  3-
PABBUEHUE. Tlocrpoum pacnucanme, B KOTOpoM TpeboBaHus MHOXKecTBa X;, [ = 1,...,7,
06CIyKUBAIOTCS B MPOU3BOJBLHOM MOpsijike mpubopoM [. Ilycts (iy,...,4;) — MOCI€I0BATETHHOCTD

TpedboBanuii Ha npudope [. Torma

Z U)jCj = (l?l + (IZ'Q((IZ'I + (]JZ'Q) + -

JeXy
Fag (a0, o ) =
2
Z a; + Z A, Qi -
JjEX] 1<v<u<k
[TockonbKy
2 _ 2
(@) =2 a;+2 > aa,
J€X; J€x 1<v<p<k
nMeeM

Z a;,a;, = (Z aj)2/2 — Z a?/Q.

1<v<u<k jeX, JjeX
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[TosTromy

dYowiCi= Y ai/2+ ()] a;)%/2.

JEX) JEX) JEX)

JLuist HOCTPOEHHOI'O PACHUCAHUS
3r
> w;Cy = Z > wiCy = Z 2/2"‘2 > a)?/2=3 ai/2+mA* /2 =y. (2.1)
I=1jeX; =1 jeX; j=1

Hocrarounocts. llpeamosnokuM, 9T0 cymecTByer pacmmcanme Takoe, dro y w;C; < y.
O6oznaunM depe3 X; MHOKeCTBO TpeboBaHMil, 00CIyzKHBaeMbIX mnpubopom [, | = 1,...,r.
Amnanornvno Tomy, Kak Oblia moaydena dpopmyia (2.1), noxydaem

> w;Cy = Z 2/2—!—2 (> ay) /2<y_2a2/2+mA2/2
=1 jex, Jj=1
13 mocieiaero HepaBeHCTBA CJIEAYET, UTO
Y ) < ma
=1 jeX;
[peamonoxnm, 910 Y cx, aj = A+ 0, tie —A< G < (m—1)A, l=1,...,m,u 3", 6, = 0. Torna
YD a4 =D (A+6)* =mA® +2AZ§Z +252 =mA? +Z§2
I=1 jeX; 1=1 1=1 1=1 1=1

Herpyano 3ameTnTsh, 94TO
m

> (D a)* <mA?
I=1 jEX,
TOIJIa M TOJBKO Torja, Koraa 6, = 0, [ = 1,...,m. Cinegosarenbno, > icx, a; = A, [ =1,...,7, re.

zamada 3-PASBIEHUE umeer pemenne. [
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MHuorocraaniiable cucTeMbl OOCIY2KIBaHUS

B mannom paszesie paccmarpuBaroTes obcryzkuBatomme cucreMbl flow-, open- u job-shop.

3.1. Ob6cayxuBaroraga cucrema flow-shop

B cucreme flow-shop xkakmoe tpeboBanme oOcCTyzKHBaeTcs mpudbopamMu 1,2,...,m B 3Toii
nocaegoBareabHocTH. O0CayKuBaHne TpeboBaHUs TpuObOpoM [ + 1 MoxkeT OBITH HAaYaTO HEe paHee
3aBepIeHnsi ero 00C/IyKUBaHUS TPUOOPOM (.

Pacemorpum 3agaay F//Cax.

Teopema 3.1. Jasa 3adawu F//Ch.x cywecmeyem onmumasbHoe pacnucarue,
npu Komopom npubopvt 1 u 2 obcayorcusarom mpebosarus 6 00HOU U MO dHce
nocaedosamenvHocmMU.

Hokaszarenbcrso. Ilpn 3azannom pacmmcanmi S oGosuadmm depes CP(S) u Cy(S) momentsi
HaJYaja U 3aBepIieHns: 00C/IyKUBaHUsT TPeOOBAHNS j TPUOOPOM [ COOTBETCTBEHHO.

[Iycte S — pacmnmcanme, [Jiss KOTOPOIO YTBEPXKJEHHE TEOPEeMbl He  BBIIOJJHAETCS.
[Ipu »sTOoM pacnucanum npubop 1 obcaykuBaer TpeOOBaHHA B  IIOCI€I0BATE/IHHOCTU
(015« s 0pyevybpyipg1y ..y 0n), & TPHOOP 2 — B MOCAETOBATETBHOCTH (i1, ..., 0p, Gyri1, M1, b, T2),
riae m = (j1,...,Jv) U Ty — HEKOTOPBIE TOAIOCTEI0BATENLHOCTH. /7151 pactiucanus S BIMOTHSIIOTCS
COOTHOIIICHUSI

r+1
0 —
CQiT+1 (S) - maX{Z plik’ OQip (S)}’
k=1

C3; (S) = max{D _ pi;,, Co;, (9)} = Cs;,(S) >
k=1

r+1

Chir i1 (S) 2 Cip, (S) = Y puiy.-
k=1

[Tocrpoum pacnucanue S’, oramyaomeecs ot S TeM, 9To Ha IIePBOM NpUOOpe TpebOBaHUS T, U T,y 1
00CJIyKHUBAIOTCA B MOCJAEA0BATEILHOCTH 4y 1, i,. JI1a pactmmcanua S’ BHINOJHSIOTCA COOTHOIICHUS

r—1

Cgir+1 (S,> = maX{Z plik + plir+17 CQip (S/)}7

k=1

r+1
Cy;, () = max{}_ pui,, Cs;, (S")}.
k=1
Iockombky Cy;, (S") = Cy;, (S), 10 C3;  (S') < €3 (S). U3 sr0r0 crepyer Cyy,(S') < Cy;,(S) 1
nanee C9; (5') < C9; ().
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[IpumMensisi TpUBeJIeHHBIE DPACCy’JIeHUsl HeoOXoJnMoe KojauvecTBo pas (He OGoee O(n?)),
noJryuaeM pactucanue S”, npu KoropoM npubopst 1 1 2 06c1yKuBaioT TpeboBaHust B OJHOIL 1 TOii 2Ke
110C/Ie/I0BATeILHOCTH, IpHdeM BhinosHatoTcsa coornomenna C%(S”) < C%(S), i =1,...,n. Ilostomy

Omax(SH) S Cmax(S)- ]

Sapanue. Vcnomp3ys mepecTaHOBOYHBIN MPHeM, JIOKAYKUTe CJIeIYIONYI0 Teopemy.

Teopema 3.2. asa 3adawu F//C.c cywecmeyem onmumaavhoe pacnucanue, npu
Komopom npubopvt m — 1 u m obcayoscusarom mpebosaHus 68 00HOU u MOl oHce
nocaedosamenvHocmu.

3 aByX HOCJEJIHUX TeopeM CJelyeT, 9To npu m < 3 ONTUMAJLHOE paclucaHue s 331a49u
F//Cpax MOKHO OTHICKHBATH B KJIACCE NEPECMAHOGOYHBLT PACNUCAHUL, TO €CTh PACTHUCAHUIL, TP
KOTOPBIX BCe IIPUOOPHI 00CIYXKHUBAIOT TPeOOBaHUSA B OJHONW M TOI »Ke IOCJaemoBaTeabHocTH. Ilpm
m > 4 5TO yTBepzKIeHUE He CIPABEIHEO.

I[Tepeitmem x paccmorpenuio 3agadn F2//Cr.x. O6osnadum a; = pi; u b; = po;. ua
3aJIAHHOM MepecTaHOBKU T = (i1, . . ., i, ) TpPeOOBaHUIi, 3HAYEHHE 1eJIeBOH (DYHKIIUT MOZKHO BHITHCIUTE
CJIeJLYIONUM 00pa3oM:

Croax(T) = max{>_a;, + > _ by |l <u < n}.
k=1 k=u

OKBUBAJIEHTHBIM BBIpazKeHUEeM ABJIAdeTCA

u u—1 n
Chnax(T) = max{z a;, — Z bi |l <u<n}+ ij.
k=1 k=1 =1

O6osnaunm A, (1) = SV a;, — SiZibi,. Bagaua F2//Chax CBOAMTCA K OTHICKAHUIO
nepecranoBku, munumusupyomei F(r) = max{A,(7)|1 < u < n}. Paccmorpum nepecranoBky
7/, OTIMYAIONIyIOCS OT 7 TeM, YTO napa TPeGOBaHWUil i,,%,,1 PACIOJJOKEHBI B OOPATHOM MOPAIKe:
7 = (i1, 0p—19p41, bry b1, - - -, by). Haiimem yciaoBust, npu koropweix F(m) < F(7'), Tto ecrb
IepeCTaHOBKA 7 IPEAIOYTUTEIbHee, YeM 7 .

OueBuuo, ut0 A (1) = Ay (') pnau € {1,...,7r—1,r+2,...,n}. [losromy Jjisi BBIIOJHUMOCTH

F(m) < F(7'") noctaTo9Ho BBIIOJTHEHHUS
max{A,(7), A,11(7)} < max{A.(7"), A, 1 (7))},

YTO PABHOCHJILHO
max{a;,, b, } < max{a;_ b}

Ecnu mocnennee HepaBeHCTBO BBINOJHAETCI Aad Bcex r = 1,...,n — 1, TO mepecTaHoBKa 7
SABJISIETCS OUTUMAJIbHON. [[JIsi ee OoCTPOeHMsI MOKHO BOCIIOJIb30BATHCS CJIELYIOIMM aJIlOPUTMOM.
Cdopmupyem jsa muoxecrsa Ny = {jla; < b;} u Ny = {jla; > b;}. B ourumansnoii

[OCJIeI0BATEIbHOCTH BHaYaJie 00C/IyzKUBAIOTCS TpeboBanus MHOXKecTBa [N B MOPsiKe HeyObIBaHUs
3HA4YeHNil a;, a 3aTeM TpeboBaHUs MHOXKecTBa N9 B HOPsKe HEBO3pacTaHUs b;.

Bamanue 1. [JokasaTh, 4TO /I OTHICKAHUS ONTHMAJIBHON mepectanoBku B 3aaaue F2//Cax
JIOCTATOYHO YIOPSIOYNTH TpeboBaHusl 110 HeBo3pacranuio 3Hadenuii w(j) = sign(b; — a;)(W —
min{a;, b;}), rue W > max;{a;, b;}.

Bamanue 2. Pemmuts 3agauy F2//Chax, B koropoit mmeerca 10 rTpeGosanuii. ITocTtpontnb
jauarpaMmy [anTa JUIst ONTHMAJIBLHOTO pactucanust. JJianrensHocrn obciyzkuBanus a; u b; 3a1aHbl
B TaOJINILE

j [1]2]3 [4 ][5 [6 [7 |8 [9[10]
a;|4]2]3 |5 [17]40]10]20|9]4
b |43 17]25|7 |14]10|7 |9 24
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Omrser: (2,3,{1,10},4,9,6, {5,8}). Muoxecrso Ny = {5, 6, 8}.
3.2. ObcayxkuBaromnias cucrema open-shop

B cucreme open-shop kaxkiaoe rTpeboBanue oOc/ayzkuBaercs upubopamu 1,2,...,m B
HPOU3BOJILHOM 110C/Ie/I0BaTe/ IbHOCTU. HarmoMuuM, 4T0 B 1000 MOMEHT BpeMEHU KarK/10e TpeboBaHme
obciryKuBaeTcst He Oosiee deM OJHUM TpubOpom u 1000t npubop obciaykuBaeT He OoJiee OIHOIO
TPebOBAHUSI.

Sajgaum Jid cUcTeMbl open-shop obJiajgaroT cuMMerpueir — mpubOpbl W TpPeOOBAHUA MOXKHO
IIOMEHATDH PoJigMH 0e3 H3MeHeHHs CYIeCTBa 3aIa4M.

3.2.1. Paccmorpum 3amaay O2//Chax. Kak u panee, obo3uadum a; = pi; u b; = paj.
JIng mr000ro pacnucanud CopaBelInBa CIeAyIomas oneHKa cHu3y 3HadeHud Chay

Crnax > max{>_a;, > _bj, mjax{aj +0b;}}.
J J
[TocTponm pacmnucanue, 1jisi KOTOPOTO MPUBEJIEHHAS ONeHKa JocTimKuMa. CegoBaTebHO, TaKoe
pacimcanue siBJISeTCs ONTUMAIbHBIM.
Kak u B 3amade flow-shop ¢ aByms mpubopamu, muokecTBO TpeboBanuii N pa3obbem Ha J1Ba
noamuoxkecrsa: Ny = {jla; < b;j} n Ny = N\Nj. Ecau 51H MHOXKecTBa He IyCThI, BbIOEpeM
TpeboBanus k u r Takume, ITO

ap = max{a;|j € N1}, b, = max{b;|j € No}.

Jlokazano, 4ro pacuucanue, Jjis Koroporo 3Hadenune Cha, COBIAJAAET ¢ LPUBEJICHHON HUKHE
OLEHKOIl, ABISeTCa OJHUM U3 CJeaylomux AsyX pacnmcanuii S u S’. Kaxknoe u3 srux pacnucanuii
OTMCHIBACTCS TTOCIEIOBATEBLHOCTME 7o 1 w2 TpeboBanmii Ha mpubopax 1 u 2 coorsercTBenHo. s

S nMmeeMm
1
™ = (k7 TNy \ks TN2\r» T)a
2
T = (Ta ka 7TN1\k7 ﬂ-NQ\T')
n a g S’ umeeM
1— k
™= <7TN1\k77TN2\7‘7r7 )7

7T2 - (k7 T N1\k» TNo\r» 7”).

31ech Ty — MPOU3BOJIbHAS IMEPECTAHOBKA JIEMEHTOB MHOXKeCTBa X .

Saganme. Kaxkmoe u3 6 TpaHCHOPTHBIX CPEIACTB JOJKHO BBINOJIHAUTHL ABa THIA pabor A u
B B Jsir06om nopsijike. Tpebyercst mocTpouTh paciucaHue, MUHUMUBUPYIOIEe MOMEHT 3aBEPIIEeHUs
nocsienneit padorel. Jimrensuoctu a; u b; BeimosHenus pador tTuna A u B coorBeTCTBEHHO 3a/1aHbI
B Ta0JINIIE

Jj |1]2 |34 [5]6 |

aj (41121416 |6 |12
b, |8]6 [2]10|8]8
Otreer: m4 = (4,1,5,3,6,2), 715 = (2,4,1,5,3,6), Crpax = 44.
3.2.2. Paccmorpum 3agaay O/p; = 1/3 C;. dna ee pernrenne He0OXOTMMO BBECTH MOHSTHE
AAMUHCKO020 K6a0pama (NPAMOY20AbHUKA,).
Ksanparnas (mpsamoyronbuas) Marpuna ||A;||, Ay € N = {1,...,n}, nassiBaeTcs JaTHHCKAM

KBaIpaTOM (IIPAMOYTOJBHAKOM), TIOCTPOEHHOM Ha MHOXKecTBe N, ec/li KaxKjas ee CTpOKa
HpecTaBiser co0OM MmepecTaHOBKY 3J1eMeHTOB MHOXKecTBa N M KaxKablit daeMenT N BeTpedaercs
paBHO oxuH pa3 (He Gosiee OTHOTO pasa) B KazKJOM CTOJIOIE MATPHIIBI.

Hanpuwmep, marpurna ¢ smemenTaMu A\i; = 7,7 = 1,...,n, \jp = N1, Ay = N1, = 2, ..., 1,
[ =2,...,m, Takast KaK IPUBeJIeHHAs HUKE



46

— N W
DN W i~
W = Ot
= Ot O
Ot Oy

1
7
6

g =

SABJISCTCS JTATUHCKUAM MPSMOYTOIbHIKOM.
[Iyctb n =km +1r, k> 0,0 < r < m, 17d HEKOTOPHIX k u r. B onTuMa/JIbHOM pacluCaHUM JIjIsT

sagaan O/p; = 1/ C; xazxapiii u3 m npubopoB BemotHSAeT km oneparmii B nutepsae (0, km| u,

JIOTIOJIHUTEIBHO, KAXKBIH U3 1 TPHOOPOB BHITIOJIHAET M oneparuii B unrepsane (km, (k4 1)m)].
JL1st TaKOro paciucanus OIEHUM CHU3Y 3Ha4YeHue 1eseBoit pyHkimu:

> C; > (k+ Dmr +m?k(k +1)/2.

[TocTponM (ONTUMANBHOE) PACIUCAHUE, I KOTOPOTO MPHUBEJICHHAS OIEHKA JTOCTHKUMA.

JonosmauM MHOKeCTBO TpeboBanmit m — r dbukruBabiMu TpeboBanusvu n + 1,..., (k + 1)m.
Pazobbem HOBOe MHOXkKecTBO TpeboBauwmii Ha k + 1 HabopoB mo m TpebOBaHuUil, HAYUHAS C TEPBOTO.
Habop N; sruouaer tpebosammst (j — 1)m + 1,...,jm. das xaxmoro mabopa N; mocTponm
COOTBETCTBYIOIIWI JATHHCKUI KBaapar A;, pacrojaras 3JeMeHThl IEPBOil CTPOKHU 110 BO3PACTAHUIO.
ITocrpoum marpumy A myrem “ckienBanus’ JATHHCKHX KBaJIpaToB A; B MOpsIKe BO3pacTaHUsI
ux HOMepoB. [losydyennas marpuna A cOOTBETCTBYeT ONTUMAJILHOMY DPACIHUCAHUIO ST /I 3a/a4u
O/p; =1/ C;. Ilpu 910M 371€MeHT MATPHUIB! A, DACIOIOKEHHDIN B ¢TONIONE | B CTPOKe ¢ OIpe/esser
TpeboBaHme, 0OCTYKIBaeMoe NpuOopoM | B e TMHUIHOM HHTepBaJe t.

[TokazkeM, KaK MOCTPOUTH PACIHCAHEE S5 ONTHMAIBHOE OHOBpeMeHHo 1st 3a1a1 O /p; = 1/ 3 C|
n O/pj == 1/Omax-

[Ipeamosioxkum, aro vabopsl N;, ¢ = 1,...,k + 1, nocrpoensi. 113 Habopa Nj mepemectum m — r
HaubOJIBIKUX 31eMEeHTOB B HAOOP Niy1 u u3 Hadbopa Niy1 nepemectum m — 1 (PUKTHUBHBIX 3JIEMEHTOB
B HabOp Ni. OcraBum st HAOOPOB TperkHMe obo3HadeHus. /[ns kazxmporo wabopa [N; mocTponm
COOTBETCTBYIONINIl JATHHCKHIT KBaapaT A;, pacimo/aras 3JeMeHThl IepBoii CTPOKHU II0 BO3PACTAHUIO.
[Toctpoum marpuiy A myrem “ckienmBaHms’ JATHHCKHX KBaJIpaToB /\; B MOpsIKe BO3pACTAHUA
ux HOMepoB. lamee 3amenumMm B Marpuie A Kaxkjgoe (BUKTHBHOe TpeboBaHme j Ha TpebOBaHHe,
PACIIOJIOKEHHOE B TOM »Ke CTpoKe u B cTos01e j. [Ipr 3TOM Bee (hbuKTHUBHBIE TPEOOBAHUSA OKA3BIBAIOTCS
B IOCJIETHAX CTOJIOIMAX.

[Tosyuennast marpuna A’ coorBercrByer pacinucanuio S; onrumanabHomy st 3agad O/p; =
1/203 u O/p] = 1/Cmax-

Hesnaunrenpuas Momndukanms ajaropuTMa HOCTPOCHUS PACIUCAHUs S; TO3BOJISIET PenaTh
sagaay O/p; = 1/ > w;C;. Exnucreennoe OTauYHe 3aKII0YAETCST B TOM, 9TO HepeJ] MPHMEHEHHEM
aJITOPUTMA TpebOBaHUA HEOOXOIUMO MPOHYMEPOBATh TaK, UTOOBI Wy > -+« > Wy,.

3amanue. Kaxipiit u3 8 CTy/eHTOB JIOJIKEH TPOWTH MEJIUIMHCKUNH OCMOTD B IOJIUKJIUHUKE Y
tpex Bpadeit A, B u C B sobom mopsike. Bce cTymeHTh TPUIILIN B MOJUKJINHAKY OJHOBPEMEHHO
(B MOMEHT BpeMeHH HOJIb) W KAK/blil CTYJAEHT MOKUIAeT MOJUKIMHUKY CDPa3y HOCJe 3aBepIeHHs
ocMoTpa. JmuTesbHOCTH OCMOTpa JII00OTO CTY/AeHTa JTIOOBIM BpadoM paBHa 15 munyTam. Tpedyercs
MOCTPOUTH pPACMUCAHNe, MUHUMU3UPYIOIIee cpejiHee BpeMs MpeObIBaHUs CTYJAEHTOB B MOJTUKJINHUKE
A MOMEHT 3aBepIIeHAs OCMOTPA MOCTAETHETO CTYIEHTA.

OtBert:

O = Ut
= ot o
-~ 00 O
oo O

1
3
2

W = N
— o W
SIS I

%ZC} = W - 15 munyT (0K0710 84), Chiaxe = 8 - 15 = 120 MunyT.
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3.3. ObcayxkuBaromiasa cucrema job-shop

B cucreme job-shop ana Kaxaoro tpeboBaHus j 3ajlaHa IOCJEI0BATETHLHOCTH IHPUOOPOB
(li(4),.--,1:,(j)), xoropwle ero obcay:uBaoT. B sroit moOCIEIOBATETBLHOCTH HPHOOPHI MOTYT
HOBTOPSAThCA. [Iporecce obcayKuBaHust TpeboBanus j mupubopoMm [;(j) Ha3biBaercs i-ii crajuei
obcayzkuBanus TpeboBanud j. O6o3HauMM 4Yepe3 p;;, ¢ = 1,...,7;, JJIUTEIBHOCTb O00C/IYKHBAHUS
7 Ha craamm 1. Kak m panee npeamno/araercs, 910 B JiF0OO MOMEHT BPEMEHH KarKJI0e TpebOBaHUe
obcirykuBaeTcst He Oosiee 1deM OJHUM TpubOpom u 1000t npubop obciaykuBaeT He O0Jiee OIHOIO
TpebOBAHUSI.

UsBectrb a¢hdexruBnbie ajropurmbl pemennst 3a1a4 J//f u J/pmin/f B cayaae, korja umeercs
nBa TpeboBanus u nesesas byuknus f = f(Cy, Cy) aBasercsa peryasipHoii, T.e. HeyObiBatoreii or C
u Cs. B aToM caydae momycTuMoe paciucanne 3aJadi MOXKeT OBITh IpeACTaBJIeHO rpaduieckn, Kak
MTOKA3aHO Ha CJIeAYIOIEeM PUCYHKE.

Y,

Puc. 1. Tpaduueckoe pemenne 3anaa J//f u J/pmtn/f npu n = 2.

BeeseM B paccMOTpeHHe mpMOYyroJbHYI0 cucteMmy koopauaar. Ornoxum ma ocu (0,2) Touky
X = YI,Xikipn m ma ocm (0,y) mouxy Y = 37,302 pr. OO03HAUMM NPAMOYTOTLHUK,
onpegensiembiii Toukavu (0,0) u (X,Y) gepes W. B 310M npsaMOyroibHUKe ONPEIEJUM JIJTHHY
OTpe3Ka, COeJMHAIONIEro JToobie aBe Touku (x,y) u (z/,y') kak p((x,y), (2',y)) = max{|z’ — z|, |y —
y|}, a auHy JTOMaHO TMHUM — KAK CYMMY JJIHH COCTABJISIFONIUX €€ OTPE3KOB.

Pacniucanue O6yjeM TpeJCTaBAsIThH B BHJE HENPEPHIBHOW JIOMAHOW JIMHUK (TPAEKTOPHN),
coeuusioneii rouku (0,0) u (X,Y). Ina kaxmoit Touku (x,y) TpaekTopun, Bennunua r (y) paBHa
CYyMMapHOMY BpeMeHH paboThl mpubOPOB 10 00C/ Iy KuBaHuio TpeboBanust 1 (2), HaunHasi ¢ MOMEHTA
BpeMenn HOJb. COCTaBIAIONIMMYI TPACKTOPHU MOTYT ObITh OTPE3KHM TPeX THIOB: FOPU30HTAJIbHbBIE
(06cayzuBaeTcst TOJBKO TpeboBaHue 1), BepTHKasibHbe (06CIyKHBAaeTCsI TOJBKO TpeboBaHue 2) u
HAKJOHHBIE MO/ YIIOM 45 rpaaycos (06cayKuBatoTest 06a TpeboBaHmMs ).

[Iycts x; (y;) obo3HavaeT cyMMy JTHTEIBHOCTEN 00cayKuBaHusi TpeGoBanusa 1 (2) mo craguu
i BKJIIOUATENbHO. B mpamoyroabauke W BBejeM B pacCMOTpPEHHE TaK HA3BIBAEMBIE 3ANPEULEHHBLE
IPAMOYTOJTBHUKH € BEPITHHAMHE (L1, Y1) (FOrO-3amaublii yrou), (2, yy—1) (IOro-BOCTOUHBIIH yroI),
(Tu—1,Yy) (ceBepo-3anmagnblit yroa) u (x,,Y,) (CEBEPO-BOCTOUHBIN yros) TAKAMH, YTO OJUH U TOT
upubop ucnosb3yerca tpeboanuem 1 wa cragmu u (B uHTepBane (T, 1,T,]) m rpeboBanuem 2
Ha craguu v (B uHTEpBaie (Y,—1,Yy]). BHYTPEHHHE TOUKM 3alPeIeHHbIX HPAMOYIOJLHUKOB Oyjiem
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Ha3bIBATH 0COOBLMU.

[TockosibKy J11060i TPpUOOP B KazKJIblil MOMEHT BpPEMEHH MOXKeT OOCJIyKHUBATh He 0oJjiee OJIHOrO
TpebOBaHMd, TO HAKJIOHHBIE OTPE3KH Jonycmumoli TPAGKTOPUU HE MOTYT COAEPZKATH OCOOBIX TOYEK.

Omumiem anropurm pemenns 3anaan J/pmin/ f(Cy, Cs) ¢ upepblBaHUSIME.

[Toctponm opuentupoBanubiii rpadp G = (Q, R) caemyiomum obpasom. Buavasie cuntaem, 4To
MHOKeCTBO () BRouaer Jumib Touky (0,0). s kaxmoit Bepumubl (x,y) € () BbImoIHSIEM
caepytomue jeiicrsusi. U3 (x,y) uposogum jyry moj yrjaom 45 rpaiycoB JI0 ee HepecevdeHus: ¢
IPaHUIECH 3alPeneHHOro TPAMOYTOJIbHAKA WK ¢ TpaHuneil npamoyroabanka W. Touky mepeceuenns
BKIIO9aeM B (), a mosydennyio ayry B R. Ecanm ykasaHuyo ayry HpOBECTH HEBO3MOXKHO, TO W3
TOUKHM (I, ) TPOBOJUM JBE JIyTH — BEPTUKAJBHYIO W TOPU3OHTAILHYIO WU, €CJIM TOYKA HA TPAHUIIE
npamoyroabauka W, — ogHy ayry, 40 TeX TOdYeK, OTKYJa BO3MOXKHO IPOBECTH JyTy HOJ yraom 45
rpajycos, 6o 10 rouku (X, Y'). CoorBeTcTByOMue JyTu U UX KOHEUYHBbIE TOYKU BKIHOYaeM B G.

Bamaua orbickanus nytn u3  Bepmmabl  (0,0) B Bepmmmy (X,Y), cooTBeTcTBYMOIIEro
ONTUMATBHOMY pacnucanuto s 3anaan J/pmin/ f(Cy, Cy), cBOIATCS K CIEIYIONIEMY.

1) TTocrpoenuto rpada G u Bbaeennto Beex sepiud Buga (X, y) u (x,Y).

2) Haxoxaenuto nyreil Hammenbiieil jyunabl u3 Bepiuuibl (0,0) B KAyl u3 BbIIEJIEHHBIX
gepuud. [lycrs C(x,y) — manuna kparvaiimero nytu o(x,y) u3 Bepuunbl (0,0) B BbijeJIeHHYIO
geputuny (z,y). O6o3naunm dvepe3 S(x,y) pacnucanue, COOTBETCTBYIOIIEE IMyTH, SBJISIOIIEMYCSI
o0beuHeHreM KparJaiinero myru o(x,y) u ayru, coequnstonmei (z,y) ¢ (X,Y).

3) Borumcsenuto st Kaxkjaoro pacmucanus S(x,y), rtae (z,y) — BblJeJIeHHAs BepIIWHA,
coorBercTBytonux 3uadenuit C7 u Cy mo dpopmynam:

C1=C(z,y), Co =C(z,y)+Y —y,ecmx = X, y #Y,

Co=C(z,y), C1y =C(z,y) + X —z,ecmy =Y, x # X,

C1=Cy=C(z,y),ecmz=X,y=Y.

4) Beruucsenno s Bcex pacnucanuii  S(z,y), tae (x,y) — BblIeJeHHAs BepIIMHA,
coorsercrryiomux 3uauenuii f(Ch,Cy) n BEIOOPY CPEIM HUX HAUMEHBIIErO, KOTOPOE U ONPEIE/ISTeT
onTumaJibHoe pactucanue s 3anaan J/pmin/ f(Cy, Cs).

Bamanme. Pemurts samauy J/pmin/30C; + C3 B cayuae, xorna (A, B,C,D,A) ssusercsa
HOC/IeJI0BATEIbHOCTLIO 1pubopoB st TpeboBanus 1 u (A, B, A,C, A, C') — noc/iei0BaTe/IbHOCTHIO
npubopos s Tpebosanus 2. IllocemoBaTebHOCTH JJIMTEILHOCTEH OOCTYKUBAHUST PaBHbBI
(2,2,8,3,6) u (1,3,2,4,4,2) cOOTBETCTBEHHO.

OTBer: onTUMAaIbHBIH 1y ThH
o*=1((0,0),(2,0),(3,1),(4,1),(9,6), (9, 10), (15, 16), (21, 16)),
¥ =19+ (21 —15) =25, C5 =19, f(CF,C3) =30-25+ 19?2 = 1111.

3.3.1. Tlepeiinem k paccmorpenuto 3amaun J//f(Cy,Ce) B caydae, Korjga TpepbiBAHUS
sanpenenbl. Kak u B OpeiplaylieM cjydae, 3aJada CBOAUTCH K OTHICKAHMIO IyTH MUHHUMAJILHOI
JUTMHBL B rpade, MOCTPOeHHOM B pamMoyroabauke W. O1Hako B 3TOM CiIydae JI0MyCTUMAasd TPACKTOPH
MOZKeT IPOXOJUThL JIMIIL BHE 3allPEIleHHBbIX NPAMOYTOJbLHUKOB WM 110 UX TPAHUNAM TaK, 4YTO
COOTBETCTBYIOIIAs CTOPOHA MPSAMOYTOJIbHAKA IEJTUKOM MPUHAIICIKAT TPACKTOPUH.

Has zapauu J// f(Cy, Cy) coorBercrytomuii rpad G’ = (@', R') crpoutcst ciepyrommumM 06pa3om.
Brauase canraeMm, 4ro MHOXKecTBO (' BKIogaer Juntb Touky (0,0) u, ecau (0,0) sBisiercs (roro-
3ama/[HON) BEPIIHHON 3aIpPENeHHOT0 TMPAMOYTOJIbHAKA, CeBEPO-3aMa/IHbIil U IOrO-BOCTOUHBIN yTJIbI
9TOTO MPAMOYTOTbHUKA. [[71s1 Kazk10i Bepiuubl (z,y) € ) BbIIOTHIEM cleayomue aeicreust. Ecim
9Ta BEPIUHA MPUHAJJIEKAT IPaHuIe IpaMoyroibanka W, to Bkimodaem B Q) Ttouky (X,Y'). Nnaue
u3 (z,y) npoBoguMm ayry moj yrioMm 45 rpajycoB J0 ee NepeceueHus ¢ rPAHUIEl 3alpeneHHoro
IPSAMOYTOJIbHAKA WJIM ¢ TpaHuIeil nmpaMoyroabnuka W. Bxiodaem B Q' ceBepo-3amajnblii U 10ro-
BOCTOYHBII YIJIbI 3TOr0O HpsiMOyToIbHUKA 1 ToUKy (X, Y') (Bo Bropom ciyuae). lyru, coeauHsioniie
TOUKY (x,Yy) ¥ TOUKH, TOJIHKO 9TO BKJIIOYEHHBIE B (), BKIOYaeM B R.
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B nosyuennom rpade 3aMeHsieM HAKJOHHBIE JyrH C YIJIOM HAKJIOHA, OTJIMYHBIM OT 45
IPaJIyCcoB, ABYMs JyTaMH, OJHA U3 KOTOPBIX HMEET yros HaKjIoHa 45 rpajycoB, a BTOpas sBJISETCS
TOPH30HTATBHOI NI BEPTHKAJIBHON. DTH HOBBIE J[BE JYTU COSTUHSIOT T€ YK€ TOUKH, 9TO U MCXOHAS
JyTa.

Hanee pemenne 3amaun J//f(Cy,Cy) cBomuTcs K BhIONHEHHIO jeficruii 1), 2), 3) u 4),
npuBeIeHHbIX Jag pemenus 3agaqau J/pmin/ f(Cq, Cy).
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I'1aBa 4

I'pynnoBbie TeXHOJIOTUM OOCIY2KIMBAHUS

B nannoM pa3zjesie m3ydaroTcs 3a/a9u MOCTPOEHUS ONTUMAJIBHBIX PACIHUCAHUNA 00C/IYKUBAHUS
TpeboBaHUIT TAPTUIMU.

B pasa. 4.1 npuBoasitcsi wanbosee o0OImIMe TOCTAHOBKM 3aa49 OOCIyKWBaHUS TpeOoBaHMA
HapTHAMH, JaeTcsd 0030p CYMIECTBYIOIIMX THUIIOB OOCTYKHUBAIONIUX CHCTEM H OTMEYaloTcs
IpaKTHIECKHe CUTYAIud, B KOTOPBIX BO3ZHUKAIOT COOTBETCTBYIONIUE 3a/a4u. B pasm. 4.2 BBoagTCA
HeoOXoaMMbIe 0Oo3HaUYeHUsI. B pa3a. 4.3 paccMaTpuBaeTcd psiI XapaKTePHBIX 3a/a4 M aJrOPUTMOB
X peIIeHMus.

4.1. ITocranoBka 3aga4

Muorue coBpeMeHHbIe ITPOU3BOJICTBEHHBIE CHCTEMBI OOCIY’KHBAIOT CXOXKHE JUOO HIEeHTHIHBIE
TpeboBaHusd mnaprusamu. TpeboBaHus OJHOW W TOW 2Ke NAPTUH OOCTYKUBAIOTCA ITPUOOPOM
HEIIOCPEJCTBEHHO JAPYT 3a JPYroM OO OTHOBPEMEHHO. Takast TEXHOIOTHA OOCTy ) KUBAHIS IIPUBO/IAT
K 3HAYUTEILHOMY CHUKEHHIO 3aTpaT Ha IepeHasIaIKu.

4.1.1. O0Omasa MmocTaHOBKAa 3aJa9u OOCJY:KHBAHUS TpeOOBaHUH MAPTUAMH COCTOUT B
caemyorieM. VMeeTcs MHOXKeECTBO, cOCTodINee W3 N TpeOOBaHUil, KOTOpoe pa3bUTO HA ¢ MOTMAPHO
HEIEPECEeKAIONIUXCS 2PYNN, UCXO/Is U3 HEKOTOPHIX TEXHOJOTHYECKUX COOOparKeHuit. D1u TpebOBAHMS
JIOJKHBL OBITH OObEeIMHEHBI B napmuu u o0cayzkenbl m upubopamu. Obpas3oBanue mapruii —
9TO pas3bumeHne MHOXKeCTBa TpeDOBaHWil Ha IMONAPHO HENEPECEKAIOINecs MOJIMHOZKECTBA, KarKI0e
U3 KOTOPBIX MOYKET BKJIIOYATh JIMIIL TpeboBaHusi OHON u Toit ke rpynnbl. [laprus — 310
MOJIMHOZKECTBO B TakoM pa30uenun. TpeboBaHus OHOW W TOH Ke HAPTUH OOCIYKUBAIOTCS
IpuOOPOM HEMOCPEICTBEHHO APYT 3a JApyrom Jubo omHoBpeMenHo. [Ipenmonaraercs, uto pasduenue
MHOZKECTBa TpeOOBaHWil HA MApTUU OJMHAKOBO I BceX MpubopoB. Kpowme Toro, obcmyKuBamme
TpeboBaHUs MPUOOPOM MPOUCXOTUT be3 npepuisanud. Takue MpenoToKeHnus ABATIOTCS THITHTHBIME
JUTsE GOTBITIHCTBA MMPAKTHIECKUX CUTYAIIHiT OOCTYKUBAaHNSA TpeOOBAHUIT TAPTUIMY, U U3BECTHO JIUIIh
HE3HAUYMTE/ILHOE YUCJIO PE3Y/IbTATOB I 33/1a4, IJle JIolycKaeTcs (popMUpOBaHue Pa3/IUIHbIX HAPTU
Ha pa3HbIX Mpubdopax Jinbo JIONYCKAIOTC IpepbiBaHus 00C/1yKUBaHus TpeboOBaHUI.

Hemocpecreerno mepe HadajgoM 0OOCTyKUBAHUS KayKJI0# TMapTHH HEOOXOIUMa NEPeHancoka
npubopa. Bo3amoxkubI jiBa THIA nepenasaiok. Kem nepenasaika MOXKeT HauaThCs JIMITh MOCJIe TOTO,
KaK XOTs OBl OHO TpebOBaHNE COOTBETCTBYIONIEll MapTUU MOCTYHUIO0 HA HPUOOP, TO IMepeHaTaIKa
gaBygeTcd Heynpesicdarouteti. B MpoTUBHOM ciydae oHA dBIdeTcda ynpescdarowet. B nampueiinem,
€CJTM He OTOBOPEHO 0Cc000, MPE/IOIaraeTcs, YTO BCE MEePEHATATKA ABISTIOTCS YIPEyKIAOTIAMHA.

Kaxkaprit npubop MoxKeT 00CTyKHUBATH He 00JIee OTHON MapPTUU B KAXKJIblii MOMEHT BPeMeHU U He
MOKeT 00C/IyzKuBaTh TpeboBaHus BO BpeMs BbIIIOJIHEHUs liepeHasiaJiku. Kax/ioe TpeboBaHue MoxKer
00c/1yKuBaThCsd HEe 60jiee 4eM OJIHUM HPUOOPOM B KazKJIblii MOMEHT BPEMEHH, €CJId He OIOBOPEHO
obpaTtHoe.

[Tox Mmomenmom 3asepwenus obcaysicusarus TpedoBaHNUS TPUOOPOM TOHUMAETCS MOMEHT
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BPEMeHH, KOTJa TpeboBaHWe MOKWIALT JAHHBIN MPUOOpP. DTOT MOMEHT, BOOOIIE TOBOPSI, OTIMIALTCS
OT MOMEHTa, KOIjJa IpuOOp 3aBepinaeT padOTy IO OOCJAYKHBAHUIO JAHHOTO TpeboBaHUs, TakK
KaK TpeOOBaHHE MOXKET 3aJepKaTbCsd Ha HIpuOOpe B CHIy psja obcrodTenbcTB. Hampumep, ecin
TpeboBaHUs — JTO JIeTad, pa3MeIeHHble Ha Iajere W oOpabaTbiBaeMble HEKOTOPBIM CTAHKOM, TO
JleTa Il yAAdSII0TCa cO CTaHKa BMecTe ¢ mnaseToit. IloaTomy mocre 3aBepiinerus oOpabOTKU JAHHOMN
JIeTaJIu J10 ee YJAJIeHUs U3 CUCTEMbI MOYKET HPOWTH HEKOTOPOE BpeMsi, HEOOXOIUMOE JIJIsi 3aBEPIICHHST
00paboTKM BCEX OCTAJBHBIX JeTaJieil, pa3MeIIeHHbIX Ha TOil Ke maJjere.

Ha wmmnoxkectBe rpyim, TakzKe Kak W Ha MHOXKeCTBe TpeDOBaHWil, MOXKET OBITH OIPeJeeHO
OTHOTIIeHHe Tpe/ecTBoBanus (nopsiaka). [log MoMeHTOM 3aBepiieHusi OOCTYyKUBAHUS TPYIIITHI
MMOHWMAETCST MOMEHT 3aBepPINeHnsi 00CIYKUBAHUS BCeX ee TPeDOBAHMUIA.

[Ipennonaraercsa, 4yro rpymnna J cocrout u3 ¢y TpeboBamuit, J = 1,...,¢9. /laurenbHocTb
IepeHaIaJIKu s MTapTuu rpynnbl J paBHA s(ll}, ecJIM 3Ta MapTud OOCTYKUBACTCA HEMOCPEICTBEHHO
mocae maptuum rpynnbl [ Ha npubope [. Ecim mapTtus rpynnbl J gBsgeTcs TepBOil mapTueit,
obcatyzKuBaeMoii IpubopoM [, TO JIMTEIBHOCTH COOTBETCTBYIONIEH MepeHatajiku (Hajia/Ku) paBHa

l
sé}. [Ipejiioiaraercs, 4To0 JJIMTEJILHOCTU IIEPEHAJIAI0K Y/IOBJIETBOPIIOT HEPABEHCMEY MPEY20ALHUKG

0 0 0

T KazKJIoro mpubopa, T.e. Sp; < Sppe + Sy, | = 1,...,m, ana Bcex rpynn [, K u J, BKIo4dag
cay4qait [ = 0.
1

[TepenaJjiajiku HA3BIBAIOTCH HE 3ABUCAUWUMU 0T Npubopa, eciu sg} =syyamal =1,...,m, u

3a6ucAUUMY, 0m npubopa B MpoTHUBHOM ciydae. [lepenasajku HA3BIBAIOTCA He 3ABUCAUUMU OM
l l

NOCAEA0BAMENDHOCTU, ECTIN sg} = sf,) misg 1, J = 0,1,...,9, 1 = 1,...,m, u 3asucawumu om
n0cAedo8aMeALHOCU B TPOTUBHOM CJIyUae.

[lon pacnucanuem tmoHuMaerca mnapa “pa3buenme — GyHKIUS . 37ech pasbueHue — 3TO
pa3bueHne MHOXKECTBa TpeOOBaHMIT Ha MmMapTuu, a QYHKIHUS — 3TO OTOOpazKeHue, KOTOpOe

KazKJ0My HpuOOpYy [ W MOMEHTY BpeMeHH ¢ comocTaBjsgeT TpeOOBaHUS HapTUU, OOCTY:KHBAaeMO
npubopoM [ B MOMEHT BpeMeHH ¢, OO yKa3bIBaeT, UYTO MPUOOP [ B MOMEHT ¢ IpOCTamBaeT WU
BBINIOJTHSIETCS ero nepenaJsa/ika. s psjia 3a/1a9 pacuucanue moJTHOCTHIO OIPEIE/IseTCs pa3dueHnemM
MHOYXKeCTBa TPeOOBaHUIl Ha MAPTUH, ITOC/IEI0BATE/ILHOCTSAMU TUX MAPTUHl HA TPUOOpPAX U HOPSIKOM
obcirykuBanusi TpeboOBaHU KazK0il MapTHu.

Kpurepuem onruMaabHOCTH pacnucaHusi sBJseTCs COOJIoJeHne TpeOOBAHUSIMU 33 aHHBIX
JIMPEKTUBHBIX CPOKOB, JTUOO MHUHUMHU3AIUS HEKOTOPOro (PYHKIIMOHAIA CTOMMOCTHU, 3aBHUCSIIETO OT
MOMEHTOB 3aBepIlleHusT 00C/TYKUBAHUS TPEOOBAHUIA.

4.1.2. 3aJa4u IOCTPOEHHS ONTUMAJIbHBIX pacHUCAaHUNl 0OC/Ty:KHBAaHUS TpeOOBAaHUIl HApTUAMU
MOT'YT OBITH YCJOBHO pa3/ie/ieHbl Ha HECKOJbKO KJACCOB, BOOOIIE T'OBOPsd, IE€PECEKAIOIINXCs, B
3aBHCUMOCTH OT TOTO, IOKHJIAIOT JIU TpeOOBaHWS OIHOW M TOW »Ke HMapTUH NPHOOP OJHOBPEMEHHO
WK HeT, KaK MPOUCXOJUT OOCTy:KUBaHWE MApTUU W UMEETCs JIM OpaHUYeHHe Ha MaKCHMAJTbHBIN
pasmep napruu. V3yudatorcs cjejyionue Kjacchbl 3a/a4.

NuanBuayanpHOE 3aBepleHne O0OCIy>KUBaHUA. B 3a/1auax 3T0Oro Kjacca mpeoiaraercs,
410 TpebOoBaHWE IOKUJAeT Hpudbop B MOMEHT, Korja npubop 3aBepiiaer padOTy IO €ero
00CJIy )KUBAHUIO.

OT,Z[GJIBHO paccMaTpPpUBaCTCA BayKHBI NOAKJIACC TaKHUX 3aJda4d, B KOTOPBIX IIpearnojJgaraeTcd,
9T0 BCe TpeOOBaHWS OJHOW W TON »Ke TPYIIbI BCerja o00pa3ylT OJHY HapTUIO (CM. HHZKe
kiace 3a7a4 “bukcupopanubie naprun’). Ciefyer OTMETUT, YTO B OOIIEM Caydae OOC/IYKUBAHUE
TpeboBaHUil KaxK10#f IPYIIbI €IMHOI MapTUeil He Beerjia ABAsIeTCs HaWIydIneil crpaTerueil pemenns
3ajja4n. Pa3ouenune rpymni 9acTo MPUBOIUT K CYIIECTBEHHOMY YIVUIIEHUIO KAUeCTBa 0OCTYKUBAHUSI.
Hanpumep, paccMoTpum JIMHUIO Jijisd pa3/iuBa 0€3a/KOINOJIbHBIX HAIIMTKOB, IJie B COOTBETCTBUH €
3adBKaMH1 3aKa39YUKOB 3allOJTHAIOTCA Ppa3/JIMYHbIE THUIIbI 6yTbII[OK. Hpe;monaraeTCH, 9TO 3allO/THEHHBIC
6yTbIJ'[KI/I Cpa3y 2Ke NIOKHJaI0T JIMHUIO Pa3JInBa. ZLHH HnepexkJIroYeHud JIMHUU C OJHOI'O TUIlla 6yTbIIIOK Ha
JIpyTOit TpebyeTcst nepeHasaaka (B CHIY PA3IMIHBIX Pa3MepoB, 00beMa, PACIOIOKEHNsT STHKETKH 1
T.71.). ByTBLIKH MOTYT paccMaTpuBaThCs KakK TpeGOBaHMUsl, a 3asBKH, BKIIOYAONIHE OYTBLIKH OJHOTO
THIIA, KaK I'PyIIbl TpeOoBaHwuii. B HalpsKeHHBIN JeTHHH MEepUOJ] MOXKET BO3HHUKHYTH CHTYaIlUd,
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KOTJIa BCE 3as/BKU HE MOTYT OBITH BBIMOJIHEHBI B 3aIlJIAHUPOBAHHBIE CPOKU. OTHAKO €C/IU POy KITHST
He IOCTYIUT HA PBIHOK BOBpPEMS, 9TO IPHUBEJET K 3HAYUTEJTHHOMY CHUZKEHUIO KOJUYECTBA IPOJIaK.
Eciu 3amosnenne OYTHIIOK IO 3agdBKe HEKOTOPOTO 3aKa34uhMKa ITPOM3BOJMTCS JO TeX IOP, IOKa
He OyJeT BBINOJHEHa BCs 3asBKa, TO JIPYTHe 3aKa3UUKH MOTYT HCYepIaTh 3alachl B OKUJJIAHUU
nmocTaBku. KadecTBo 00CTyKUBAHNA 3aKA3UNKOB 3HATUTEIHHO YIYUIIATCS, €CJTH JacTh 3asBOK OyIeT
npousBejieHa B Ojmzkaiimem Oy/ynieM ¢ HeJIbl0 HOKPBITHS HEME/JIEHHBIX 3aIPOCOB, W OCTABIIASICS
4acThb OyJ/ieT yJ0BJIeTBOpeHa B DoJjiee 103/iHee BpeMs. TakuM oOpa3om, pa3Ouenue rpylil Ha HAPTUU
MPUBOIUT K JIYUIIEMY PACIUCAHUIO C TOYKHU 3PEHUsI KA9eCTBA O0C/IY KUBAHUSI.

Eme oganm npuvepoM pakTHIECKOi CHTyallnn, B KOTOPOi BOZHUKAET 33,/1a19a PACCMATPUBAEMOTO
KJIacca, SBISETCS TpaHCAsus Habopa 3amanmii aas DBM, HamwcaHHBIX Ha  pa3IndHBIX
gd3bIKaX M[porpaMMUpOBaHusd. B 3ToM cjydae 3ajaHus, HAIMCAHHbIE Ha OJHOM H TOM Ke
s3bIKe, 00pa3yioT rpymmy. /[IuTe/bHOCTh NepeHaIaJ K CBI3aHa C 3arpy3Koil COOTBETCTBYIOIIETO
TpaHCIATOpa. B ciydae OZHONPOIECCOPHON BBIYUCIUTENHHON CHCTEMBI 3ajada COCTOUT B
ompeeIeHn! MOCAe0BATETbHOCTH, B KOTOPOil HEOOXOIMMO 3arpyzKaTh TPAHCJIATOPHI U BHIOTHITH
COOTBETCTBYIOIIUE 33/ [AHUS.

PuUKCUPOBAHHBIE HMAPTHUU. IJTO IMOJKIACC KJACCA 3a7a4d C WHIABUIYAJTHHBIM 3aBEpIICHUEM
obcTyKuBaHus TpeOOBaHUil, KOTOPBII XapaKTepU3yercsi IOMOJTHUTEIbHBIM OTPAHUYEHUEM, 9UTO
TpebOBaHUsI OHON U TOM Ke TPYIIBI BCET I 00pa3yoT OJHY HapTHIO.

B kadecTBe nmpumepa pacCMOTpPUM JIMHHUIO JIJI MPOU3BOJCTBA IBETHOIO ILJIACTUKA, TJIE JOJI2KEH
OBITH BBIIIOJTHEH PsJ 3adBOK, BKJ/IIOYAIONNAX IJIACTHKH PA3JHUIHBIX IBETOBBIX OTTEHKOB. DTH
3adBKH MOT'YT OBITh pa3OUTHI HA OCHOBHBIE NBETOBBIE I'PYIIBI TaKHWe, KaK KpacHble, CHHHE U T.]I.
JIMUTeTbHOCTH TepeHaTaJ 0K MKy IBeTaMH OJHOW M TOH »Ke T'PYHIbl SBIAIOTCS HEOOJIBITUMH,
MOCKOJIbKY JI7IT TIPOM3BOJCTBA €CTECTBEHHO MEepeXOAUTh OT 0oJiee CBETJBIX K 00Jiee TeMHBIM
orrenkaM. OnHako 0oJiee 3HAYUTE/IHHBIE HEPEHAIAJIKH HEOOXOAUMBbI [PU HMEPEKJIOYeHNH HA HOBYIO
[BETOBYIO I'PYIILY, TaK KAaK MEXK/Iy IBETAMH PA3JMIHBIX I'PYII HEOOXOIUMA TIIATEIbHAST OYUCTKA
npousBojcTBerHoi Junun. [losromy makcumasibHast 3pOEeKTUBHOCTH pabOTHl JUHUKU JTOCTUTACTCS
MPU HEMPEPHIBHOM MPOU3BOJICTRBE IJIACTUKA, OTHOCSIIErOCs K OJHOI W TOMH »Ke IBETOBOI TpyTe, ¢
MOCJIeIYIONIUM IIepeXo/IoM K TPYIIIe JApyroro iBera. lTakum obpa3om, pasbuenue rpyim Ha OoJee
MeJIKHe MMapTHU He MPOUCXO/HUT, T.e. KaXKJas IpyIna oOpa3yeT OJHY HapTHUIo.

OagHOoBpeMeEHHOE 3aBepIiieHne oocaykuBaHudg. B 3a1aqax JaHHOTO KJIacca IpeoaraeTcd,
YTO Bce TpeOOBaHUs MAPTUH MOKUIAIOT IIPUOOP OJHOBPEMEHHO B MOMEHT, KOIJ/Ia MpuOOp 3aBepliaeT
pabory 1o o0cjyKuBaHUIO Bcex TpeOoBauuit napruu. Takum 00pPa3oM, MOMEHT 3aBepIIEHUs
o0cJ/1yKuBaHus TpeOOBaHMs HEKOTOPOH HapTuu HpubOOPOM COBIIAJIAET ¢ MOMEHTOM, KOrjia Hpudop
3aBepinaer paboTy M0 00CIYy KUBAHUIO “TIOCJIeAHEr0” TpeOOBaHUs STOW MapTUH.

3ajaun JaHHOTO K/acCa BO3HUKAIOT MPU TJIAHUPOBAHWE PAOOTHI MPOU3BOCTBEHHBIX CHCTEM, B
KOTOPBIX U3JIEJIUST EPEMEIIAlTCs MeZK/1y 00pabaThIBAIOIINMHI YCTPOWCTBAMYI B KOHTeHepaxX TaKuX,
KaK SIIUKHA, TaJeThl UK TeJeKK. MHOKeCcTBO u3/ie/1iil, Ha3HAUYeHHBIX B OJIMH U TOT K€ KOHTeiHep,
paccMaTpuBaeTCd Kak MapTus. YCTPOWCTBO He HaUMHAET OOC/Ty:KMBAaHHE HOBOW MapTHH J0 TeX IOp,
IIOKa He 3aBeplieHO O0CayKHBaHHe TpeablayIneil maptun. Bce m3genus oaHOi M Toil Ke HmapTuu
MOKUIAIOT YCTPOUCTBO OJHOBPEMEHHO B MOMEHT 3aBepIleHust 00pabOTKH MOCIeIHer0 U3Aeusd ITOM
naprun. [lepenanajika neodxoauma Jijis yjIajgeHus IPEINIeCTBYIONIeH TapTUU U yCTAHOBKU HOBOIA.

ITocnenoBaTrenpHOoe obOcay>kmBaHmMe. B 3ajauax 3TOro KkJjacca HPEINOJIAraeTcs, dTO
TpeboBaHUs KazKJOi mapTum OOCIyKUBAIOTCS MOCJIEI0BATEIHLHO, U JIJINTEJHHOCTH OOC/TY KUBAHUST
MapTUU PaBHA CyYMMe JJINTE/THHOCTEH 00C/Iy KUBAHUsT BXOIANINX B Hee TPeOOBAHMUIA.

IlapannenpHoe ob6caykuBaHme. TpeboBaHus OJHON U TOW 2Ke MAPTHH OOCJIYKHUBAIOTCS
npubOPOM OTHOBPEMEHHO (MApaJLIebHO), U JUIATETbHOCTD 00CTY JKUBAHUSI TAPTUN PABHA MAKCUMY MY
U3 JIUTEeTbHOCTeH 00CTyKUBAaHUS BXOJSAININX B Hee TpeOOBAHUIA.

[TocnemoBaTenbHOE OOCTYKUBaHIE TPeOOBAHUI ABISIETCS €CTECTBEHHBIM JI/IsI CHCTEM, B KOTOPBIX
npubop He MOXKeT OOCTyKHBATh OoJiee OTHOTO TpeOOBAaHUS B KarKIblii MOMEHT Bpemenu. lleunm n
XUMUYECKUEe BAHHBI SIBJISIIOTCS [IPUMEPAMU PUOOPOB, KOTOPbIE CIHOCOOHBI O0OC/IYZKUBATH HECKOJIBKO
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TpeboBanuit oiHOBpeMenHO. Ecm TpeboBanus 00CTYKUBAIOTCS TAKUME TPUOOPAMU TAPTUSIME, KaK
9TO, HAIIPpUMEp, IPOUCX0oauT upu (orourorpadudeckoii 00paboTKe HHTeIPAJIbHBIX CXeM JH00 HIpH
UX TeMIIePATYPHBIX HCIBITAHUAX, TO JJIUTEIbHOCTH 0OC/TYKHBAHUS aPTHH paBHA MaKCUMAJIbHON U3
JUTATE/IbHOCTell 00C/TyKUBaHUs TpeOOBaHUil 3TO MapTHH.

Heorpanndennplii pasmep maptuii. Kakmag mapTug MoOxKeT BKJIIOYATH MIPOU3BOJILHOE
KOJIMYEeCTBO TpeDOBaHMII.

Orpannyennsiii pazmep naptuii. Kaxias naprus Moxker BKIIOYaTh HEe Oosiee dem b, b < n,
TpebOBaHUIA.

3ajaun ¢ OrpaHWYEHHBIMH pa3MepaMu MapTUil BO3HUKAIOT, KOTJ/IA BEPXHUIl Hpees pas3Mepa
NapTUH HE MOXKET OBITh TPEBBINIEH 10 TEXHOJOTHYECKHM COOOParKeHWsIM, HAINpUMeEpP, B CUJIY
OIPaHUMYEHHOI eMKOCTU KOHTeiiHepoB. Pa3Mepsbl MapTuil He orpaHUYeHEbl, eCJIH eMKOCTh KOHTeilHepoB
He SBJIAETCA Y3KUM MECTOM.

Jlnst cucrem flow- m open-shop maprust MoxkeT 00CIYKHUBATHCS OIHOBPEMEHHO HECKOJIbKUMUI
IpuOOpaMI, eCJIM B COOTBETCTBYIOIEH 3a,/1a7e KazK10e TpeOOBaHNe MTOKHIAeT IPUOOP B MOMEHT, KOT/Ia
npubop 3aBepinaeT paboTy Mo ero oo0cayKuBaHu0. IlapTusa He MoKeT 00CTyKUBATHCS OJHOBPEMEHHO
HECKOJIBLKHUMHE IPHOOPAMIE, €CJIU BCe ee TpeOOBAaHWA MOKHIAIT IPHOOP OJHOBPEMEHHO.

Ecmu He oroBopeHo 0c000, TOPSIOK OOCTYKUBaHUS TPeOOBAHUN KaKIOH MApPTUH MOMKET OBITh
Pa3/IMYHbIM HA Pa3/IMYHbIX PpUOOPaXx.

4.2. O603HaUeHUA

JLnsa mpejpcTaBieHns 33729 HOCTPOEHHS ONTUMAJIbHBIX pacHUCaHuil 0OC/Ty:KUBaHUS TpeOOBaHU
HapTHAMHA OyJIeM HCIOJIb30BaTh C COOTBETCTBYIONIEH ajamnTamueil TpaJulHOHHOE sl TEOpUH
pacnucanuii o6osuavdenue «/ /7, cocrosgiiee u3 Tpex MoJeii.

[IepBoe mose o = «ry(xy OMUCHIBAET OOCIYZKHBAIOIIYIO cucTeMy. Kak m paHee Hpeamnoaraercs,
ato oy € {-,P,Q, R, 0, F}, rae - obosnauaer mycroii cumBoj. CUMBOJI (p CIYKHT I ONUCAHUS
KOJINYEeCTBa PUOOPOB.

XapakTepucTuKu NapTuii U TpeOOBaHWIl ONUCHIBAIOTCA BO BTOPOM mojie. B 3Tom mojie moryrt
MPUCYTCTBOBATH CJIEAYIONIHe 0003HATEHUSI:

GT : TpeGoBaHHMs KazkJI0ii TPYNIBI BCerjga OOpa3yioT OHY MHApTUI0 M O0CIYKHBAIOTCS
HOC/IeJ0BATENbHO ((DUKCHPOBAHHBIE TAPTHH );

sum—job : TpeboBaHUA 0OCTYKHBAIOTCS MOCTe0BATEIbHO U MOMEHT 3aBepIeHust 00CTyKUBAHUS
TpeboBaHus MPUOOPOM (MOMEHT, KOT/[a TpebOBaHUe TIOKUIAET PUOOD) COBIAIAET ¢ MOMEHTOM, KOT/Ia
upubop npekpaiaer paboTy 1o ero 06c1yKUBAHUIO (MHIANBH/LYAIbHOE 3aBepIeHIe 00CLy KIUBAHUA );

sum — batch : TpeboBanusi OOCIYyKUBAIOTCS IOC/AEA0BATE/IBHO W MOMEHT 3aBepPIIeHUs:
obc/iykuBanus TpeboBaHus JiI0OOW mnapTuu HpudOPOM COBIAJIAET C MOMEHTOM, KOrja Hpudop
3aBepiaerT paboTy 10 00CTyKUBAHUIO BCeX TpeOOoBaHWii 3Toi mapTuu (0ZHOBPEMEHHOe 3aBepIeH e
0b6CTy KUBaHNUA );

maz—batch : oTIMIaETCS OT IIPEJIBIIYIIEro TeM, 9TO TPeOOBAHNUS KazK 10l MapTun 00C Ty ZKHBAIOTCS
napaJiie;IbHO, U JJIUTEJTbHOCTh OOC/TY?KUBAaHUS MApPTHH paBHA MaKCHUMAJIbHON U3 JIUTETbHOCTEMH
06CIyKUBAHUS COCTABJISIIONIUX ee TpeboBaHuil (MapaiieabHoe 00CTyKUBAHEE);

b=n : BepXHUI Tpeges I pa3Mepa MapTHil OTCYTCTBYET, KayKaas HapTUs MOXKET BKIIOYATH JI0
n rpeboBanuii (HeOrpaHUYeHHbIH pazMep HapTuii);

b <n : Kaxkjas napTusi MOXKeT BKJIIO4YaTh He Gosee dyem b, b < n, TpeGoBanuii (orpaHuYeHHBIIT
pasmep napruii);

b = a : kKaxkgas mapTUs MOYKeT BK/IOYaTh He Oojiee deM a TpeOOBaHWii, rae a — 3aaHHAs
dburcupoBannas Bequunna (Hanpumep, b=2);

§=C : KOJTH4IeCTBO rpyIi (GUKCUPOBAHO U PABHO ¢ (MHAYE KOJTHMYECTBO IPYIII MPOU3BOJIBHO) ;

sgl},sjj,sy),sJ,sJ = S @ HepeHaTaJIKH 3aBHCAT OT HpHOOpa U IOCJIEI0BATEILHOCTH TPYII, He
3aBUCAT OT IPHUOOpa, 3aBUCAT OT NMPUOOpPA W HE 3aBUCAT OT IOCJIEJI0BATETBHOCTH, HE 3aBUCAT OT
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npubopa u TMOCJIeI0BATEIHLHOCTH U OJNHAKOBBIE COOTBETCTBEHHO.

Ecyim He oroBopeno 0cobo0, TO Bce MepeHATAIKH ABJISIOTCA YIIPEZKIAIOITUMHE.

¢7 = q : KaxKJas rpyIna BKIYAET OJHO U TO YK€ KOJIUIeCTBO TpeOboBaHuii ¢ (MHAYE KOJIMYECTBA
TpeGOBAHNI PA3IUIHEI);

pJ,dy, Wy 1 COOTBETCTBYIOIIUE TTapaMeTphl pj, d; U w; ONUHAKOBLI U PABHBI Py, dj U W,y AJid BCex
rpedoBanuit rpymust J, J =1,...,¢.

JLst OTIe/IbHBIX 33429 MOTYT OBITH HCIOJIb30BAHbI HEKOTOPBIE JIPYTHE JIEIKO HHTEPIIPETUPYEMbIE
oboznavennsi. Heobxoanmbie osiCHEHUsT JAIOTCST 110 XO/Y W3JIOKEHU .

Tperne moste, 7y, OMUCHIBAET KPUTEPHUil 3a,1a9M1.

4.2.1. Huxke ONKMCHIBAIOTCS HECKOJBKO MPUMEPOB, TOKA3bIBAIONINX, KaK HUCIOJIb3YIOTCS
MpPUBE/IEHHBIE 0003HATEHMUS.

Bamaua 1/GT, sy, prec/ > w;C;: umeercs oxuma TpuOOP, HECKOJBKO TIpynn TpeboBaHUii,
KazkKjgasgd M3 KOTOPBIX JOJ2KHA OOPa30BBIBATb OJHY NApPTHIO; HA MHOXKeCTBe TpebOBaHUIT M Ha
MHOKECTBE T'PYIII OIpeJieIeHbl OTHOIIEHUs IIPeIIeCTBOBAHNA, KazKa0e TpeOOBaHMe MapTHH HMeeT
UH/IMBU/IYAJTbHBIE MOMEHT 3aBepIIeHns OOCTY:KUBAHUS, JIUTETLHOCTH IepeHaJ a 0K He 3aBUCAT OT
HOCJIEJOBATEIbHOCTH 00CIyKUBAHUS TPEOOBAHUIN, KPUTEPHIT COCTOMT B MUHUMH3ALUKA B3BEIIEHHON
CYMMbI MOMEHTOB 3aBEPIIEHUSI.

Bajaua Qm/sum — job,s; = cp,p; = p,q; = ¢,dj = d/C; < dj: umeercst m napasuiebHbIX
puOOPOB Pa3HOI MPON3BOAUTETHHOCTH, /e M (PUKCUPOBAHO, HECKOJIBKO TPYIIT TPeOOBAHMIT, KAy, 1ast
n3 KOTOPHIX MOYKeT ObITh pa3buTa Ha HECKOJBKO MapTHii, Kaykjoe TpeOOBaHWE MAPTHH HMeeT
UH/IMBU/IYAJTbHBIA MOMEHT 3aBepIleHHs OOC/IY:KHBAaHUs, KaK/as TI'PYIIa BKJIOYaeT OJIMHAKOBOE
KOTHYeCTBO UJEHTHYHBIX TpeOOBAHMIl C OJMHAKOBLIMH 3HAUEHHSIMH p; = D H OJHHAKOBLIMH
JUPEKTUBHBIMEA CPOKaMHU, JIUTETHHOCTH MEePEeHaIa 0K OJMHAKOBBI U KPATHBI Cp, KPUTEPHil COCTOUT
B OTBICKAHUHU PACIHUCAHUS, JOIMYCTHMOTO OTHOCUTEIbHO 3a/IaHHBIX JTUPEKTUBHBIX CPOKOB.

Bajaua 1/sum—batch,g=1,s;=s/3 w;U;: umeercs ojun upubop u ojHa rpyuua rpebosanuii,
KOTOpasi MOXKeT ObITh pa3duTa Ha apThu, Bce TpeboOBaHU NAPTUH TTOKHUIAIOT TPUOOP OJHOBPEMEHHO
B MOMEHT BpPeMeHH, KOTIjia Mpudop 3aBepiinaer padboTy 1o 00Cay:KHUBAHUIO “TocjeHero” TpeboBaHms
9TOIl MapThUh, JJIUTETHHOCTH BCEX MEPEHAJATOK OJWHAKOBBI, KPUTEPUHl COCTOWT B MUHUMU3AIUN
B3BEIIEHHOTO YHUCJIa 3alla3/IbIBAIOIINX TPeOOBaHUIA.

B npuBeseHHBIX BBIIIE IpUMepax TpeOOBaHHSA OOC/IYZKHBAIOTCI IIOC/IEJ0BATEILHO U Pa3Mephbl
NapTHii HeOrpaHUIEHBI.

Bagaua 1/max — batch,b < n,g = 1,55 = 0/Lpax: UMeeTCsl OJMH TPUOOD W OJHA TPYIIA
TpeboBaHUil, TpeOOBaHUA OMHOW W TOH »Ke MAPTHUU JOJKHBI OOCIYKHBATHCA MapasIelbHO TakK,
9TO JTUTEIbHOCTD O0C/IYyKMBAHUS HAPTUU PAaBHA MAKCUMAJIBHONW U3 JIMTEIbHOCTEH 00C/Ty KUBAHUS
TpeboBaHuil IToi mapTun. Kakaas napTust MOKeT BKJIOYATh He Oojee deM b, b < n, TpeboBaHUi.
JlmuTebHOCTH  BCeX TIePeHAsIaI0K paBHBI HyJ0. Tpedyercs MUHUMHU3UPOBATH MaKCHMAJIbHOE
BPEMEHHOE CMEIeHe.

Bamanue. Pacnmdposars obozuadenue 1/sum—batch, sy, py,dy, chain/ Lyax.

Jlamee mpuBOAATCS Hambosee XapaKTepHble 3aJadl OOCTYKHBAHUA TpPeOOBAHWI HAPTUAMH U
MOJIXO/Ibl K UX PENIeHUIO.

4.3. PukcupoBaHHBIE MTAPTAN

[Ipennosiaraercs, 4ro pazbumenue TpeOGOBaHUII Ha HAPTUH 3a/[aHO AIPUOPU M HE MOXKET OBIThH
u3Meneno. Takum obpa3om, TpeboBaHUS KazK /10l TPYIIILI BCeria 00pa3yoT oany naptuio. [lockoabky
B 9TOM CJaydae IMOHATHS “TmapTus’ ©u “Tpymma’ COBHAJAIOT, TePMUH “Tpynna’ HCIOJIb3YeTCs /s
0003HAYEHUST 00OUX ITUX MOHSITHIA.

Bamaua 1/GT, sy, prec/ fmax Moxer ObiTh chopmynupoBana ciaepytomum obpazom. TpeGoBanus
muOKecTBa {1,...,n} obcayRuBaloTCa ogauM npubopom, Haunuas ¢ Momenta t = 0. Jjisa Kaxkm0ro
TpeboBaHMd j 3aJaHbl JIUTEJbHOCTH ero obciayxkusanusg p; > 0 m neyObiBarommii (pyHKIMOHAT
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fj(t) crommocrn 3aBepmienusi obcayKuBaHUs j B MOMeHT Bpemenu t, f;(t) > 0 mpm t > 0.
3ajsano pasbueHnme MHOXKeCTBa TpeOoBaHHMiT Ha ¢ rpymin. Ha MHOXKecTBe TpeOOBaHMiT TI'DYIIIBI
J 3aJaHbl MOU3BOJLHBIE OTHOINEHHS IIPE/IIIeCTBOBAHIIS i>, J = 1,2,...,9, a Ha MHOXKECTBe
IPYIII — IPOU3BOIbHBIE OTHOIIEHHUS IIPeIIIeCTBOBAHMS 5. [lepen HaUaI0M OOCTYKUBAHUS KazKIO0i
rpynnbl J J07KHA OBITH BBIIOJTHEHA TepeHanaIka (Haaajaka) npubopa JUIMTeNbHOCTH Sy. 3ajada
COCTOMT B OTHICKAHUHU TAKOMH JIOIYCTUMOM 1OCJIE0BATEIbHOCTH 00C/IY )KUBaHUs TPeOOBaHU, KOTOPas
MHHUMU3ADPYET PYHKIUOHAT

fmax(C'l, cvey Cn) = max{fJ(C])U = 17 e ,n}.

HaHOMHI/IM, qTO OJId MHOZKEeCTBa Q 1 3aJlaHHOI'O Ha HEM OTHONLIEHUHA IIPpEAIECTBOBAHUA JJIEMEHT
20 € (Q Ha3bIBAETCH MHHUMAJIBHBIM 3JIeMEHTOM 3TOI'0 MHOYKECTBA, €CJIH He CYIeCTBYET 3JIeMeHTa T €
Q, xoropomy z° mpeamecTsyer. MHOKECTBO BCeX MUHIMAIBHBIX 3/IEMEHTOB MHOKeCTBA () 0603HAMMM
qepes ().

Pacemorpum 3amaqy 1/ EA / fmax, B KOTOpOii mMmeeTcst ToibKO ojHa rpynna J = {1,...,n}, Ha
MHOZKECTBe TpeGOBAHTI STOH TPYIIB 33 1aH0 OTHOIICHHe TPeITeCTBOBANAA > U COOTBETCTBYIOMAL
nepeHasaKa paBHa Hy/1i0. B aToMm ciydae aaropury cioxuoctu O(n?), mpepioxennsiit E. JToynepom
u onucanublii B pa3zene 2.1 (amropurm Al), cCTpOUT ONTUMANBHYIO OC/IEI0BATEIBHOCTL TPeOOBAHMIA
(11, -, 1p). DTOT anropur™ obobmaercs s 3anaun 1/GT, sy, prec/ fmax CAeayomum o6pasoM.

Anropurm A2 (das g epynn)
IMTar 1. (Mnunuamnsamus). Tonaraem U = g, Hy = {1,..., U}, Ry = ¥ p; + SV s

IMTar 2. (OTbickanue saeMenTa [i; ONTUMATBHON TOCIeI0BATETLHOCTH IPyII). CTPOUM MHOXKECTBO

_ 0 . _
MHUHHMAJBHBIX 37eMeHToB Hy, orHocuTenbno —. na kaxmoit rpyunst J € Hy npumensem
anmroput™m Al, B koropom O,, = {J} u P, = Ry. Ecim 7y = (i, . .., 1)) — HOCJIEI0BATEIBHOCTD,
HailIeHHAd STUM AATOPUTMOM, TO BEIUUC/IICM 3HAUCHUE

(I)J(RU) = max{fil(Cil)H = 1, c. ,k, Czk = RU}, (41)

rie C;, — MOMEHT 3aBeplleHusi 00C/IyKUBaHUs TPeGOBAHUS i; B IIOCJIEIOBATEILHOCTH T DU
yeaosun, uro C;, = Ry. Oreickusaem rpynmy Iy takyiwo, uro @, (Ry) = min{®,(Ry)|J €
H;}. Ecom U = 1, 1o anroputm npekpamaer paborTy: ONTUMAa/IbHAS [0C/IE10BATEIbHOCTD
rpyun (7, ...,7y,) nocrpoena. B nporusroM ciydae noimaraem Hy_y = Hy\{ly}, Ry—1 =
Ry — (s1, + Xjer, pj) m nosropsiem mar 2 npu U = U — 1.

Anroputm A2 pemaer 3agaqy 1/GT, sy, prec/ fmax 1 UMeeT BpeMeHHyIo caoxkuocTh O(gn?).

4.4. NaanBuayaJabHOe 3aBEPITIEHNE 00C/TYKUBAHUS

JLns panHOoit MoJiesn JIoTycKaeTcst pa3buenwue 1000 rpynnbl TpeOOBaHUI Ha HECKOJIBKO TapTHi.
Kaxkoe TpeboBaHme MOKHIaeT MpuOOP B MOMEHT, KOrJa NpuOOp Ipekpaliaer padoTy IO ero
00C Ty 2KUBAHHIO.

4.4.1. Opgun npubop. nenTuuyHbie TpeboBaHug B rpymmax. /g psiaa 3a1a4d jjoKa3aHo,
4TO cylecTByeT onTuMaibHoe GT-pacnucanue, mpu KOTOpOM TpeOOBaHMS KaxK0i IPYIIIBI 00pa3yoT
OJIHY TAPTHIO.

Teopema 4.1 Cywecmsyem onmumanvroe pewenue 3adawu 1/sum — job, sy, py,dy/Lyax, npu
KOmopom ece mpebosarus KaxHcdol 2pynnv, 06pasyrom 00ny NaApmuro U epynnv. Ynopadouers, no
Heybvearuto 3naverud; d;.
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Teopema 4.2 Cywecmseyem onmumansvhoe pewenue 3adavu 1/sum—job, sy, py,wy/ > w;C;, npu
Komopom 6ce mpebosarus Kaxncdol 2pynnve 00pa3yom 00HYy NAPMUIO U 2PYNNLL YNopadoweHb, No
neybueanuro snavenuld (sy+ pyqy)/(wyqy).

Jlayee uccaeayem 3aaadqy R/sum—job,sy),pJ,dJ/Cj < dj, B KOTOpOil KpuTepueM sIBJIseTCs
cOOTIO/IeHNe TMPEKTUBHBIX CPOKOB.

PacemoTpuM HEKOTOpOE MOMYCTHMOE OTHOCHTETHLHO JTUPEKTHBHBIX CPOKOB pacmucanue. Ecim aBe
nin OoJiee TapTUU OJHON U TOM »Ke TPYIIIBI 00CIYKHBAIOTCS Ha OJHOM Ipudbope, To 6e3 HapyIIeHnus
JIOTYCTUMOCTH PACTUCAHUS ITH TAPTHU MOTYT OBITH OObEeTMHEHBI B OJIHY MAPTHIO, W O0CTYKUBATHCS
sruM ke npubopom. CiienoBaTe/IbHO, MOXKHO OIPAHHYHUTHCS PACCMOTPEHHEM PACHUCAHUN, [pU
KOTOPBIX KazK/Iblii TpuOOP 00C/1yKUBaeT He DoJIee OHOM mapTun KazK/10il rpyibl. ITH MaAPTUA MOTY'T
00C/Ty KUBAThC KazKJIbIM 1pubopoM B nopsjake EDD neyObiBanus JUPEKTUBHBIX CPOKOB UX I'DYIIIL.
Takum obpazom, 3a7a19a CBOJUTCSA K OTHICKAHWIO PAa30MeHWsT KazKJIOi TpyIIbl HAa He 0ojee deM m
MapTUil ¥ PACIPEIETeHUIO ITUX MAPTHN TIO0 PA3TUIHBIM TPUOOPAM.

[lepeiinem K U3y9eHWIO YaCTHLIX CIy9IaeB 3a/1a49MH.

4.4.2. NP-tpyaubie 3amaum. Huke ycraHap/iumBaercs BBIYHCIUTEIbHAS CJIO0KHOCTH PsJia
YACTHBIX CJIYYaEeB.

Teopema 4.1. 3adawu P2/sum—job,s; = 1,p; = 1,d; = d/C; < d; u P2/sum—job,s; =
l,qy = 1,d; = d/C; < d; sasasromes NP-mpydnvimu, a 3adawu P/sum—job,s; = 1,p; =
1,dj =d/C; < d; uw P/sum—job,s; =1,q; =1,d; =d/C; < d; — NP-mpyonsmu 8 cusbHom
cmbLeae.

HoxkazarenbcrBo. Ilpu mokasarenscrse NP-tpyamoctn 3amaan P2/sum — job,s; = 1,p; =
1,d; = d/C; < d; B xadecTBe rasonHOii Bocmonb3yemcest NP-nosnoit 3anateiit PASBBUEHIE. Nmes
npumep 3agauu PASBUEHUE, upumep paccmarpuBaeMoil 3aa49u mMOCTPOUM CJIELYIOMAM 00PA30M.
O06cityKuBaOIIasi CHCTEMa, COCTOUT U3 JIBYX UJAEHTUYHBIX TPUOOPOB, KOTOPHIE JTOJIKHBI O0C/IYKUTH T

rpyun ¢ napamerpamu p; = s; = 1,d; =d = An q¢j = a; — 1 s rpynnet j, j = 1,...,r. [Tokaxenm,
uro MHOKeCTBO X C N, 711 KOTOPOTO Y e x G = A, CyImecTByeT TOTAa I TOIBKO TOTJA, KOTA s
IIOCTPOEHHOT0 IIPHMepa nMeeTcsd pacnucanue, npu koropom C; < d, j = 1,...,7, tae C; — MOMeHT
3aBepIIeHnst 00C/TyKUBaHUS [TOC/IeTHEr0 TPeOOBaHUs TPYIIILI J.

Ecnmm cymecTByeT yKazaHHOe MHOXKeCTBO X, JId KOTOPOTO > icxa; = A, To obbeamnum

BCe TpeOOBaHMSA Kayk/IOi T'PYIIBI B OJHY HapTUIO, U OyAeM O00C/IYKHBATh I'PYIIbl MHOKECTBa X
mepBBIM TTPUOOPOM, a BCE OCTATbHBIE TPDYNIBI — BTOPHIM mpubopoM. Ilpum aToMm Bpems 3aBeprineHus
obcJIyKuBaHus Bcex TpeboBaHuii paBHO B TouHOCTH A = d.

Ecim cymecrByer pacmnucanne, npu koropom C; < d, j = 1,...,r, To npum 3TOM
paCHuCaHWK UMeeTCsl B TOYHOCTHU T MAPTHii, MOCKO/JIBKY B MPOTUBHOM CJIydae CyMMa, JIJIATeThHOCTeH
00CJIy JKUBaHUS U EepeHasIa ok Obiaa Obl He MeHbIne yem 2A+ 1, u Bpemst 3aBepiierust 00C/1y JKUBaHUsT
Bcex TpeboBanuii 6p110 661 He Menblre yem A + 1/2 > d. Tlosromy Kazkjas Ipynia o0c/yKIBAeTCsI
eJIMHO MmapTueil, 1 MHOKECTBO X COOTBETCTBYET MHOXKECTBY T'DYIH, OOCIY:KHBAEMOMY OJHUM W3
npudbOPOB.

s pokasarenscrsa NP-Tpyanoctn B cuabHOM cMBICTe 3a1a4dn P/sum—job,s; = 1,p; = 1,d; =
d/C; < d; ucnonssyercs csejgenne NP-rpyjuoii B cusibaoM cmbicie 3agaun 3-PASBUEHUE. s
npuMepa TO 3a/1a9u CTPOUTCS IPUMEP 3aa49u 00C/IyzKuBaHUsl TPeOOBAHUI TAPTUIMEU, B KOTOPOM
00C/ Ty 2KMBAIOIIAsT CUCTEMa COCTOUT W3 7" HAPAJIeTbHBIX HIEHTHIHBIX n1pubopoB. KosmdaecTBo rpyrm
pasuo 3r. ['pynna j nmeer mapamerpel p; = s; = 1, d; = d = A, ¢; = a; — 1. JToxazarenbcTBo
AHAJIOTUIHO TPUBEIEHHOMY BBITIIE JJIsT CJIydasi JBYX MPUOOPOB.

JokazarenscrBa NP-tpyauoctu 3amatqu P2/sum—job,s; = 1,q; = 1,d; = d/C; < d; u NP-
TPYJHOCTH B CUJILHOM CMBbICTIe 3a1a4du P/sum—job,s; =1,q; = 1,d; = d/C; < d; He upencrapisior
3aTPYIHEHUIT, MOCKOJIBKY B 3TUX CIAydadX KayK/Ias I'PYIIa COAEPKUT eIMHCTBEHHOe TpeboBanne. ®

Baganme. Ilokaszars, uro 3azaun P2/sum—job,s; = 1,q; = 1,d; = d/C; < d;, P2/sum—
job,s; = 1,p; = 1,d; = d/C; < d; uw P/sum—job,s; = 1,q; = 1,d; = d/C; < d; npunagrexar
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kiaaccy NP. O6bsiCHUTL, B 4eM COCTOMT CJIOYKHOCTH ONpejie/eHus TpuHaieknoctn kiaaccy NP
sagaan P/sum—job,s; =1,p; =1,d; =d/C; < d;.

4.4.3. TlosmHOMHUAJILHO pa3peminMsbie 3agaun. /s pemennst 3agauaun Qm/sum—job, s; =
cp,p; = 0,45 = q,dj = d/C; < d;, momubunupyem npasmio MakHoTona mwin 06epTKu (CM. pas3jies

2.3).
Hazoem mapruio wmenoanot, ecm oHa BKJIIOYAET MeHbINe 4deM ¢ TpeboBaHmit. J[msa Kaxkmoii
dbukcupoBanHOil MOCTEIOBATENILHOCTH TPUOOPOB (71, ..., T,y,) TPH TMOMOIIK MpaBuia MakHOTOHA

copmupyem pacnucanue cjeayionieit crpykrypbl. MakcumasbHOE KOJMYECTBO MHEJIbIX T'PYIII
obcayxuBaercs B uarepsaje spemenu [0, d] npubopom 7. 3a HEMEU, BO3MOXKHO, CJELYET HENOTHasd
nmapTusi, BKJIIOYAIONasi HauboJIbIliee 9uca0 TpeboBaHmit, CKaXKeM YY1, KOTOPOe MOYKeT ObITh 00CJIY KeHO
B OCTaBIIEMCsl BpeMEHHOM HWHTepBaJje npubopom 7. Hemosnast mapTusi, BKIOYAOMAT 22 = ¢ — Y
TpeboBaHuUil, 0OCTyKUBACTCA MEepBOil TPUOOPOM To. lomycTum, 910 ee 0OC/IyKHBAHUE 3aBePIIaeTCs
B MOMEHT BpeMeHH ds. Torma MakcuMabHOE KOJTHIECTBO TEJIBIX TPYIII 00CTyKABAETCA B HHTEPBAaJIe
BpeMenn |[dy, d| mpuGopom mp. 3a HUME CJIeIyeT HEIOJHAs HapTHsl, BKIIOYAOINAs HauboJbIIee
YUCJI0 TpeOOBaHUi, CKaxKeM o, KOTOpPOEe MOXKeT OBITh OOCJYZKE€HO B OCTABIIEMCS BPEeMEHHOM
uHTEepBaJje npudopom me. [Iponece moBropsiercs jiiss upubOPOB T3, . . . , Ty [0 TEX 1OP, MOKA He Oyer
IOCTPOEHO JIOMYCTUMOE PaCIuCanme JJuO0 He BO3HUKHET CUTYAIHsI, KOT/Ia He CYIEeCTBYET JIOMYCTHMOTO
pacnucanust JJ1s 0CIeA0BATEILHOCTH TPUGOPOB (71, . . . , Ty ). B mocsiennem ciiyuae paccMarpuBaercs
HOBasI TIOC/IE0BATEIHHOCTH TPHOOPOB.

[puBegennsrii aaropuT™ pemaer 3agadty Qm/sum—job,s; = cp,p; = p,q; = q,d; = d/C; < d;
1 UMeeT BpeMeHHYIO cjiozkHOCTh O(mm!).

OrmeTuM, 9TO ecu NpHOOPHI UAEHTHYHBI, TO BCe HX IOCJIEI0BATETHLHOCTH HEPAa3THINMBbI, U
sagada P/sum —job,s; = cp,p; = p,q; = ¢,d; = d/C; < d; MoxkeT GBITH pelIeHa 3a BpeMs
O(m) upn nomomu mpasuaa Maknorona. Oxnako dbyukimus O(m) He MOXKET pacCMATPUBATHCSI
KaK I[OJIMHOM OT JIJIMHBI 3alUCU BXOJHBIX JIAHHBIX 9TOH 3a/a4d, MOCKOJIbKY JIIMHA 3alUCH PABHA
O(logm + log g 4 log p + log ¢ + log ¢ + log d).

Huwxke aas pemenuws 31oif 3amaum npegaraercsa aaroputm ciaoxuocru O(logm). Brawane
moKazkeM, 49To 3agada P/sum—job,s; = cp,p; = p,q; = q,d; = d/C; < d; sxBuBajenTHA 331a4€
P/sum—job,s; = s,pj =1,q; = q,d; = d/C; < d; ¢ eTHHIYHBIMA JJIUTETLHOCTIME 00CTY JKHBAHHSL.
Jlerko mpoBepHTH, YTO pacHHCaHHe fBJIAeTCS JOMYCTHMBIM /IS 33Ja4l ¢ IapaMeTpaMH p; = D,
s; = cp u dj = d TOrJa W TOJBKO TOTJA, KOLJA OHO JOIYCTHMO JJIS 33Ja4d € IapaMeTpaMu
p; =p, sy =cpud; =rp taer = |d/p|. Iocregusas 3amada, 0UeBUAHO, SKBHBAICHTHA 3aaYe
¢ mapamerpamMu p; = 1, sy =cud; =r.

[Ipeyiaraemplii ajgropurm peutenusi 3ajgauu P/sum—job,s; = s,p; = 1,q; = ¢,d; = d/C; < d;
dbopmupyer ciejyioiiee pactuucanue. B unrepsaie spemenn [0, D], tae D = (s + q)|d/(s + q)],
KazKJIplil Tpubop 06c/1yzKuBaeT HaubOoJIbIlee KOJMYECTBO MEJIBIX IpyIil. Kcu npu 3roM 00C/Iy2KeHbl
BCE TPYNIIBI, TO JOMYyCTHMOE pacnucanme noctpoero. Ilycrh ¢ 03Ha9aeT 49MCI0 HEOOCIIY KEHHBIX
rpyun u ¢ > 0. Kaxxgag HeoOcayzKeHHad Tpylna pa3duBaeTcsa Ha mapTuu, cogepzxamue d — D — s
TpeboBaHUil M, BO3MOXKHO, OJHY NapTHio, cojepxKamiyio V, V < d — D — s, TpeboBanumii. [lapTun,
conepzkammue d— D — s TpeboBaHmiT KazK/1as1, 00CTyKuUBaloTCsa m npubopamu. Ecin Bce Takue nmapTun
obcayxensl, u V = 0, TO IOIMyCTHMOE pacIUCaHue IMOCTPOEHO. EcIm KoMMYecTBO 7 TaKMX IMApPTHil
Oosibie, weM m, win r = m u V > 0, TO J0MyCTUMOTO pacnucaHus He CYIecTByeT. B mporuBHOM
ciayqae nojnaraem m’ = m —r,d = d — D,s = s,¢ = V u npumensieM UPHBEJIEHHYIO BbIIIE
npoIeLypy PeKypPCUBHO I 3aj1a4u, onpeaesnasemoil mapamerpamu g',m', d’', s',q'. Moxuno cunrars,
9710 T > m/2, MOCKOJIbKY B MPOTUBHOM CJIydae BCe NapTuu, BKjoJatoume V tpeboBanuii Kaxas,
MOTYT OBITH 00CTyKeHbl B nHTepBasie [ D, d] ocrasmumvucs m’ npubopamu, U J0MyCTHMOE PACTTHCAHIEe
Oyer mocTpoeno. Takum obpazoM, m' < m/2, 1 KOJUIeCTBO PEKYPCUBHBIX MPUMEHEHUH POIe 1y Pbl
ue npesocxoaut O(logm). Ha KaxKaoM Imare peKypcuu COOTBETCTBYIOINIEE YACTUIHOE DACIHCAHUE
MOZKET OBITH IIOCTPOEHO 33 BpeMsl, paBHOEe KOHCTAHTE.
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4.5. OgHOBpEMEHHOE 3aBepPHIEHNE 00CTy>KNBAHUSA

PaccmarpuBatorcs 3amadm, B KOTOPBIX TPeOOBaHUs OJHON M TOH »Ke MapTHH MOKUIAIT IpHOOp
OJITHOBPEMEHHO B MOMEHT, KOTJa HpuOOp 3aBepliaeT paboTy IO OOCTYKHBAHUIO BCEeX TpeOOBaHMIA
9Toit mapTun. B KaxKmoit mapTum TpebOBaHUS 00CTYAKHBAIOTCI TPpUOOPOM JTHOO MOCTeI0BATEIBHO, 1
TOorga AJIUTEJIbHOCTD O6C.Hy)KI/IBaHI/IH HHapTHUU paBHa CyMMe ,ZL.HI/ITe.HbHOCTeI';I O6C.Hy)KI/IBaHI/I5{ BXOAAIIINX
B Hee TpeboBaHMil, JuOO MapasiebHO, W TOTAa IJIATEIbHOCTH OOC/IY:KUBAHHS HAPTUH PaBHA
MaKCUMAJIbHOW W3 JIINTEIbHOCTEH 00C/IyKUBaHUs BXOASIINX B Hee TpeboBanwmii. [Ipesmnonaraercs,
4TO BCe TpeOOBAHUS IPUHAJIEXKAT OJHON rpyiire, T.e. g = 1.

4.5.1. llocnenmoBaTenbHOoe oOcaykmBaHmME. DBuauaje mpeanoiokKuM, YTO TpeOOBaHUS
KazKJI0# mapTuu 00C/IyKUBAIOTCS TTPUOOPOM HEIIOCPEICTBEHHO JPYT 3a JPYTOM.

Huzke npuBOAATCS aJrOpuTMbl pelnenus 3a1ad 1/sum—batch,g = 1,s; = s/f, B Kotopbix [ €
{C; < dj, Liax, fmax}- IIpu pa3spaboTke 3TUX aJrOPHTMOB HCIOJB30BAHO CJIE/IYIONIEE YTBEPKICHHE.

Jlemma 4.1. Cywecmsyem onmumaavhoe 0as 3adawu 1/sum—batch,g = 1,85 = s/ Lyax
pacnucarue, npu KOMoOPoOm

a) mpebosanus obcaystcusaromes 6 nopsadke neybweanus EDD oJdupexmueHvix
CcpoxKo8;

6) mpebosanus ¢ 00UHAKOBHIMU OUPEKTNUBHBLMYU CPOKAMU PACTLOAOHCEHDBL 8 00HOU
napmuu.

3amanue. Vcrnonb3ys nepecTaHoOBOYHBIN pHeM, J0Ka3aTh jJemMMy 4.1.

Herpyano Bumerh, dro it 3ajad  MuUHAMEA3AIAW T, ¥ OTHICKAHWS  PaCHUCAHUSA,
JIOIYCTHMOTO OTHOCHTEJIHHO JUPEKTHBHBIX CPOKOB, TAKKe CYIIECTBYIOT ONTHMAJbHBIE DACIHCAHHUII,
VJIOBJIETBOPSIOIINE YCIOBHAM a) U 6) seMMbr 4.1.

Ha ocHOBaHMM NpPHBEIEHHON JIeMMBI DPa3MEPHOCTh YKAa3aHHBIX 33Jad MOYKHO COKDATHUTD,
o0beIuHsAsT TPeGOBAHUS ¢ OJMHAKOBBIME JIMPEKTUBHBIME CPOKAME B OJHO COCMaAGH0Oe Mpebosanue
C TeM 2K€ JUPEKTUBHbBIM CPOKOM H JIJIMTE/IbHOCTbLIO O6CJIy)KI/IBaHI/IH, paBHOﬁ CyMMe ,ZLJIHTeJIbHOCTeﬁ
obcJryKnBaHusi 00pa3yomuX ero NCXOAHbIX TPebOBaHUIl.

He orpanuduBasi OOIIHOCTH, MPENOIOKIM, 9TO (COCTaBHbIE) TPeOGOBaHNS TPOHYMEPOBAHbBI TAK,
aro dp < ... < d,.

OmumeM  aJropuT™M JTUHAMUYIECKOTO TTPOTPAMMHUPOBAHNS /I 3aJa9d MUHUMU3AIMUN L. B
9TOM AJIrOpuTMe TpeGOoBaHUS MOOABIAIOTCS B HAYATIO TEKYIIHX DACIHCAHUI TEJBIMH MapTUHSMI,
COJIEPZKAINMH TOCIE0BATELHO IIPOHYMEPOBAHHBIE TPEOOBAHUS.

Onpenenmum pacnucanue oOCTy:KUBaHUS TPeOOBAHUIL J, ..., N KaK COOTBETCTBYIOIIEE COCTOSTHUIO
J. Ecim pacnucanms, cOOTBETCTBYIOIIHE 3TOMY COCTOSHHUIO, JOCTPOUTH O MOJHBIX paCIUCAHMIl
OJIMHAKOBBIME HaPTUsAME, 00pa30BaHHBIMU TpeboBaHusiMH 1,...,J — 1, TO /s BCeX IOJIYYE€HHBIX
pacnmcanuii 3navenud Ly, ..., L;_; u 1o6aBkn K 3uadenuam Lj, ..., L, OyayT oguHaKkoBbI.

[Tycts F; — mamMenbiiee 3HaUeHHe Ly, CPeIN YaCTHYHBIX PACHUCAHUI, COOTBETCTBYIOIINX
cocrosgunio j. O4eBUIHO, 9TO pacnucanme co 3HadeHneM F; JOMIHUPYeT BCe OCTaIbHbIE DACTIHCAHNS,
COOTBETCTBYIOIIUE COCTOSHUIO J, T.€. TO PACIICAHUE MOYKeT OBITh TOCTPOEHO 10 MMOJTHOTO PACTIHCAHMS
¢ HAUMEHBIINM 3HAUYeHNeM I1eJIeBOro (DYHKIIMOHAIA CPeIN BCeX MOJTHBIX PACIHUCAHU, TOCTPOEHHBIX
U3 YaCTUYHLIX PACIHCAHUN, COOTBETCTBYIONUX TOMY YK€ COCTOSHUIO.

Hawnmenvbimnee 3nadenne L,y MOXKET OBITH HAlIEHO MyTeM PEKYPCUBHOTO BLIYUCICHUS 3HAYCHUI
F;. JInga naunuaimsanyun peKypeun nonaraem 1 = —oo.

Pekypcus jyist 7 =n, ..., 1 cocrout B cjie/1yionem:

i1
F; = min {F;(i)}, tae F;(i) = s+ Y p + max{—d;, F;}.

Jj<i<n+l1

l=j

Bemumunna F:(i) mupecraBiasger co0oit HamMeHblllee 3HadYeHHe L., CPeId PacIuCAHMIMA
J )
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COOTBETCTBYIOIIMX COCTOSTHUIO J, IPW KOTOPBIX MEpBas MapTus BKIOYaeT TpedoBanus 7, j+1,...,1—
1. Haumenbinee 3nadenne Ly, paBHo F).
Asroput™ TpebGyeT Bpems M mamMaATh B oobeme O(n?), ecaum 3HaueHHS Y=, gyt = 1,...m,

BBIYUC/IEHBI HA IPEIBAPUTETbHOM Imare. AJTOPUTM TakKyKe pemaer 3aa9y MUHUMU3AMAU 1. 1
387129y OTBICKAHUS PACIUCAHUS, JOMYCTUMOTO OTHOCUTETHLHO TUPEKTHBHBIX CPOKOB.

Onumem aaropurm BpemeHnoit ciaoxuocru O(nlogn) mus 3a1aunm OTBICKAHUS PACHUCAHUS,
JIOILYCTHMOIO OTHOCHTEJIBHO JUPEKTHBHBIX CPOKOB, 1/sum—batch,g = 1,s; = s/C; < d;. Ilycrs
(cocraBHbIe) TPEOOBAHUSI TO-IIPEXKHEMY POHYMEPOBAHbI [0 BO3PACTAHUIO JIMPEKTHBHBIX CPOKOB.

Paccmorpum  nociegosaresbHoctb  TpeboBanunit (1,2,...,n). Bkiouum B 1mepByno napruio
MaKCHUMaJIbHOE KOJMYECTBO TpPeDOBaHMII ¢ HaWMEHBIIMMH HOMEPaMH, KOTOPOe MOKeT ObITh
00C/IyzKeHO 10 JaupeKTuBHOrO cpoka dp. Ilycrs j — HOMep mnocemnero TpeboBaHUsI HEPBOi
napTur. BKIIOYIM BO BTOPYIO HapTHI0 MaKCHMAaJIbHOE KOJINYECTBO TPeOOBaHWil ¢ HaWMEHBITUMHA
HOMepaMHi (3a WCKJOYeHneM TpeOOBaHWil MepBoOii mapTum), KOTOPOe MOXKeT OBITh 00CIYZKEeHO
JI0 JTUPeKTHBHOIO cpoka djii. IIpomoskaeMm mpusemennerii mporecc ¢opMupoBaHHA HapTHil 10
BKJIIOUEHHSA B HEKOTOPYIO MapTUIo TpeboBaHUs 7N JTUOO BOBHUKHOBEHHS CUTYAIUU, KOTJIA OYePeIHYIO
MapTHIO HEBO3MOXKHO cOpMHUPOBATHL 6€3 HapyIIeHUs COOTBETCTBYIONIErO JUPEKTHBHOIO Cpoka. B
MIEPBOM CJIy4ae JIOMYCTUMOE paclucanne mocTpoeHo. BTopoii ciy4aii o3Havaer, 9To TaKoe paclucanme
HE CYHIECTBYeT.

Onucannas npoueypa umMeer BpeMeHHYIO ¢a0xkHocTh O(n) npu ycaoBuu, 9to TpeboBaHms yiKe
NPOHYMEPOBaHBI HYKHBIM 00pa3om. B mpotuBHOM ciyuae ee BpemenHas ciaoxuocts — O(nlogn).

B szakarouenuwe gaHHOTO pasjesa TMOKaXKeM, KaK TMOCTPOWTH MOJWHOMUAIbBHBI aJIrOpPUTM J1JIsT
3319l MUHUMU3AIMUHE  fiax, HCIOIB3Yd B KadecTBe BCIIOMOTaTeIbHOIO AJTOPUTM BpPEMEHHOI
croxknocru O(n) st 3aJa9d  OTHICKAHUS JIOMYCTHMOIO OTHOCHTEIBHO JIMPEKTHBHBIX CPOKOB
paciucaHus.

Bragaje oTMeTnM, 9TO pemreHne 3aJa9i MHUHUMH3AIMUN fi.c MOXKET ObITh CBEIEHO K PEIIeHIIO
OCJIEIOBATETLHOCTH 3a1a4d pacmo3HaBanusg Buaa “CHopaBeIuBO MU fua.x < k77, rme k aBaserca
U3MEHAOIIECs BeJIMIMHOM, OA0MpaeMoil ¢ IOMOIIBIO JBOMIHOIO MTOUCKA B MOAXOSIEM HHTEPBAJIE
snadenuii. [losromy ecsin ykazanHasi 3a/1a9a pPaclioO3HABAHNS PA3PEInMa, 33 MOJJHHOMUATHLHOE BPEeMsI,
TO 337298 MUHUMU3AMUN [ . TAKKe pasperinMa 3a MOJUHOMHUAIbHOE BPEMsl, eCJIi ONMTUMAIbHOe
3HAYEHUE eIeBOTO (DYHKIMOHAJIA YTOI 3a/1a91 SIBJISIETCST TEJIBIM 9UC/IOM, 4deil jorapugmM orpaHuien
MIOJTMHOMOM OT Pa3MEpPHOCTU BXOJHBIX JIAHHBIX 33ja4d. lIpeamoso:kum, 4TO IOCjegHee YCJIOBHE
BBITIOJTHAETCS.

Ha Bompoc: “ChmpaBemyiuBo Jn  fuax < k77, MOXKHO OTBETHUTH 3a IOJHHOMHATILHOE BpEMs
craeayonuM oopaszom. Bennunna k mopozxKgaer TUPEeKTHBHBINA CPOK Jj JII KaKJI0TO TpebOBaHUS J,
7 =1,...,n. JlupekTuBHbIil CPOK Jj mozkeT ObiTh Haiigen 3a Bpems O(log P) npu noMonm aBouIHOrO
LIOUCKA B HHTEpBaJe [s + pj, P| BO3MOXKHBIX MOMEHTOB 3aBeplLICHUs O0OC/Iy’KHBaHUS TPeOOBAHMS
j, tae P = ns+ Y, p;. Benmunna d; naxoanres us yeaosus d; = max{d|f;(d) < k,s +p; <
d < P}. Kak TOIbKO yKa3aHHbBIE IUPEKTUBHBIE CPOKH ONMPEIEICHBI, MOKHO UCHOIb30BATH aJTOPUTM
BpeMeHHO# cjioxkHocTH O(n) JJist BRISICHEHUsI BOIIPOCA O CYIIECTBOBAHUM PACIUCAHUS, JOIYCTUMOTO
OTHOCHTEJIbHO 3TUX JUPEKTUBHBIX CPOKOB. IToaToMy orBeT Ha Bompoc: “CrpaBeiuBo i fuax < k77,
MOZKeT OBITh MOJIyYeH 3a noauHoMuaabHoe BpeMs O(n +nlog P). 31ech He yIUTBIBAETCS CI0KHOCTD
BIUnCIenns 3nadenuil pyuknnonanos f;(z). Takum obpa3om, 3a71ada MHHIMH3ANNA fax MOKET
OBITH pelleHa 3a MOJUHOMHAIBHOE BpeMsl.

4.5.2. IlapanaenbHoe obcayxXuBauume. llepeiizeM K paccMOTpeHHIO 3a7a4d, B KOTOPBIX
TpebOBaHUS MapTHH OOCIY:KHBAIOTCSI HPHOOPOM TapaLIebHO U JITHTEIHHOCTH OOCTYKUBAHUI
[apTuud paBHa MAKCUMyMY JIMTEJIbHOCTEH 00C/IyKUBaHKUS BXOJLAIIMX B Hee TpeboBaHMil.

B sanaue 1/max —batch,g = 1,s; = 0/f, rae f — mexoropsiii perynsgpubiii QyHKIIOHAT,
HpejnoaraeTcs, 4rto pasmep mapruii Heorpanwden (b = n). ns 9roil 3amaum pacrnucaHue
OJIHO3HAUHO OIPEJIEJIAETCs TI0CIe10BaTeIbHOCThIO apTuil (B, ..., By). O603HauuM JIUTETHHOCTD

obcyKuBanug naptun B; depes p(B;) = max;ep, {p;}, a MOMeHT 3aBepinenus ee 06CIyKUBAHUS TIPH
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3aJIaHHOM TocIe1oBaTesbHOCTH napTuii — epes C(B;) = 22:1 p(B,). Haomunwm, 9T0 nipu 3a1aHHOI
I0CJTeI0BATEILHOCTH TAPTHIl MOMEHT 3aBepiienus obc/ayKuBanusg Tpebosanus j pasen C; = C(B))
JUTI Kaxkaoro j € By, l=1,... k.

Bragane orMeTmM, 9YTO NpH HEOTPAHUIEHHLIX pa3Mepax mapruii 3amada MuHEME3AMAT Chpax
peraeTcs TPUBHAIBHO MyTeM Ha3HAUYEHHs BceX TpeboBaHWil B eamHcTBenHyio mapruio Bi. Torma
MuHuMa/IbHOe 3Hadenne Chay pasuo p(Br) = maxi<j<,{p;}-

Hasee B 3T0M pas/jiesie npenoaaraeTcs, 9o TpeboBaHust IPOHYMEPOBAaHbI TakK, 4T0 p1 < ... < D,
(o npasuay SPT).

Jlemma 4.2. asa 3adavwu 1/max—batch,g = 1,s; = 0/f cywecmeyem onmumanrvhas
nocaedosameavrocms napmuti (B, ..., By) makas, wmo By = {1,2,... i1}, By = {i1+1,i1+
2,...,i2}, ceey Bk = {ik_1+1,ik_1 +2,,Tl}

Samanue. Vcnonb3ys mepecTaHOBOUYHBINM MpHeM, J0Ka3aTh JeMMmy 4.2.

N3  »s3T1oit  seMMBI  cJeayeT — CYIIeCTBOBAHWE  pPACHUCAHUA, KOTOPOe  OIpeaessieTcs
nocjaeaoBaTeIbHOCTHI0O SPT TpeboBaHuii  MOAXOAANIUM pa3dHeHneM 3TOi MOC/IeI0BaTeTbHOCTH Ha
naptun. Pacnucanue Takoro Bujga Oyjgem HasbiBaTh SPT-pacnucanuem.

[lepeiijiem K OlIMCAHUIO AJICOPUTMOB JIMHAMMYECKOI'O IporpaMMupoBanusi. Paccmorpum
npousBosibHoe SPT-pacnucanme mjist tpeboBanuit 1,...,7 Takoe, 94T0 OOC/IyKUBAHUE IIOC/IETHEH
apTUH 3aBePINaeTcss B MOMEHT BpeMenu t. ByjieM roBOpuTh, 4TO TaKOe pPaciucaHue COOTBETCTBYET
cocrostanto (7,t). OueBUIHO, UTO paCHUCAHUE ¢ MUHUMAJbHBIM 3HAYEHUEM IEJIeBOro (DYHKIUOHAIA
> fj 00 fmax JOMHHEpPYeT BCe OCTaJIbHble DACIHCAHHd, COOTBETCTBYIONINE OJHOMY U TOMY ZKe
COCTOSHUIO.

[Iyctb o — mHekoropas SPT-mociaemoBaTebHOCTH € HAWUMEHBIIAM 3HAYEHHEM  IE1€BOrO
dbyHKIIMOHATA CPEU MOCIEI0BATEIBHOCTEH, COOTBETCTBYIONUX COCTOAHMIO (J,1). st TOro arobbl
MOJIYYATH JIAHHYIO MOCJIEI0BATEILHOCTD, HeoOxoauMo j106aButh naptuto {i+1,... 7}, e 0 < i < j,
B KOHEIl II0CJIeJIOBATE/IbHOCTH HapTuil st TpeboBanuit 1,...,7, COOTBETCTBYIOIIEH HEKOTOPOMY
upepLyiemy cocrosinnio. [Tockosbky naprust {i+1, ..., j} umeer jymresbHOCTH 06C/LY KUBAHUS Dj,
IPeIBLAY M cocTosinneM siysiercst (i,t — pj). Jobasienne 9Toif HaAPTHH yBEIHIHBACT CyMMAPHYIO
CTOMMOCTBH Ha Zi:iﬂ fr(t). MakcumanbHasg CTOMMOCTH st TpeGoBaHuit @ + 1,...,j paBHA
maxiy1<e<;{ fe(t)}-

Ha »srux paccyxkjaeHusax OCHOBaH  CJEAYIONIUN  NPAMOW  aJTOPUTM  JIMHAMUYECKOIO
IPOTrPAMMHPOBAHUS JJId 3aJa90 MUHUMU3ANUN ) f;.

[Iycre Fj(t) — MuanManbHOE 3HaYeHHE IeIeBoro (yHKIMOHAA, Bhrumcjaennoe st Bcex SPT-
pacnucanuii obcykuBanus Tpebosanuii 1, . .., j Ipu yCJA0BUHU, YTO 0OC/TYKUBAHUE ITOCIEHEN TapTUU
3aBepIraeTcsd B MOMEHT BpeMeHu t. HadabHble 3HAUeHNS PaBHBI

Fo(t) = {

0, ecmmt=0,
00 B IIPOTHBHOM CJIydae.

Pexypensa qna j=1,...,nut=p,;,... 72?;:1 Dk COCTOUT B CJIEAYIOIIEM:

j
Fy(t) = Ogrflgi]f.l_l{Fi(t —pi)+ 2 Filt)}.
k=i+1

MunnMasibHOe 3HaYeHHE IeaeBoro GyHKIHOHama paBHO min, <<p {F,(t)}, tme P — cymma
BCeX JTUTENbHOCTe 00cTyKuBanus TpedoBannii. CoorBeTcTByOMIee onTuMaabHoe SPT-pacnucanme
OTBICKMBAETCS TIPHU MOMOIIU OOPATHOTO X0/1a AJTOPUTMA.

[TockobKy TepeMeHHbIe COCTOAHUS NpuHUMAIOT 3HadYeHusa j = 0,...,nut =0,..., P u umeercs
J BO3MOXKHBIX MAPTUil, KOTOPbie MOTYT ObITh JI0OABIEHBI I TOTO, 9TOOBI HOJIYYUTH COCTOSIHUE
(4,1), BpeMeHHas CJI0KHOCTH ajroput™a He npesocxoaut O(n3P), u Tpebyemblii 06beM naMATH He
upesocxoaut O(nP). Bpemenuas c10;KHOCTb CHUYKAETCSL B 1 a3, €CJIH YaCTUIHbIe CyMMBL Y 5 _q fi(t)
st j=1,...,nut=p;, ..., 2% _| Pk BBIYUCISIOTCsI 3apanee (310 MOXKHO ciesarh 3a Bpemst O(nP)).
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B cayuae, korma pasMep KaykI0i TapTHW OTpaHUYeH CBEPXYy YucJIoM b, b < n, COOTBETCTBYOIILHE
3a/1a9M SBJAIOTCA 10 KpailHeli Mepe TaKHMHU K€ TPYJHBIMH, KaK U HX TPAJUIHOHHLIE aHAJOIH,
MOCKOJIbKY mpu b = 1 npubop MoxKeT 0OC/Iy:KHBATh He 0oJiee OJHOTO TpeOOBaHUSA B KarKJblit
MOMEHT BpeMeHH. JTH 33Ia9l HAMHOI'O CJI0YKHEe, 1eM COOTBETCTBYIOIIHE 33/ 1a4Ui C HeOT DAaHMIeHHBIMU
pasMepaMi TApTHii, MOCKOJIBKY IOHCK ONTHMAJBHOIO PACIHCAHUS HE MOYKET OBITh OrpAHHYeH
pacemorpenunem SPT-pacnucanmii.

EuHCTBEHHBIM UCK/IIOYEHHEM sBJIsIeTCs 3agada MUHAMH3AIAA Chay, A0 KOTOPOl CyIIeCTBYeT
ontuMasbioe SPT-pachucanme, B KOTOPDOM BCe NAPTUH SBJISIOTCS TOJHBIMH (BKJIIOYAOT b
TpebGoBaHmii), KpoMe OJHOH, KOTOopas BKJIHO4YaeT TpeOOBAHUS ¢ HAMMEHBIUMH JJINTEJIbHOCTSIMH
00CTy KUBAHUSI.
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