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1. ITMHEWHAA ANTEBPA
1.1. Marpuunm 4 onepauun Hag HUMM

Onpenenennme. Marpuneit pasMepHOCTH M X n
Ha3hIBAETCA NPAMOYTOJIbHAR Tabauna ymce, COCTO-
Ammas A3 m CTPOK K n CToJbmos.

Yucsa, BXOAAIIME B 3Ty TAO/MMITYy, Ha3bhIBAIOTCSA 3JIe-
MeHTaMH MATPHIHI.

MaTtpHisl 08EITHO 0003HAYAIOTCH 3arJIaBHRIMHI OYK-
BAMM JIaTMHCKOrO ajdasura A, B, C u T.1. di1eMeH-
THI MATPMIOLI 0003HAYAIOTCA TOM Xe OYKBOM, 4TO
M MATPHIA, CTPOYHOM OYKBOM C ABYMS MHAEKCAMM
(aij, bij, cij). Hegnmﬁ WH/IEKC YKa3sIBaeT HOMep CTPo-
KH, B KOTOpPOH pacmoJjiaraercs NaHHLIH 3JIeMEHT,
a BTOpo — HOoMeD cToabna. Hanpumep, a;; o3Ha9a-
eT 3JIieMeHT MaTPUIbl A, paClIOJIOKEHHLIN B TpeTheH
CTPOKEe M B IATOM cTOoJOme.

O6mu# B MaTpUOLI A padmMepa m X n

(a7 a2 -0 Gy, )
A=|% G2 - G2
\aml Ama oo amn)

MaTpHna Ha3hIBAeTCA KBaAPATHOM MOPANKA 71, €CIIH
OHA COCTOMT M3 71 CTPOK H N CTOJIOIOB.

("11 s PIETE a’ln\
A=|%21 G2z .- G2p
\anl a,o ann)
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COBOKYIIHOCTDH 3JIEMEHTOB KBAJAPATHOM MATPHIKI
Q11> G99, > @, , CTOAIIAA HA mn‘a'ronann, meﬁ A3
JIeBOI'0 BepXHero yrJja B IpaBhIil HUXXHNUHI, HA3BIBA-
eTCH I'IABHOM JHAroHAaJIbI0 KBAaAPATHOM MATPHILI.

COBOKYIIHOCTB 3JIEMEHTOB KBaJAPATHOM MAaTPHIIBI,
CTOAIAsI HA AUATNOHAJIN, UAYINEH M3 J1eBOro HUKHe-
ro yrjia B OpaBuIii BEePXHAN yToJI, HA3LIBAETCHA IIO-
60YHOH ANAroHAJBIO KBAAPATHON MaTPHIHI.

MaTpuna, Bce 3JIeMEeHThl KOTOPO¥ pPaBHBI HYJIO,
KpOMe 3JIEeMeHTOB I'JIaBHOM AHMATOHAJIA, HA3LIBACTCH
IUATrOHAJIBHOM. ,

HnarosajibHas MaTpuna, BCe fHAroHaJIbHEIE dJ1e-
MEeHTBHI KOTOpPOH paBHH 1, HA3KIBaeTCA eAMHAYHOM
(o6038avaerca cumBosoM E uam I).

(1 0 ... 0)
{0 1 ... 0
E= .

0 0 .. 1/

MaTrpuna, Bce 3JieMeHTHI KOTOPO# paBHBI HYJIIO,
Ha3bIBAETCHA HYJIEBOM.

Onepannm Hax MATDAIIAMH

1. CpaBEerne MmaTpHn. /[Be MaTpUOLl OAXHAKO-
BOM pasMepHOCTH HAa3bhIBAIOTCS PABHLIMH, €CJIM DaB-
HBI UX COOTBETCTBYIOIIHE 3JIEMEHThI.

To ecTh N3 paBeHcTBa MaTpun A u B caexyer, 4TO

aij=bij, raei=1,2,...m,j=1,2, ...,n.

2. TpaEcnoEMpoBanHe MATPAN. TpaHCIOHUPOBAH-
Hoit AT MmaTpuneit MaTpuILl A Ha3LIBAETCA MATPH-
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na, CTPOKM KOTOPOHR ABJAAIOTCA CTON6MAMH MaTpH-
OBl A, &8 CTONOOB — CTPOKAMMU.

(1 5 0) (1 -8 11)
Ipumep. A=|-3 8 7|, AT=|5 3 5
11 5 -2 o 7 -2

3. Caomenne marpan. Cymmoit matpung A u B
OZHHAKOBOM pa3MepHOCTH aABJAeTcA MaTpuna C Ton
K€ Pa3MepHOCTH, 3JIeMEeHThI KOTOPOM paBHBEI CYMMe
COOTBETCTBYIOIIVNX 3JIeMEHTOB MaTprno A r B.

CrnenoBatenbHO, H3C =A + B ciexyer, 4TO ¢;j=a;+

+bij, raei=1,2,...,m,j=1, 2, ..., n.

Hpu.mep.A=1 0 _3,aB= 15 4 .
5 7 b5 0O -2 5

5 5 10

Ceaoiicmea onepayuu cCroHeHUR:

1)A+ B=B + A;
2)A+(B+C)=(A+ B) +C;
3)A+0=A, rpe 0 — myseBasa MaTpuna.

4. YMBEOXeHEHe MATDHOHLI HA YHCHO. IIpom3Be-
OeHUeM 4YHucja 0. HA MaTpuny A Ha3bIBaeTCA MarT-
puna C TOit )Xxe pa3aMepHOCTH, BCe 3JIeMEHTHl KOTO-
poit paBHEI COOTBETCTBYIOIMM 3JIEMEHTAM MATPH-
Obl A, YMHOXXEHHBIM Ha YHUCJIO O.

3sauuT, ecan C =0 * A, TO ci—0-a
2,...,m,j=1,2, .., n.

1
Torzna C=A+B=(0 0 )

ij» TARe i=1,



(3 5) (15 25)
IlIpumep. A=|-6 0|,C=5-A=(-30 O
71, K35 5)

Ceolicmeéa onepayuu yYyMHONEHUR MAMPULBL KA
YUCNO:

1) o(AA) = (0A)A;

2) (a+A)A =04 +2AA;

3) a(A+B)=0A +AB, rae 0. 1 A — 4YHACJA.

o. ¥Muoxenne marpru. IIpousseneanemM MaTpn-
bl A pasMepHOCTH M X p Ha MaTpuny B pasMepROC-
TH p X n Ha3nBaeTcsa MaTpuna C pasMepHOCTU M X 1
3JIEMEHT C,; (pacmoyo’XeHHRIA B i-H CTPpOKe M j-M
cTOJIOLE), KOTOpPOH paBeH CyMMe MPOM3BEeAeHHHN 3JIe-
MEHTOB i-M CTPOKHM MATPHIK A HA COOTBETCTBYIO-
IAEe 3JIEMEHTHI j-ro cTONA0na MaTpuisl B.

( )
1 0 3 (3 5)
5 -2 1
ITpumep. A = , B=[-1 6
5 0 2
0 7
-4 -1 7

Torna
Cyq = 84101y 99909y + 01905 =1 X3+0X%(-1)+3%x0=3,

C10=811019F 19000+ B13bag =1 X 5+0 X 6+ 3 X 7=26,

Coy = Bg1by1F Qoobgy + @ggbg =3 X 3 +(-2) X (1) +
+1x0=17,
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Cog = Ag1b1o + @y9bgs + Aggbga =5 X5+ (-2) X 6+
+1x7=20,

+2x0=15)5,

Cqo = 031019+ Agobg0 + Aggbso =5%X5+0x6+2xT7=39,
Cq1 = Q41011 + a42b21 + a43b31 =—4x3+(-1)x(-1)+
+ 7Tx0=-11,

Cuo=Q41b15 + a0y +a3bg, =—4 X 9+ (-1)x6+
+ 7T x 7= 23.

(3 26)

1
C = 7 20
15 39

Ceolicmea onepayuu Y MHONEHUR MaAMPUY,:

1) A-B# B-A B o6meM ciaydae BRINOJHAETCH
YKazaHHOe HepaBeHCTBO, XOTA B HEKOTOPRIX Ua-
CTHRIX cayuasax A - B = B - A;

2) A-(B-C)=(A"B):C;

3)A-(B+C)=A-C+B-C;

4)A+B)'C=A‘C+B-C;

D)A-E=E-A=A.

1.2. Onpegenntenn

Kaxxmolt KBaaApaTHON MaTpHIle A MOXXHO IOCTABHTD
B COOTBETCTBHE HEKOTOpOE€ THCJIO, 3aBHCHAIIEe OT ee
3JIEMEHTOB, KOTOPOe HA3BIBAETCHA ONPEeie/IATENIEM MAaT-

pansl |A|. MHOrAA mONB3yIOTCA APYrEME 0603HAYEHN -
AMH onpegeanTeia MaTpuObl — det(4) uam A (A).

1



OnpepenuteseM MATPHILI BTOPOro MOPAAKA HA-
3BIBAETCHA YHCJIO

Q1 Do
Al = = @1899 — Q1945
|| 1y Ggy 1922 2¢21.

OnpenenuTesieM MATPHMIOB TPEThEro NMOPAAKA
Ha3hkIBaeTcsd YHCJIO0

411 42 I3
|A| = lag; a5y ag3|=ay,a53a33 + a3,0,2803 +
az; a3z asg

T 413091032 — 13092031 — 311093032 — Q9091433

Onpepenurenn Marpun 60jiee BRICOKOro MOPAAKA
HMeIoT eme 6oJiee rpOMO3ZKHE BhIPAYKEHH A, TO3TO-
My UMM He HNoJIp3yioTca. IIpu BRIUYMCJIIeHNH onipeze-
JuTeJle nopaaKa bojiee TPEThEro UCHOJIb3YIOT CBOM-
CTBA ONpeaenTeNen.

CBoncTBa ompepesATeIeH

1. Beanunea onpenenuTend He USMEHAETCHA IIpH
rparcnoEupoBanun |A| = |AT|.

2. BeanunBEa ompepeyuTeNss HEe M3MEHSAETCA TPH
YeTHOM YMCJIe IEPEMEH MECTAMH ABYX €ro CTPOK WM
cron6ooB. HanpuMep, eciiu HOMEHATH MECTAMMU BTO-
PYIO 1 MIECTYIO CTPOKHM, TO BTOpPasa CTPOKA IOMEHSAET-
CA MECTAMM C TPETHEI, IOTOM C YeTBEPTOM, C IATON U
3aT€M C ImecToil, UMeeM 4 nepeMeHBI MecT (YeTHoe
YHCJIO) M ONpeeINTEeNIb He H3MEHHUTCH.

3. OnpegenuTesh N3BMEHHUT TOJIBKO CBOM 3HAK IIPH
HEYETHOM YHCJIe IepeMeH MeCTaMH ABYX ero CTpPOK
uian crondbnos. HanpuMmep, ecjit IOMEHATH MeCTaMH
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epBhiil 1 YeTBEePTHIA cTONONObI, TO MEPBLIH cTONOEN
MIOMEHHAETCA MeCTaMH CO BTOPBIM, 3aTe€M C TPETHUM
M C YeTBEPTHIM, UMeeM 3 nepeMeHbl MeCT M onpeje-
JINTEJIb H3MEHHT JIMIIb CBOM 3HAK.

4. Ecau Bce 3JIeME@HTHl HEKOTOPOM CTPOKH HJIM
HEKOTOPOTI0 CTOJIONA ONIpeAeUTE)ISA PABHLI HYJIIO, TO
onpeaeJIinTeJNb paBeH HYJIIO.

5. Eciu cooTBeTCTBYIOmMHKE 3JIEMEHTEHI IBYX CTPOK
MJIM CTOJIOIOB ompeAeIMTeNIA PaBHBI MJIH IPONOP-
OIMOHAJIBHBI, TO OIPeAEINTE]IL PABEH HYJIIO.

6. Ecan Bce ajieMeHTBI KaAKOM-HHOYAbL CTPOKH MJIH
cToJI0nAa orpeaAeIUTeNIA YMHOMKHTE Ha OJHO M TO JKe
YMCJIO, TO BECh ONpPeAeauTe] b YMHOXKAEeTCA HA 3TO
YHCJIO.

7. Ec/i K Ka)XKA0OMYy 3JIEMEHTY KaKOi-HUOYyAb CTPO-
KH (Mau crosbna) onpenesnTesa npubaBUTH COOT-
BETCTBYIONIME 3JIeMeHThI APYTOif CTPOKH (MIM CTOJI6-
na), yMHOXXKEeHHbIe HA HEKOTOPO€e YHCJIO, TO BeJINYH-
Ha OmpeAeJIUTe A IPH 3TOM He U3MEHHTCH.

8. CymMmMO#l ABYX ompepeMTesieil OAMHAKOBOIO
nopazka |A| u |B|, KoTophle OTIMYAIOTCA JIUIIE dJI€-
MEHTAaMH KaKOH-HUOYAh CTPOKH HJIM KAKOTO-HHMOYIH
cTonbma, ABaAeTca onpegeaurenas |C| Toro xe mo-
pAAKa, BCe 3JIEMEHTH KOTOPOTO pPaBHHI 3JIEMEHTaAM
ompenenureneii |A| u |B|, kpomMe 3leMeBTOB yKa3aH-
HO# Bhbillle CTPOKH HUJIM CTOJIOIA, pABHBIX CYMMe CO-
OTBETCTBYIOIIMX 3JIEMEHTOB 9TOM K€ CTPOKHM HJIH
cToanbna onpepennreneii |[A| u |B.

Ecsnu onpegenurenu |A| u |B| oruuarorca, Eanpu-
Mep JIHIIb 3JIEeMEeHTaMH k-1 CTPOKH
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M1 Y2 Qg - - Gy
021 (122 (123 cse  see a2n

ahl ahz aha see Y akn

anl anz an3 cee seae ann

Q1 G2 Q3 .- .- Gy
@31 Q32 Q33 . ... Gy,

|B|= cee cee cee  eee ses  see ,
b1 brz Dkz e oo Bpn

anl anz ana ss e see ann

TO CYMMOM 3THX onpenpexuTener Oyaer onpeaeiu-
Tens |C| , pasHBIH

41 P 413 An
021 022 023 ces  eee 02"

A=l 4t 2B G tbig e o Gan i

a.1 a,o a,s ses  oee a.n

MunrOpoMm M ;j OTIPeAenTeNd |A| massiBaerca omn-
peaeJuTeN b, KOTOPhLIM NOJydYaeTcsa U3 ONpeAeInTe-
as |A| mocpencTBOM BHIYEpDKMBAHHMSA (- CTPOKM M

j-ro croJbna.

14



Hanpumep, MUHOpDOM M ,5 OIpeACIUTENSA

1 -3 5
lA|=l0 3 7
5 -2 5

Oyzer onpeaeanTeNb, HOJYI€HHBIA U3 ONIpeAeJIATE-
na |A| BBluepkMBaHENEM BTOpOil CTPOKM M TPeTHero

1 -3
5 -2

AnrebpangdecKMM AONOJHEHHMEM Aii JIeMEeHTA a,;
onpefeuTeNId HA3BIBAETCA MUHOD M., B3ATHIHA CO

3HAKOM IIJIIOC, eCJIM CYMMa UHIOAEKCOB [ + ] qeTHad,
H CO 3HAKOM MHMHYC, €CJIH CYMMA NHZIEKCOB HEYETHAA

i+j
4;j = )7 My,
Hanpuwmep, anrebpanyeckoe JOMOJHEHHE 3JI€MEH-
Ta a,, OPUBEEHHOr0 Bhille onpeeauTens |A| pasHo

Ay = (-1)2*3 M,y = - | _al = (-2 +15) = -13.

CTOJIﬁH,a M23 =

5 -2
Onpepenurens paBeH CyMMe IPDOM3BEAECHHH 3JIe-
MEeHTOB JII000# ero CTPOKM MJIH JiI060ro ero crojadna
Ha UX ajrebpanyecKkne AONOJHEHHS.
Hanpuwmep, onpeaenmuTers

5 0 3
-4 5 6

-7 5 1

MOXKXHO HOPEACTABUTH B BHAE Pa3jIOKeHHA IO 3Je-
MEHTAM TpeTheM CTPOKH
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5 0 3
-7 5 1|
__q° 3+5(_1)5 3,5 9_
5 6 —4 -4 5

= -7(0-15)-5(30 + 12) + 1(25 - 0) =

=105-210+25=-80
MJIX B BHAE PA3JIOKEHUSA IIO 3JIEMEHTaM BTOPOIro
cToabna

5 0 3
-4 5 6[=0A4;, +545, +5A43, =
-7 5 1
—4 6 3 5 3
= 0(-1 + 8(-1 =
o4 SesfS Fesca], 3

= —0(-4 + 42) + 5(5 + 21) - 5(30 + 12) =

=0+130-210=-80.

CyMMa nmpou3BeéHHH 3JIeMeHTOB JI0060¥M CcTpoO-
KH (uau cronboa) onpexesuresa Ha aaredpauyec-
KHe JONOJIHeHHU A APYro# cTpokH (cToabna) paBHa
HYJIIO.

OnpenennTess NPOM3BEACHUA ABYX KBaJPATHBIX
MATPMUIL PABEH IIPOM3BEICHHUIO ONIPEeAEINTEJIeH 3THX

maTpur |A - B| =|A|-|B].
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1.3. Cucrembi nuneiHbix anrebpanuecknx
YPaBHEHHH

B o6mem ciyuae cucrema JHHEHHBIX aarebpamu-
- s
YeCKMX YpaBHEHMI HMeeT BUA

1% + QyaXg + @3X3 + ...+ a1, X, = by
|921%1 + GppX + Aga¥g + ... + B X, = by

81Xy + GpyaXg +8pgXg + .+ @y X, = b,

TAE Gy15 G195 Gqgs +s A, — KOIPPHUONEHTHI yPaBHE-
HUY CUCTEMBI; X;, X9, X3, ..., X, — HEMIBECTHBIE, b,, b,,
b, ..., b, — mpaBBIe YACTH YPABHEHHH CHCTEMBI.
Ecan npaBsie 4YaCcTH ypPaABHEHMil CMCTEMBlI PAaBHHI
HYJIIO, TO CHCT€MAa Ha3hIiBaeTCA OQHOPOAHOK. B npo-
TUBHOM CJIYYae CHCTEMA Ha3LIBAETCA HEOAHOPOAHOI!.
PemeHnuneM cucTeMbl IMHEHHBIX YPABHEHHH HA3BI-
BAETCSH TAKASA COBOKYIHOCTb YMCEJI Oy, Olgy Olg, «uey Oy
KoTOopaf, OyaydM moACTaBJIEHHON B YPABHEHHSA CHC-
T€Mhl BMECTO COOTBETCTBYIOIIMX HEM3BECTHBIX, 00-
paniaeT KX B YMCJIOBBIE TOMKAECTBA.
CucremMa JIMHeMHBRIX YPABHEHMH HA3LIBAETCH CO-
BMECTHOM, €CJI¥ OHA MMeeT XOTA OBl OAHO pelleHue.
Cucrema JIMHEHLIX YPABHEHUH HA3BIBAETCHA HECOB-
MECTHOH, eCJIM OHA He MMeeT HH OAHOI'O peIeHns.
CucreMma JMHEHHBIX YPABHCHHMI HAa3bIBAETCA OIpe-
AeJICHHOM, €CJIM OHA MMEET eJHHCTBEeHHOE PEeIIeHHe,
Cucrema J1MHEHHBIX YpPaBHEHHH HA3bIBaeTCH HEOIl-
pefieJIeHHOM, eCJIM OHA MeeT 60Jiee OTHOIO pelIeHn .
~ JBe cCUCTeMBI IMHEHHBIX YPABHEHUH HAa3hIBaIOTCH
3KBMBAJICHTHBIMH, €CJIH PEelleHUA OXHON CHCTEeMBbI

17



JINHEMHBIX YPABHEHHRH ABJIAIOTCA PEMIeHUAMH APY-
'Ol CHCTEMHBEI.

Marpnna A, 3jiIeMeETaMHM KOTOPOM ABJIAIOTCA KO-

a(ddpunuerTH] YPABHEHN CHCTEMBI, HA3LIBAETCSA MAT-
pHIeH CHCTeMBI IMHEMHbIX YPABHEHHH

(@17 Gz - Gy,
4|9 G2 - G

L N LN X ] LE N ] LN N

a 1 a

K m m2 see a

mn)

1.4. Pewenne cucrem nuHEeHHbIX ypaBHEeHHH
metopom Kpamepa

PaccMOTpDMM CHCTeMy JIMHEHHBIX ypaBHEeHUH,

Y KOTOPOI 9HCJI0O HEM3BECTHLIX 11 PABHO YHCJIY YpaB-
HeHuu m.

a11%) + 819Xy +813Xg + .o+ Ay X, = by
ay1X; + GggXy + AggXg +... + Ay X, = by

.......... PRI ¢ §

N

@,1%) + QpoXg +an3xg ...ty X, = b,

OnpeaennTeIs MATPUOH TaKoil cucreMnl |A| Ha-
SEIBAETCA ONpefeINTeIeM CUCTEMBI IMHEeAHbBIX ypasB-
HEHUH.

Q1 Q2 - @,
|A|=021 Az ... G9,

Qn1 Gp2 -« Qpup

18



JJoomycTHM, YTO ONIpeleINTeNIh pACCMATPHMBaeMOM
CHCTE€MEI He paBeH HyJI0. Torga cucTeMa HMeeT eHH-
CTBEHHOE penieHHe, KOTOpoe onpenenaerca no ¢op-
MyJjlaM
A B oy ot

A A A "A?
rae onpeaeantean Ay, Ag, Ag, ..., A, mosygalorcsa
M3 OIpeAeINTENA CHCTEMbl JUHEHHBIX YPABHEHHM
IIYTEM 3aMeHhl COOTBETCTBYIOIEro CTOJIOna cTOoJIO-
IIOM TIpaBBIX YacTeM

b a an
A = by azy Q2n
b, a,, ... a,,
a1 b n 811 G12 by
A, = |21 by On| a =["1 %2 b2
Gy by nn Gn1  Gn2 ba

IIpumep. Pemum meropom Kpamepa cucremy Ju-
HEHHBIX YPaBHEHUH

3x) — x5 + 225 =13

v -

2% +x9 —x3 =0
9x; +3xy + Txg =28

BrrunciuM onpezgesHuTeNI, HeOOXOAMMBIE AJIA HA-
XOXKACHUA pelIeHuA CHCTeMbl. OnpeaenTeNIb CHC-
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TeMbl A BBIYHCJHM, PA3JIOMKHB €ro oo 3JeMEeHTaM
IepBoOM CTPOKH.

O N R TR T
A=[2 1 —1=3'3 7l+1l5 _7,+2|5 3|=
5 3 7

=3(7+3)+(14+5)+2(6-5)=30+19 + 2 = 51.

Onpepesmrem Aq, Ay, Az BRIMHCINM, Pa3jaras ux,
COOTBETCTBEHHO II0 3JIeMEHTaM IIepBOro, BTOpPOTo U
TPETBHEro CTOJOmOB. ITH CTOJOOEI COAEPIKAT HYJIe-
BOH 3JIEMEHT, ¥ IO3TOMY pa3JIOXKeHHe ollpeaeInTe-
Jed mOo yKasaHHRIM cToabmaM O6ynper 6GoJjsiee mpo-
CThIM.

13 -1 2
A =0 1 -1=13|; ':{1|—0|_31 §’+28|_11 _21.=
28 3 7
=13(7 +3) + 0 + 28(1 - 2) =130 — 28 = 102
3 13 2
A, =2 0 —1=—13|§ '71+02 ‘3.-28,2 _21'=
5 28 7
=-13(14 +5) + 0 — 28(-3 — 4) = -247 +196 = -51
3 -1 13
Az=|2 1 0 =13|§ ;l—oli _31’+28|2 '11|=
5 3 28 -

=13(6-5)-0+283+2)=13+140 =153
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TOP X =-——=_=2’x =L =-—=-1,
MIATA T 257 " B1
Az 153 _

37 A 51

Ecau onpepenrHTesb CHCTEMBI A PaBeH HYJIIO H
x0TA OBl OMH K3 onpefenTeNe A, Ay, Ag, ..., A,
OTJINYEH OT HYJAs, TO JAHHAS CHCTEMAa JHHEeHHBIX
YpaBHeHMH He MMeeT pelleHHd.

EcJiu onpeieIATe]Ib CHCTEMEI A paBeH HYJIIO U BCe
ompeneauTe™ Aq, Ag, Ag, ...4 A, TOXe PABHEI HYJIIO,
TO CHCTEMA JUHEHHBIX YPABHeHUHN nNMeeT O6eCKOHed-
HOE€ MHOYX€ECTBO pellleHNH.

PaccMOTpHMM OZHOPOAHYIO CHCTEMY JHHEHHBIX
YPaBHeHUH:

@11X1 + Q19X + Gy3X3 +...+ay,x, =0
g1%1 +ag9Xy +ag3X3 +... + Ggpx, =0

@p1%) + 8poXg +Ap3X3 +...+Qppx, =0 -

B 3TOM ciryuae Bce onpeneauTenan Aq, Ao, Ag, ...,
A, 6yayT paBHH HYJIO, TaK KaK KayXJhlii U3 HUX
OyaeT cozep:xaTh OO¥H HyJaeBoH croabenm. U ecan
onpefeJuTeNb CHICTEMEI A He paBeH HYJIIO, TO CHC-
TemMa Oyaer MMeThH JIMIIbL HYJEBOE (TPHUBHAJBHOE)
pelleHune:

xl =O,x2=0,x3 =0,...,xn=0.

Ecan onpenenurens cucreMn A = 0, To cucreMa
6yzer nMeThr 6ECKOHEUYHOE€ MHOXKECTBO PeIneHHH,
cpeau KOTOPhIX OyAyT M HEHYJIEBHIE.
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1.5. Pewenue cucrem nuHeiHbIX ypaBHEeHHH
METOAOM MATPHYHOIO HCYMCACHHUSA

BHOBBL paccMOTpPHMM CHCTEeMY JHHEHHBIX ypaBHe-
HMH, Y KOTOPOM 9HUCJI0O HEM3BECTHRIX 71 PABHO YHUCIY
YyPaBHEeHMH m. BBegeM B paccMOTpeHHKe MATPHUILY-
croJyben HeM3BeCTHRIX (MATPHULY, B COCTAB KOTOPOH
BXOZHWT JIMIIb OAMH CTOJIOEN)

/xl\
X9

Rl
I

] \ *n )

M MaTpHOy-cToJfen npaBbiX YacTen

(bl\
bo

\bn |

Torpa cucreMa JJMHEeHHBIX YPABHEHMIH MOXKeT ORITh
NpelCTaBJieHa B BUAe A - X = b, roe A — MaTpKIoa
CHCTEMHI.

Martpuna A~! BasmBaeTca o6paTHOI mO OTHOIIE-
HHMIO K KBaJApPaTHON MaTpHme A, €CJIH cOpaBeAJINBhI
cooTHomeBUsI A1 A=A -A1=FE,

O6paTHoi1 kK MaTpHALE A ABAAETCA TPAHCIOHHUPO-
BAHHAA MATPHIA ajredbpamyecKHX JOIOJHEHHUN MAT-
pHIbI A, feJIeEHLIX Ha ee onpeAeanTens |Al:

o
I
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A Ay Ay Ap
Al 4] |4 |4
Ajg Ay Az Aps
Al |a] |4 T Al
AT =|A;3 Apy Ay Ay
4] |4} |4 |4}
Aln A‘Zn A3n ﬂ
lAl Al |a] T |4

N3 npuBegeEHOr0 BHIIIE onpenejeHNsl odOpaTHasa
MATPHIA CYHIeCTBYeT TOJbKO Y MATPHII, ONpeAeIH-
TeJIb KOTOPhIX HEe PaBeH HYJ10. TakK#e MAaTPHUIH Ha-
3KIBAIOTCA HEBRIPOMKAeHHERIMM. MaTpunsl, onpeaesm-
TeJIb KOTOPhIX PaBeH HYJO, HA3KIBAIOTCH BhIPOZKAECH-
HBEIMH.

YMHOXHM CHCTEMY nnneﬁn_l_ﬂx YpaBHEeHHM, npea-
CTaBJICHHYIO B BUje A-X =b cineBa, HA Marpuny
Al

Al . a.x=41p
X = .

YuuTniBad, 94TO Al . A=-En E - X = X, noxyaum

x=A"lbp.

To ecTh ANA NOJYUEHHUS peIleHHs CHCTEeMBl JIH-
HeMHLIX YpaBHEHHMH HAJL0 MATpPHLY, OOpaTHYIO MaT-
pHIe CHCTEMB]l, YMHOXXHKTH CJIeBa HA MATPHUILY-CTOJI-
O6en mpaBBIX YacTeM.

IHpumep. PemnMM H3JOXKEHHBIM BhIIle METOAOM
CHCTEeMY JHHENHBIX YPABHEHHUN
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'3x1 + 2x2 + 2x3 =5

v -

le +3x2 +2x3 =1 .

szl +x2 +6x3 =11

Hangem mMarpuny, obparsEyo Marpume HaHHOM
CHCTEMHE] YPABHEHM N

(3 2 2)
A={2 3 2],
21 6

AJid 9ero BEadaJjie sbIviCJINM ée€ olipeaeJnTeJb, pas-
JIOKHB €0 IO 3JIEMeHTaM HepBOﬁ CTPOKHN:

4] =

3 2 2
2 3 2=3-'
21 6

3 2
1 6

2.4 2. 3
2 6 |2 1

=3-(18-2)-2-(12-4)+2-(2-6)=48-16 -8 =24,
Hanee BuUHCIMM anrebpamdecKre AONOJHEHHS
BCEX 3JIEMEHTOB MATPHKIEI peIIaeMON CHCTEMEI ypasB-

HeHUM:

3 2
A11= =18—2=16
1 6
2 2
2 6
2 3
Aiq = =2-6=-4
2 2

= — =-12+2=-10
Ay ll 6|
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A31=§ §=4—6=—2
A22=g §=18—4=14
A32-—2 §=—6+4=—2
A23.—_::: i=—3+4=1
A33=|2 :;l=9—4=5

Hcnosb3ys BHIIHMCIAECHHDBIE aJmeOpanyecKne JOmoJI-
HEeHH S, IOCTPOKM OOpPATHYIO MATPHUILY

A—l —

(16
24
8

Jlo 20
24 24
14 2

94
4

24 24
1 5

24

24 24

ITocse 3TOro onpenes MM MaTpHIy-cToJ6en Hen3-

BECTHLIX.

(16
24
8

_lo 20
24 24
14 2

(5 )
1

24
4

24 24|

1 5 11

24

24 24
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(12.5_1_(.).. _1.11W
24 24 24
__§_.5+.1_4.1_£.11
24 24 24
_i.5+_!_.1+i.11
. 24 24 24
(80-10-22) ( 48 )
24 24
-40+14-22| | 48
24 24
-20+1+ 55 36
\ 24 ) | 24

X1 =2, X9 =-2,x3=

3

1.6. Metop lNaycca

26

-2‘ .
HeobxoauM0 oTMEeTHUTH, 9TO JAHHKIM, METOHA MO-

’KeT GBITH MCHOJIb30BAH NPH peIleHMK CHCTEM JIH-
HEeMHLIX YPaBHEHMH, Y KOTOPDRIX YKCJIO YPAaBHEHHHK
PABHO YHCJy HEM3BEeCTHBRIX M OHNpeAeIUTe] b CHUCTe-
MBI He paBeH HYJIO.

\

2
-2

3
2

/

CiaenoBaTenbHO, pEeIIeHHUEM AAHHOM cCHCTEeMH 6y-
OYT 3HaYeHUS HEM3IBECTHBIX

PaccMOTpHM eme OAMH METOJ pelleHHsl CHCTEM
JIMHEHNHBIX YPABHEHU, KOTOPhIM MOKeT ORITh MCIIOJh-
30BAH OpHM peIIEeHUM JIOOOH CHCTEMHBI. JTOT METOJ
OCHOB&H HA HMCKJIOYEHMH HEHM3BECTHHIX M3 ypaBHe-



HAH ¥ OpHBEeAeHMIO CHCTEMEI K BUY, B KOTOPOM KaX-
nOoe YpaBHEHHE COACPXKUT JIKIIb ONHY HEM3BECTHYIO.
IIp MCKAIOYEeHNH HEH3BEeCTHBRIX M3 YPaBHEHHKM
MOXHO KCIOJIB30BATDH CIeAyIomue npeobpazoBasus,
KOTOpHIe ITO3BOJAIOT HmepeiTH K APYyroyl cucreMe
JINHEHHBIX YPaBHEHAH, 9KBUBAJICHTHON MCXOLHOM

1) MeHATHL MecTaMM JIOOBIe 1Ba YpaBHEHHS CHC-
T€MBbI;

2) yMHOXKAaTh J1000e ypaBHeHHE (TO €CTh BCE CJia-
raeMale, CTosAKe B JIeBON €ro 1acTH, U ero mpa-
BYIO 9YACTH) Ha JI000€e IH1CJI0, He PABHOE HYJIIO;

3) npubaBiaaTh (KM BRIYMTATH) K JIOO0OMY ypas-
HEHMIO CHCTEMHI J1iob6oe Jpyroe ypaBHEHHE 3TOM
K€ CHCTEMEI, YMHOXX€HHOEe Ha HEeKOTOPO€e YHCJIO.

PaccMOTpMM KOHKPETHBIH ONPHMMEDP M PeIlINM Me-

TogoMm I'aycca caeayomyio cicTeMy YPaBHEHHKM:

3x; + x5 —6x3 =-13
{2 —2x5 +3x3 =6 .

9x; —2x9 —x3 = 2

IloMeHsAeM MecTaMH IepBO€ M BTOpO€ YPABHEHHHA
JAaHHOM CHCTEeMbI, YTOOR KO3(xpHMIMEeHT OIPY HEeN3BECT-
HOM Xx; B I€PBOM YPABHEHMH CHCTEeMHI OhlJ paBeH 1.
OTO YIIPOCTHUT AajbHeHImNe npeobpasosanns.

rxl —2x2 +3x3 =6

v .

3x; + x5 —6x3 =-13.

9x1-—2x2—x3 =2

.

HcKii0uuM HEeN3BeCTHOE X; B3 BTOPOT'O M TpeThe-
ro ypasaeHHK#. [IJifg 3TOro BRIUYTEM K3 BTOPOI'O ypas-
HEHHS CHCTeMbl NepBO€ YypaBHEHHE, YMHOYKEHHOE
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Ha 3, 4 B3 TPETHhETrO YPABHEHHA — IepBOe YPaBHEHHe,
YMHOXeHHOe Ha 9:

rxl - 2x2 +3x3 =6
< Tx, -15x5 =31 .
| 16x, -28x3 = -52

PasgenurmM Tperbe ypaBHeHHE IIOJYUEHHON cHCTe-
MBI Ha 4:

(%, - 2x, +3x3=6
| Tx, -15x5=-31.
L 4x2 —7x3 =-13

Teneps caexyeT NCKIIIOYNTH HEM3BECTHOE X, U3 Tpe-
THEr0 YPABHEHUHA., ITO MOXKHO JOCTATOYHO JIErKO Cle-
J1aTh, €ClIX K03(p(PHINEeHT IIPH X, BO BTOPOM YypaB-
HeHHHN Oyzer paBeH 1. 3Toro MoxHO JOOMTHLCS, pas-
IeJIUB BTOpOe ypaBHeHMe cHueTeMbl Ha 7.-Ho B aToMm
cry4yae Ko3¢ppHUOueHT BTOPOro ypaBHEH!H NPU X4 B
ero nmpaBasl 4acThb OyAyT ABAATHCA APOOHBIMH YUC-

. 15 31
JJaMH (paBHBIMH COOTBETCTBEHHO — 2 M -———7— ).

YT1006R 136aBUTHCA OT HEOOXOAMMOCTH paboraTs ¢ Apod-
HBIMH YKCJIAMH, HOCTYIINM MHAa4Ye. BeruteM U3 BTOPO-
I'o ypPaBHEHUA TPeThe YPaBHEHHE, YMHOXXEHHOE Ha 2:

¢

X - 2x9 +3x3=6

1 —Xo9 —x3 = -5

L 4xy -Txg =-13

B peaynpTaTe mOJyYMM BO BTOPOM YDaBHEHHH

CHCTE€MBEI DX HEM3BECTHOM X, KO3ddHUINEeHT, pas-
HbI —1, KOTOpPHIA TOXe BHOJIHE YCTPOHMT.
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IIpn6aBMM K TpeThbeMy YPABHEHMIO HOJIYI€HHOH
CHCTEMHEl BTOpPO€ YpaBHEHNE, YMHOKEHHOE Ha 4:

x; - 2x, +3x3 =6
1 —x2 —x3 - —5 .
\ -1 1x3 = -33

HenuM Tperbe ypaBHeHUe Ha —11:

rxl - 2x2 +3x3 =6

< -X9 —X3=-93.

x3=3

“

IlosrygeHHEIA BHA CHCTEMEI IMHEAHLIX YPABHEHUH
Ha3hIBAETCHA TPEYTOJBbHEIM BHAOM. [Insa HEro xapax-
TE€PHO OTCYTCTBHE HEM3BECTHOrO X; BO BCE€X ypaBHe-
HHSAX CHCTEMBI, KpOMe N1ePBOro, OTCYTCTBHE HEU3BECT-
HOI'0 X, BO BCeX YPABHEHHAX CMCTEeMEI, KDOMe mep-
BOT'O ¥ BTOPOI'O, H TaK gajee.

HckimouaeM nepeMeHHOE X5 B3 IEePBOTO M B'roporo
ypaBEeBHi. [l1a aToro npn6aBuM KO BTOPOMY ypaB-
HEHMIO CHICTEMBI TPeThe YPaBHEHHE, 4 U3 NIEPBOIo ypas-
HEHH!S BLIUTEM TPeThe€ YPABHEHHE, YMHOXKEHHOE Ha 3

rxl - 2x2 - '—3
3 —xz =-2 .
L x3 =3

Tenepr AJA DOJIydeHMs peIneHNs CHCTeMbl HaJ0
UCKJIOYKUTH HEH3BECTHOE X, U3 NEePBOro YpaBHEHUS
cucrembl. IIpu6aBuM K mepBOMYy ypaBHEHMIO BTO-
poe ypaBHEHHe, YMHOXKEHHOe Fa —2, a 3aTeM YMHO-
YKKM BTOpO€ ypaBHeHHe Ha —1:
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rxl =1

4 X9 = 2
x3=3

PemmM eme ogny cucTeMy JIRHEHHBIX YPABHEHUI:
3%, +2x, -3x3 +x4 +bxy; =1

xl +3x2 —4x3 +5x4 —6x5 =2

2y —x9 t+x3 —4x4 +1llxy; =-1

ox; +x9 —2x3 -3x4 +16x; =0

IloMeHfseM MecTaMH IIepBOE€ U BTOpO€ YPABHEHHA
CHCTEMHI.

(x; +3xy —4x53 +5x; —6Hx5 =2

! 3x; +2x9 -3x3 +x4 +9x5 =1 .
2x; -x9 t+x3 -4x4 +1llxy =-1
9x; +x5 —2x3 -3x4 +16x5 =0

Hcrmodass HEU3BECTHOE X; M3 BTOPOrO, TPETHEro M
9eTBEPTOr0 YpaBHEHM CUCTEMBI, BRIYTEM M3 BTOPO-
I'o ypaBHEHMA NI€PBOE€ ypaBHEHME, YMHOXKEHHOe HA 3,
A3 TPEThEro YPABHEHUA CHCTEMEI — IIePBOE ypaBHe-
HHE, YMHOXKeHHOe Ha 2, H U3 4eTBepTOro ypaBHEeHU A
CHCTE€MBEI — IIePBOEe YPABHEHHE, YMHOXKEeHHOe Ha O:

(%, +3xo -4x3 +bx; —6x; =2

-Txy +9x3 -14x;4 +23x5; =-5
* ~Tx, +9x3 -14x; +28x; =-5
| -14x, +18x3 -28x; +46x; =0
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Teneps, 9TOOBI MCKIIOUMTHL HEU3BECTHOE X, M3
TPETHEr0 U YeTBEpPTOro YypaBHeHH CMCTEeMEI, He0O-
3aTeJbHO AOOHMBATHCA €AMHHAYHOro KoaddunoueHTa
OpA X, BO BTOPOM ypaBHeHUM. [lsia aToro pocra-
TOYHO M3 TPETHEI0 YPABHEHHM S BhIY€CTh BTOPOE ypaB-
HEHHE, a U3 YeTBepPTOro YpaBHEHUA CUCTEME] BhIYECTDh
Ba BTOPBIX YpPaBHEeHMA:

rxl +3x2 —4x3 +5x4 —6x5 =2
—7x2 +9x3 "‘14x4 +23x5 = -5
0x2 +0x3 —0x4 +0x5 =0 )
k 0x, +0x3 Ox, +0x5 =0
O‘IGBHJ.'[HO, 9TO ABaA NOCJEAJHAX YPABHEHHA CHUCTE-
MBI YAOBJIETBOPDAIOTCA IIDH JIOOBIX 3HAYEHHUAX BXO-

AAMMUX B HUX HeM3BeCTHBIX. IloaTOMy MX MOMKHO
MCKJIIOYUTh U3 CACTEMAI:
X, +3x9 —4x3 +9x4 Hx5 =2
—Txyg +9x3 -14x4 +23x5 =-5
IlosTydeHHBLIHA BHJ CHCTEMBI ABJIAETCA TPEYTOJIbHEIM.
O=H coaep)XHUT ABa YPAaBHEHHUA M IATH HEM3BECTHAIX.
Ilna penieEns CHCTEM YPaBHEHHMSA B TAKHX CJOyYafdX,
KOI'JIa TPEYTOJbHBIN BUJ MX COAEPXXHUT OobIle HEeN3-
BEeCTHBIX, YeM ypaBHEHMI1, BCe HEH3BECTHEIE JEJIATCH
Ha 0aszyMcHBIe H cBOGOAHBIE. Yucao 6a3MCHBIX HEH3-
BECTHBIX JOJI)KHO PAaBHATHCHA UYHCJY YPABHEHHM CHC-
TeMbl. [IpyemM B KadecTBe GA3MCHBIX MOYKHO BBHIOH-
paTh TAKHEe HEeN3BECTHhIe, KO(PPHIUEHTHI KOTOPhIX
o0pasyoT onpeAeMTeNb, OTIMIHLIN OT HyJ1a. Hampn-
Mep, B JAHHOM CJIy4ae B KauecTBe 0A3MCHBIX HEM3BECT-
HEIX MOYKHO BEIODATB X; U X,, TAK KAK OIpe/IeIMTeb
IOPH 3TNX HEU3BECTHLIX HE paBeH HYJIIO:
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=-7-0=-T#0.

1 3 .
0 -7
OcTtaBmmecsa cBOOOHBIe HEN3BECTHRLIE IEPEHOCAT-

CA B IIPaBYI0O 9aCTh YPABHEHHMH C NPOTHBOIOJIONK-
HBIM 3HAKOM:

x; +3xy =4x3 -bx4 +6x5 +2
~Txyg =-9x3 +14x, -23x5 -5
IlonydyeHHYI0 CHCTEMy pPeIIalOT OTHOCHTEJILHO 0a-

3UCHEIX HEPEMEHHBIX X, H X,.
PasnennM BTOpOe YpaBHEHHME CHCTEMBI HA —7:

(x;, +8xy =4x3 -5x; +6x5 +2

1 9 23 5.
X9 = —Xg —2x4 +—2x5 +=

\ 7 (f 7
Hckinogas HeM3BeCTHOE X, U3 OepBOro ypabHe-
HHs, BRIYUTAA B3 IEPBOTO YPABHEHHUA BTOPOE ypasB-
HEHHE CHCTEeMbl, YMHOXXEHHOe Ha 3, IOJIyYUM OKOH-

JaTeJbHOE pEeIIIeHNe.

rx —'.;l_ +x _..2_.Zx ._l

) 1 7 3 4 7 5 7.
X9 = gxa —2x4 +E§-x5 +§

\ 7 7 7

IlonyueHHOE pelieHENe Ha3bIBaeTca 00IIMM peilrre-
HHeM CHCTeMHl JTMHEWHBIX ypaBHEHHH.

B HeM cBOOOAHBIEe HEM3BECTHBIE X3, X4, X5 MOTYT
OPHUHEUMATH JIOOkIe 3HAYeHUA. IIpicBavuBas Hen3Be-
CTHBIM X3, X4, X5 KOHKPETHEIE YHCJIOBhLIe 3HAYEHHU A,
OyaeM moJsriydaTh pelmIeHHA AAHHON CHUCTEeMBl, KO-
TOpBI€ HA3LIBAIOTCA YacTHeIMM. Hanpumep, nonaras
xg=1,x,=-3, x5 =95, nonyun™
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1 27 1 1 21 135 1 156
x==-1-83-—-8-==—--—- _1__199
7 7 T T T 7 7 7
9 23 5
=2 1-2.(-3)+22.54+2
X9 7 (-3) -

~9 .42 115 5 1M

+—+ +— = .
T 7 T 7 7
Torpa 9acTHEIM pelIeHHMEM CHCTEMH GyaeTt
156 171

X1 =-——77—,x2 =T,x3=1,x4 =—3,x5 =9.

1.7. KomnnexcHbie uucna

KoMnjekCHEIM YMCJIOM HA3bIBAETCA BBIDA)KEHHUE
BUAAzZ =x + iy, rae x 1y — NEeHCTBUTEJIbHBIE YUCJIA,
i =+-1 — MEMMas exMHHMOA.

Yucnao x HA3BIBAETCA JEHCTBHTEALHON YaCTBHIO
yucaa 2 B obozravaerca Re(z), a uuciao y — MHH-
MOM 4aCThIO UYKcCJIa 2 U obo3Hauaerca Im(z), T.e.x =
Re(z), y = Im(2).

HeicTBHTENbHOE HYHUCJIO0 X SABJIAETCA YaCTHHIM
cIlydaeM KOMIUIEKCHOro 2z = x + iy opu y = 0.
KoMilekCHEBIE YHCJIA BHAA 2 = iy HA3BIBAIOTCH YHC-
TO MHMMBIMH.

I'eoMeTpHYeCKHM KOMILJIEKCHEBIE YMCJIa MOKHO UHTED-
IPEeTHPOBATh KAK TOYKHM KOMILIEKCHOM IJIOCKOCTH
(cMm. puc. 1).

Hapsaay ¢ nIpuBeZleHHBIM BBIIIE IIPEACTaBIEHHEM
KOMILJIEKCBBIX 4YHcen 2 = X + iy, KOTOpoe Ha3bIBAEeT-
cA ajnrebpanmyeckoy GopMoil KOMIJIEKCHOTO YKCA,
IPHMEHAETCH ellle 1 TPHroOHOMeTpHYecKasa gopmMma
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z=r(cos@ + isin @),

rage BeJiMYvHa r = \/ 12 + y2 Ha3blBaeTcCA MOAYJAEM

KOMILIEKCHOI'O 9UCJIa, & BeJUuYuHa ¢ = arctg ¥ _ ap-
x

rYMEHTOM KOMIIJIEKCHOTO YHKcja. APryMeHT KOMII-
JIEKCHOT'O YHMCJIA OmpeAeIsieTCA C TOYHOCTHIO JO CJia-
raemoro 2nk (B — moboe mesioe YHUCIO).

Yucna 2z = x + iy 1 2 = x — iy HA3BIBAIOTCA KOMII-
JIEKCHO COIIPAKEHHBIMH.

IIBa KOMIIIEKCHBIX Yucaa B arebpanueckon ¢op-
MezZ; =2 tiy,uz2,= 23 + iy, cCUNTAIOTCHA PABHEI-
MM, €CJIM PABHBI MX JeHCTBHTEJbHbIE ¥ MHHMBEIE
4acTH, T.e. 2; = 2,, ecan Re(z,) = Re(z,), Im(z,) =
= Im(z2,).

IIBa KOMIIIEKCHBIX YHCJIA B TPHTOHOMETPHIECKOM
¢dopMe CIHMTAIOTCA PABHBIMM, €CJIM PABHEI MX MOAYJIH,
a apryMeHThI OTJINYAIOTCA HA BeJUIURBRY 2ntk (B —
moboe mesroe IKCI0).

Ecau Z =rj(cos¢, +ising,)
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41 29 = ry(cos Py +isin @y),
TO M3 2y = 2, CIeAYeT I'y =Ty K ¢ — @y = 27k,

1.8. Onepauun Haa KOMNNEKCHBLIMH
YMCNaAMH

CyMMOI1l KOMIOJIEKCHBIX YHCEJI HA3BIBAETCA KOM-
IJIEKCHOE YMCJIO, AEMCTBHTENbHAA YaCTh KOTOPOTO
paBHa CyMMe AeHCTBMTE/JIbHBIX YacTeil, a MEAMASA
YacTh PABHA CYMM€ MHMMAIX YaCTeH CYMMHMPYEMBIX
KOMILJIEKCHRIX 9HCeJI.

3HAYHT, €CIH 2y = :f::1 + iy, u 25 = x5 + iy,, TO
2y +25=(x; +x,) +i(y; +y,)

ITpumep. lanbl ABA KOMIUIEKCHBIX YMCNA 2, =3 + 5i
M 2,=-1+7i. Torpa z; +2, =2 + 12i.

AranornyssiM 00pa3oM ompeaensieTca Pa3HOCTDH
KOMILIEKCHBIX YMCeJ

2] —29 =(x; —x9) +i(y; — Yo).

IlepeMHOMXKEHME ABYX KOMILJIEKCHBIX YHMCEJ BBIIOJI-

HAETCA C IOMOIMBIO OOLIYHOTO « PACKPBITHA CKOOOK »

C IIOCJIEAYIOIMMM BhlJieIEHUEM BeIIeCTBEHHOM ¥ MHM-
MO# yacTeil (Ipy 3TOM CIexyeT y4ecTh, UTO i, = —1):

2] 29 = (xl + lyl )(x2 + ly2) = X1X9 + ix1y2 +

+ixgly +i%yys = (0125 — Y1yp) + i(x1Yp + XpUy) -

IIpumep. Ilyets 2y =1 — 3i 1 2, = § + i. Torga
21 2p=(1-3i)b+i)=5+i-15i-3i° =8-14i .
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IIlpn ZesneHEMHM KOMIIJIEKCHBIX YMCEJ pe3yJbTaT
IPeACTABJAIOT B BHAe ApoOH, ITOCJEe Yero YHCIATENb
M 3HAMEHATEJb 3TON ApPOOH YMHOXKAIOT HA YHCJO,
KOMILJIEKCHO CONIPSAXXeHHOe 3HAMEHATENIO:

2 _x +iy _ (% +iy Nxp —iys) _

29 X9 tiyg (x9 +iysNxe —iys)
_ X% t Yy +i(xoy — *1Y9) _
x5 + ¥
_ %1%t hYo ;2% ~ XY
x5 + U3 x5 + ¥
ITpumep. laHK KOMILIEKCHEIE UNCNa 2, =3 +i |
2o = -1 + 5i. Torna
zy  3+i _ (B+iN-1-5i) _
2, -1+5i (-1+5i(-1-5i)
_—3-15i-i+5 _2-16i 1 .8

1+25 26 13 13 -

IIpu Bo3BeIeHUHM KOMIIJIEKCHOTO YMCJIa B CTEIeHb
OHO IpPEACTABJAETCH B TPUroHOMeTpHUecKoii dop-
Me, IIOCJIe Yero MOAYJb KOMIIJIEKCHOI'O YHCJIa BO3BO-
OUTCA B 3Ty CTEIEeHbL, & APIryMEHT YMHOXXAETCA Ha
3Ty CTEleHb:

z2=r(cos@+isin @), 2" = r(cos ny +isin ne).

ITpumep. Bo3BeaeM B TPEThIO CTEHEHBb YHCJO
2 = 5 + 5i. Moayxas 3Toro uucjia paBeH

r=+52+52 =50 = 52,

5 T
a aprymeHrT @ = arctg 5 = arctgl = e
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TpuromomMeTpuueckasa ¢popmMa yucaa MMeeT BUJ
14 . T
z2= 5~/§(cosz+ ismz) .

Torpa 2% = (5\/5)3 (cos %E + i sin %E) =

= 250J§(—g+ iiz_z—]= -250 + 250i.

IIna u3BAeUeHUA U3 KOMINEKCHOI'O YUCJIa KOPHSA
n-M CTEeleHM ero Takxe NPeACTABIAIOT B TPHUI'OHO-
Merpudeckou gopme 2 = r(cos ¢ + i sin @), yuursisas,
YTO APr'yMEHT OIIpeAeIAeTCA C TOUYHOCTHIO A0 cJjara-
eMoro Bufa 2nk

2 = r(cos(@ + 2nk) + i sin(¢@ + 2nk))

M OJIA NOJIYyYeHHMA pe3yJIbTaTa W HaxogaT apudme-
THYEeCKMH KOPEHb nN-i CTeIIeH! U3 ero MOOyJfA, a €ro
aprymesT Aeantcsa Ha n. OKOHYaTEeNbHO IOJyUYaeM
n pasjINyHLIX 3HAYCHHUM AJIA KOPDHA N-# CTEIeHN K3
KOMIIJIEKCHOT'O YHCaAa:

(

w1=('/; cos-(£+isin-(£]
\ n n
(

w2=§‘/; cos(p+2n+isin(p+2n)
\ n n
(

w3=§7; cos‘p+4n+isin(p+4n]
\ n n

w, =§5’r_~(cos(p+2nrfn—1)+isin(p+27;fn_l))
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2. AHAIUTHYECKAA F'EOMETPHA

2.1. YpasHeHHA NPAMOH HA NNOCKOCTH

4

g
X

Prc. 2

YpaBHeHNE IPAMOM C YIJIOBBIM KO3(bHOKEHTOM
y=kx+b, rge k=tgo — TaHreHC yria HaKJIOHA
npamoil kK ocu OX, b — anueA OTpe3Ka, OTCeKaeMo-
ro npamMoil ot ocu OY, B3AaTas co 3HAKOM ILTIOC, €CJIH
OTPe30K pacnoaoxkeH Buimre ocu OX, B co 3HAKOM
MMHYC B IPDOTHBHOM CJIydae.

YpaBHEeHEHE IPAMON C YIJIOBHRIM K03(hdHIHueHTOM
MOYKHO OPENCTAaBUTh MHAUE B BUJE

Y=Y, =k(x-x),
TAe Xg, Yy — KOOPAMHATHI TOYKH, JieKammen Ha JaH-
HOW IIpAMOM.
YpaBHEeHNe IPAMOM, NPOXOoLAmeR depe3 ABe 3a-
AaEHbIE TOURA M,(x,, Y¥,) 1 M,(x,, Y,):
X~ _Y¥Y—Whn
Xo—X1 Y2~ U
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ITIapaMeTpHuyecKOe YypPaBHEHHE NIPAMON
{x =mt + x,

y=nt+y ’
rae P =(m;n) — HanpaBasoomuii BekTOp; M o(X0»
Yo) — TOUKA, JieXKamas Ha IPAMOM.

IlycTh M3BECTHBI YPABHEHMSA ABYX IEepPeCeKalomuXx-
CA NPAMBEIX Yy = B;x + b; M y = kyx + b,. Torpa
OCTDBIIl YTOJ () MEXAY YKa3aHHLEIMH IIPAMBIMH OII-
pelensaeTca U3 COOTHOINEHUA

ky — Ry
1+kky

Ecau npsaMele mapaJjjieJIbHEI, TO HX YTJIOBBIE KO-
3¢pdpunreHTH paBHH kB, = &,.

tge =

1
Ecnn npaMeie nepnesguKyJAAPHEL, TO By = ——.

ky

O6mee ypaBHeHHe npamoit Ax + By + C = 0.
Ecau B # 0, To ypaBHeHHe JHMHHHM MOXXeT OBITh

IIpefiCTABJIEHO KAK YPaBHEHHeE C YIJIOBRIM K03ddH-

A C
n,nem'omy=—§x——.

B
EciruB=0,a A # 0, To ypaBEHeEMe IpAMOii Tpr06-

C
peTraer BUA x = — e JTO0 IpAMAas, HapajUlejibHas OCH

OY m orcTosamas OT Hee Ha ¢ eIMHNL, BJIEBO NPH

C C
" > 0 ¥ Ha CTOJIBKO K€ €IUHMI BIIPABO IIPH Z <0.
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Ecin B# 0, aA =0, ypaBHeHHe IPeACTABUMO B

BUAE y = —%. B maHHOM cirydae mpAMas mnapaj-
C.
JeaxpHa ocu OX M OTCTOUT OT Hee Ha E eIUHUIL.

Ilpnuem npsamasa npoxoauT Beime ocH OX, ecan

_Q < 0, n auxe ocu OX, ecan % > 0.

IlycTh 3agaHO ypaBHEHHE OpAMO B 00mieM Buje
Ax + By + C: =0,n R?opnnnafm TOUKU M (x4, Yy)>
He Jie)kammel Ha 3Tol nmpamoi. Torga paccrosHue
OT YKa3aHHOM TOYKHU A0 HJAHHOH NPAMOH onpenesf-
eTcs 0o popmye

d=|Ax0 + By, +C| .
\/A2+B2

2.2. Kpusbie BTOpPOro nopaaxa

O6miee ypaBHEHME KPUBRIX BTOPOTO IOPAAKA UMEET
BUE Ax> +B.1cy+Cy2 +Dx+ Ey+ F =0.

JNIHUIIC

AJIJIUTICOM HA3BIBAETCA MHOYXECTBO TOYEK IJIOC-
KOCTH, CYMMAa PaCCTOAHHM OT KaXXJAOM M3 KOTOPHIX
OO ABYX 3aJlaHHKIX, Ha3hiBaeMhIX (HoOKycaMu, eCTh
BeJIMYMHA MIOCTOAHHASA.

2 2

YpaBHEHHe 3JIKIICA x2 Iy 5 = 1. Toukn F(—c; 0)
a b
u Fy(c; 0) — poxychl asanmnca.
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2a

-

2b
Puc. 3

BesuuyuHE a B b HA3BLIBAIOTCHA, COOTBETCTBEHHO,
0O0JBIIION ¥ MAJIOH IIOJYOCHIO 3JIINIICA.

CooTHOmEHME |F1M | + |F2M | = 2a BBIIOJIHAETCH AJISA

mo60it Touku M anannca, b? = ¢2 - a2.

C b>
Besunuyunsa € = — = ,{1 - — Ha3bnIBaeTCHa 3KCIEHT-
a a2
PHUCHUTETOM 3JJJINNCA. JKCIOEHTPUCHTET XapaKTepH-
3yeT CTENEeHb CIKATHUA HJAM PACTHMKEHHUSA 3DIAHNICA
BA0Jb ocu OY. YeM MeHbIIEe 3KCIIEHTPUCHUTET, TEM
JIIuIc 6oJsiee BLITAHYT BAOJb ocu OY.
Ilonaras a = b, noJIyduM ypaBHEHHE OKPY>KHOCTH
paguyca a: x2 + y® = a.
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I'mnep6oaa

I'mnepboJio¥ Ha3bIBaAETCA MHOXKECTBO TOUYEK IIJIOC-
KOCTH, NJIA KAXKAOM N3 KOTOPLIX PA3HOCTH PACCTOA-
HUM 0 ABYX TOYEK, HA3LIBaE€MbIX (GOKYyCcaMH, eCTh
BeJIMUYNHA IIOCTOSTHHASA.

Puec. 4

x2 y2
YpaBHeHne runepboJIni - =1. Pokychl

2 2
a ,
runepOoInl pacrnonaraloTca B Toukax F,(—c¢; 0) u
Fo(c; 0), b2 = ¢% - a2.

CooTHOmeHHeE ”FlM |- |FpM || = 2q BRINOJHAETCH

JIAa J1I000M TOukKu M 3j1unca.

b b

IlpaMule y = —x B y = —— x, H300paKEeHHEIE Ha
a a

pUCYHKe DIYHKTHDHOI JUHUEel, K KOTOPhIM Npubin-

JKaeTcd runepdosia mo Mepe yAaJleHHMA OT Havaja
KOOPANHAT, Ha3hIBAIOTCA ACMMITOTAMHK rnepOoJIkI.
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C b?
BesnuuBHa € = — = |1 + —5 HA3LIBAETCHA SKCIEHT-
a a
PHCHTETOM I'HnepooJibl. OKCIEHTPUCUTET XapaKTe-
PH3YeT CTeNeHb CIKATUA HJIHA PacTaKeHUA runepbo-

NI BAOJBL ocu OY.

IIapa6oaa

Ilapa6oJsioi1 Ha3kIBaeTCA MHOYXECTBO TO4YeK ILIOC-
KOCTH, OAUHAKOBO yAaJICHHEIX OT 38JaHHOMI NPSAMOM,
Ha3bIBaeMOM JUPEKTPHUCOM, B OT JAHHOM TOYKH, Ha-
3bIBaeMoOil POKycOoM.

y A
K M
> =2
P/2
Prc. 5

Ypasuenune napabosnl y2 = 2px, rae p — mnapa-
MeTp napaboJibl.

Poxyc napaboJIkl pacluoJIOMEH B ToUKe F ( g; 0),

YPaBHEHNE JUPEKTPHUCH X = — _321
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Hna moboit Touknm M napabosibl BBIIOJHAETCA
cootromernue |KM|=|MF| .

2.3. BextopHoe ucuncneHme

BeKTOpOM Ha3hIBAETCA HAIIPABJIEHHBIN OTPE30K
WY YIOPALOYEHHAA COBOKYIHOCTB ABYX TOYEK.

B O6o3unauaerca AB uam

OAHOM OVKBOM JIATHHCKO-

ro andasura a. [gmHa oT-

A pes3Ka Ha3bhIBaeTCA AJIMHOM
WJIH MOAYJIEM BEKTOpA.

IIBa BeKTOpa Ha3LIBAIOTCA KOJJIMHEAPHBIMY, €CJIH
OHH JIEXKAT Ha NapaJijleJbHbBIX NPAMBIX HJIHN HaA Of-
HOM IIpAMOMN.

IIBa BeKTOpa Ha3BIBAIOTCA PaBHBIMH, €CJIH OHH
KOJUIMHEAPHBI, KX AJNHBI PABHBI 1 OB HAIIPABJIEHBI
B OJHY U Ty X€ CTOPOHY.

IIpoexnueit BekTopa AB Ha ock U Ha3mIBaeTCH
IJINHA OTPE3Ka 3TOM OCH, PACIOJIOKEHHOI'0 MEXKIY
TOYKaMHU A, U B;, KOTOphie ABJIAIOTCA OIPOEKIUAMHU
Ha JAHHYIO 0OCh TO4eK A n B.

Ecson manpasyesune orpeska A, B, coBnazsaer ¢ Ha-
paBJIEeHHEM OCH U, TO IPOEKNHAA CUUTAETCA IOJIO-
JXUTENILHON, B IPOTUBHOM CJIydae NpPoeKnnA CUUTA-
eTCA OTPUIATeJIBHON.

IIpoeknuu BeKTOpa Ha OCH KOOPAHHAT HA3KIBAIOT-
cA ero KoopaAuHATAaMHK. BeKTOp 0AHO3HAYHO onpezne-
JisieTCs CBOMMM KOODAMHATAMM @ = (a,; a,; a,). Bee-
AeM eAUHHYHbIe BEKTOpa i, 1, k, Hanpannennme
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BIOJIb OCeil KOOpAUHAT (BeKTOp i HampasjeH BAOJb
ocu OX, BeKTOp j HanpasJieH BAOJBL ocu OY, BeKTOD
k HamnpasJieH BAOJb ocHu OZ).

Torna BexTOp @ =(a,; a,; a,) MOXHO IpexcTa-

BUTH B BUAE 4 = a,i +a,j + a,k.

2.4. Onepauyuu Hap BexTOpaMM

CyMMO#1 ABYX BEKTOPOB a U b Ha3KIBaeTCA BeK-
TOp @ + b, HAYAJI0 KOTOPOTO COBMEIEHO C HAYaJIoM
BEKTOpPa a, & KOHeN —
C KOHIOOM BeKTOpa b,
€CJIX KOHell BEeKTopa a
COBMENIEH C HAYAJIOM
- BeKTOpa b.
a+b Ilpu cioxeBEuH Bek-
TOPOB HX COOTBETCTBYIOIINE KOOPAMHATHI CKJIAZbIBA-
oTcd. Ecin umeem aBa BekTopa @ =(a,;a,;a;) n
b =(b,;b,;b,), T0o BeKTOp € =4+ b Oyner umers
KoopauHaTtH ¢ =(a, +b,; a, +b,a, +b,).

Ceolicmea onepayuu cnoxenus 6eKmopos:

l.a+b=>b+a. _

2. a+(b+c)=(@+b)+c.

3. CymectByer BekTop 0 (HYJB BEeKTOp), KOTO-
puid, Oyayun npubaBjleHHHIM K JIOOOMY APyromy
BEKTOpY, He MeHAeT ero a + 0 = a.

4. [Ina Ka)XA0r0 BEKTOpPa 4 CYHOIeCTBYeT BEKTOP
—d, Ha3hIBaeMhifl IPOTHUBOMNOJIOYKHBIM, TAaKOM, YTO
a+(-a)=0.
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IIpor3BeneHNeM BEeKTOpPa d Ha YHCJO k HashiBa-
eTcst BeKTOp kd, HJMHA KOoToporo B |k| pa3 6oJsbime
IJINHBI BeKTOpa @, & HampaBJeHHe COBHOAAAeT C
BHaopaBJIeHUEM BeKTOpa a, eciiu B > 0 u mpo-
THBOIOJIOKHO HANPABJIEHUIO BEKTOpa d B IPOTHB-
HOM cJiydae.

I[Ipn yMHOKeHMM BeKTOpa & = (a,; a,;a,) Ha umc-
N0 k KaXxgasi ero KOOPDANHATA YMHOMXKAETCA Ha K

ka = (ka; ka,; ka,).

Ceolicmeo onepayuu ymHoxmeHus eexmopa Ha
Yucno:

1. k(na) = (kn)a, k u» n — 4ucaa.

2. k(d+b)=kd+kb.

3. (k+n)a=Fkd+na, kun— qgucia.

4. 1d = a.

CxajnapHRIM NpON3BeJeHNEM BEKTOpA &=(ax;ay;az)
Ha BeKTOp b = (b,;b,;b,) BasnBaerca wmucao a- b,

PaBHOE MPOU3BEAECHUIO MOAYJIEil ITUX BEKTOPOB HA
KOCHHYC yIJia (¢ MEKAY HUMM.
@-b=|al-lb|cose,

a-b=a.b, +a,b, +ab,.

Ceéoticmea cxanaprozo npou3éedenun 6eKxmopos:

— -

1. a-b=»>-a.

2. kd-b =k(&-5) , R — HeKoTOopoe YHCJIO.

3. a-(b+é)=ad-b+a-¢.

4. G-d20, npnueM @ -d = 0, TonbKO ecau @ = 0.
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Modynv éexmopa u ezo céoticmeéa
Monynb BEKTOpa a = (a,; a,; a,)

|&|=ﬂ=Ja§+a§+a§ :

. |@| 2 0, npuuen |G| = 0, Toabko ecxtu @ = 0.
kal = k|d|.
a-b|<|al-|b|.
a +b| <|a| +b]-
_Yro.u ¢ mMmexny BekTOpamMu a = (a,; a,; a,) u
b =(b,; by; b,) onpeaesAeTcA IO dopmyie

a,b, +a,b, +a,b

-

cos @ =

2 2 2 |2 2 ,2°
ax+ay+aszx+by+bz

IIBa BeKTOpaA OYAYT OPTOrOHAJIBHEI, €CJIM X CKa-
JIAPHOE NPON3BEeJeHNEe PABHO HYJIIO.

2.5. Nnockoctey

IIycth BekTop N(A; B: C) — BEKTOp HOPMAJTH K
paccMaTpABaeMON IJIOCKOCTH (mepHneHANKYJISApEH
AAHHOM ILIOCKOCTH), & M (Xy, Yq, Z9) — TOUKA, JIEHKA-
mada Ha 3TOM NJOCKOCTH.

Toraga ypaBHeHuMe IJIOCKOCTH OyZneT MMeTh BUJ

A(x —xg) + B(y — yp) + C(z2 — 29) = 0.
O6mn# BUA ypaBHEHUSA IJIOCKOCTH
Ax+By+Cz+D=0,
rae A, B, C — KoOpaAMHATREI BEKTOPA HODMAJIH.
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®
MO

Ecan gasnl ypaBHeHHMS ABYX ILIOCKOCTEH
Aix+Biy+Cz+D; =0
n Ax+ By+Coz+ D, =0,
TO yroJ ¢ MeXJAy 3TMMH ILTOCKOCTSIMH ONpeneJs-
IOT U3 COOTHOIIEHUA

A4, + BBy + GG

\/A1 +B1 JAZ +32 +C2
IlagHEBIEe IIOCKOCTH OYAYT mapaJuiejibHbI, €CJIN

cos @ =

JlaHHEIe II0CKOCTH OyayT mepneHIHUKYJISAPHHI,
ecan AA, + BB, + C,C, = 0.

ECJIH 3anano ypaBHeHne nuockocTn Ax + By +
+ Cz + D = 0 u xoopausaTsl TOUKH M (X4, Yo, 2¢)» HE
Jie)xameil Ha IJIOCKOCTH, TO paccToAHMe d OT HaH-
HOM TOYKH A0 YKa3aHHOH IJIOCKOCTH OnpeaeAeTCH
dopmyton
|A%+B%+C%+D|

s/A2 + B% + C2
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2.6. MNpaman B npocTpaHcTBe

KaHnoHHYecKOoe ypaBHEHHNE IPAMOM:
X—X9 Y—-Yo 2-2
m n 1’
rae My(x,, Yg» 2p) — TOUKA, JIEKAINAS HA ITOM OpA-
MO#M, p(m; n; |) — HaNpaBJAIOINI BEKTOD IPAMOI1.
YpaBHeHNE IIPAMOI, IPOXOAANIel depe3 ABe 3a-
RaBHBIe TOUKU My(Xy, Yo 2¢) B M (x4, Yy, 2¢):

x-‘xo _ y"'yo _ Z"'ZO

Xy —X9 Y1~- Yo 21— 2

IlapameTpuYecKkoe ypaBHEHHE
= NIpAMON B IPOCTPAHCTBE:

p
—v x = mt + x,

\y=nt+yy -
z=1t+2
BekTopHOE ypaBHEHHE IPAMON B IPOCTPaHCTBE:
F - FO - tp,
rie r — paguyc-BEeKTOP TEKYIIEH TOYKHU NPAMOH
M(x, y, 2), 79 — paguyC-BeKTOD TOYKH IPAMOMH

My(xqs Yg» 29)» ¢ — mapamMeTp, KAXKAOMY 3HAYEHHIO
KOTOPOI'0 COOTBETCTBYET HEKOTOpPAaA TOYKA NPAMOM
(o0 < t < +00).
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IIycTh 3ajaHEl KAHOHAYECKHME YPABHEHHMA ABYX
IepeceKalomMXxca NPpAMBIX

X% _Y-"h_2-3
m n h
x—x2=y—y2=z—22.
my ny b

Toraa yroy ¢ MeXXIay 3TUMH OPAMBIMHY OIIpe/iesd-
eTCs M3 COOTHOIIEeHHUA

mms +mny + L

i +n? 4 g +nd + B

IIpamMeie OyayT mapasuiesibHBI, €CJIH

5§

cos (P =

I

m_h
ng b

S5

IIpAaMEIe 6yAYT NepnesANKYJIAPHLI,

mymy + mny + 4y =0.
IlycTe 3azjaHBl YPABHEHMSA NJIOCKOCTH Ax + By +
+ Cz + D=0 1 xaHOHMYECKOE YPABHEHME IPAMOM

X — xO _ 7 Yo _
m n
MOM M ILIOCKOCTBIO OnpeieIAeTCA U3 COOTHOIIEHUA

Am + Bn + Cl

sin ¢ = .
:/Az + B2 +02_\/-m2 +n? +12

Ecm BpmosmHsAeTca coorHOmeRue Am + Bn +Cl=0,
TO OpAMAasA NapajjejbHa ILNIOCKOCTH.

Ecsn BRIDOMHAETCA COOTHOIIICHHE A =" = ¢ » TO
n

m
IpAMAasA DepOeHANKYIAPHA ILIOCKOCTH.
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3. BBEAEHHE
B MATEMATUUMECKHUU AHANUI

I'oBopAT, uTO HA MHOKecTBe X 3amaHa OyBRKUMA
Y, ¢ 06sacThIO0 n3aMeHeBRNA Y (y € Y), ecan 3aaaH 3a-
KOH HUJIM NPaBHJIO, IO KOTOPOMY KaXXJAOMY UNCIY X
13 MHOXKecTBa X (¥ € X) cTaBHTCA B COOTBETCTBHE
ompefeJIieHHOe YUCJIO iy U3 MHOXKeCTBA Y.

M=uoxxecTBo X Ha3nIBaeTc 00JacThIO ompezeJie-
HUA QyHKOHUH, X — He3aBUCHUMAafa nepeMeHHada (ap-
I'yMEHT).

Tor dbakT, 4TO 3aBHCHMAaA NepeMeHHAS Y ABJIAECT-
ca PyHKOMEH He3aBHCHMMOM IepeMeHHOoOH x, 0003Ha-
yaeTca KakK y = y(x).

I'padukoM PyHKIMM HA3BIBAETCA MHOXKECTBO
TOYEeK KOOPAMHATHOM HJOCKOCTH C KOOPAMHATAMM
(%, Y(x)).

Ilycts 3agaHa yaxuua y = y(u), ¢ obaactsio on-
peneneBusa uc U u ob61acThio U3BMEHEHUS YE Y M
dyHKUHA U = @ (X), C 00sacThIO onpefiesieENa x € X
1 obaacteio uamMeHesusa U. Toraa kaxaomMy x € X
MOYXHO HOOCTABHUTL B COOTBETCTBHE OIpeAesIeHHOe
YUCJIO Y M3 MHOXKECTBA Y mO 3aKOHY U = y(@(x)).
B aToM ciryuae roBopfiT, UTO Ha MHOXKecTBe X ompe-
AeJIeHa CJHOoXHaA (PYHKUMA (MIM cynepmno3unusda
byrrumni y = y(u) n u = @(x)) ¥ = y(¢(x)) (To ects
dbyBKUIUA, Y KOTOPOM aprymMeHTOM SfiIBIAeTcs APY-
rafg QyEKLIUA).

IIpumep. Mlyets y=+vu+5,a u=@x)=cosx.
Toraa mMOJYYMM CJIOKHYIO QYHKUMIO y = /cos+ 5.
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Ilyets Ha MHOXKecTBe X omnpefie/ieHA HEKOTOpas
dbyrknusa y = f(x) ¢ obnacteio nuaMereEusa Y. Ecan
KaXXJOMy 3HAYEHHUIO Yy € Y MOXXHO IIOCTABHUTH B CO-
OTBETCTBHE eIHHCTBEHHOE 3HAUYEeHHne X € X, TO roBoO-
PAT, YTO HA MHOXecTBe Y omnpeneneHa PyHKUHA
x =f1(y) c o6nacTeio n3Mererna X, KOTOpad HA3LIBA-
eTcAa oOpaTHOI o OTHOMIEHMIO K QyHKOUM Y = f(x).

Ilpumep. PyBKIMA Y = sSin X, onpezeeHHAA Ha

y
MHOYKECTBe _E;E , AMeeT oOpaTHYI0 QyHKIHIO
X = arcsin y, onpezeseHHYI0O Ha MHOKecTBe [—1; 1].

OyRKUUA f(x) Ha3EIBAETCHA OrPaHMYEHHOM HA He-
KOTOPOM MHOXXecTBe X, eCJHM CYIIeCTBYeT TaKoe

yncyo M, uro gisa Bcex x € X copaBeaJIMBO COOTHO-
Imesue |f(x)| <M

3.1. Npeagen pyHxuun

IeapTa-okpecrHoctbio Us(a) TOUKM a HA3LIBaeT-
cs MHOKECTBO TOYEK X, YAOBJIETBOPAIOIUX HEpa-
BEHCTBY |X — a| <3 muH, 4TO TO JKe camoe,

a-8<x<a+d,06>0.

HpyrumMu croBamMm, 3TO MHOYKECTBO TOYEK, YAAJIEeH-
HBIX OT TOUKM a Ha pacCTOSHHEe MeHbllee, 9eM J.

Touka a Ha3hIBAETCSA NpeAeJbHON TOUKOM MHOMKe-
cTBa X, ecyIH B Ji1000ii ee AeJbTa-OKPECTHOCTH Ug(a)
COZEePXHUTCA O6eCKOHEUHOEe MHOXXECTBO TOYEK H3 X.

ITycTs HA HEeKOTOPQM MHOXKecTBe X omnpejeJieHa
dbyrKIHA f(X) 1 TOUKA @ ABJAETCSA NpeAeIbHON TOY-
KOl MHOXecTBa X.
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Onpenenenne. I'oBopAT, uto dyakuua f(x) nme-
eT mpejen, paBHBIA A, OpH X, CTpeMANNEMCH K a
(x — a), ecan auda a0060ro CKOJIL YrOAHO MAJIoro mo-
JIOXKHUTEJIBHOTO YHMCJIa € HAMIETCA TAKO0e MOJ0XKUTEJb-
HOe YKCJIO §, 4To HepaBeHCTBO |f(x) — A| < € Byzger
BBIIOTHATHCHA, KAK TOJLKO |x — a] < &

lim f(x)=A.

x—a
N3 onpeaenenna ciaeayer, UTO Opeaes NOCTOAH-
HO¥ BeJIMUYMNHEI paBeH CaMOH BeJIMdHHEe
lim C =C.
x—a
HUBHorna npuxoauMTca pacCMATPHBATL Ipeiesihl,
KOorjaa mepeMeHHast X CTpeMHTcS K OeCKOHEeUHOCTH
(x — =), T.e. IPUHUMAEET CKOJb YTOAHO OOIbIINE IO-
JIOYKUTEJbHBIE IIH CKOJIb YTOAHO OOoIbInNAEe IO MOAY-
JIIO OTpHIlaTe/IbHEIE 3HAYeHUA. B aTOM ciryuae onpe-
deJIeHUe IpeAesa HECKOJIbKO U3MEHHTCH.

Onpeneaenne. I'oBopAT, 9T0 PYHKIMUA f(X) HMeeT
npejAes, paBHBIIH A, P X, CTPEMSAIIEMCH K °°, €CJH
IJs JI00ro CKOJb YroAHO MAJIOrO MOJOXHUTENBHO-
ro 9ucja € HaWJeTcA TAKOe HOJIOMKUTENIbHOe YHCJIIO

N > 0, uto HepaBeHcTBO [f(x) — A| < € GyaeT BrImOJI-

HATHCA, KAK TOJBKO |x| > N:
lim f(x)= A.
X —oo
PyEKnua 0(x) Ha3piBaeTca 0ECKOHEUHO MAaJioi

opu x — a, ecam lim o(x) = 0.
xX—a
To ecTh 6eCKOHEUHO MaJjias BeJIMYNHA — ITO TAKad

BEJIMYNHA, KOTOpad B Oponecce CBOEro M3IMEHCeHHNA
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MOJKeT MPHHMMATBH CKOJIb YIOJHO MAJIhIe 3HAYEHNA.
I'oBOpsA, YTO HEKOTOpAaA BEJIMYMHA ABJISETCA OeCKOHeU-
HO MaJIOH, HAJI0 YKAa3bIBaATh, K UeMYy IIPH 3TOM JOJI>KeH
CTPEMMTHECA ee aprymMeHT x. Hampumep, BenumHA
o(x) = sin(x) Oyzer Geckoneurno maioi npu x — 0

(1im sin x = 0), HO 3Ta BeJIMuMHA He OyzeT GecCKoHed-
x—0

- n . .
HO M&JIOK OpH X — 3 TakK Kak lim sin x =1.

T
x——
2

3.2. Teopemnl 0 6eCKOHEYHO ManbixX

Teopema 1. KoreuHnas cyMmMma 6eCKOHEUHO MaJIbIX
BEeJIMYUH €CTh BeJIMYUHA 6eCKOHReYHO MaJjad.

Teopema 2. IIlpou3BegeHHe 6eCKOHEUYHO MAJIBIX
BEeJIMYMH €CTh BeJINUYHHA OECKOHeYHO MaJias.

Teopema 3. IIpousBeseENe 6eCKOHEYHO MAJIBIX
BE€JIMYUH HA OrPAHNYEHHYIO QYHKIHIO €CTh BeJIN9H-
Ha 6eCKOHeYHO MaJjiaf.

3.3. Teopemni 0 npepenax

Teopema 1. IIpenen anre6panuecKkoit cyMMbI QPyHK-
UM, UMEIoONIMX Opeses, PABEH TAKOH 3Ke CyYMMe Ipe-
AenoB 3TNX PYHKIMIA:

lim(f(x) £ g(x)) = lim f(x) £ lim g(x).

x—a x—a x—a

Teopema 2. IIpenen nponssenenusa GyRKnuin, ume-
IOIUX Npejel, PaBeH IPpOM3BeAeHHUIO IPeAeJIOB 3THX
[1)72:8:91070% 8

lim f(x)-g(x) = lim f(x)- lim g(x).

X—a X—a Xx—a
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Caedcmaue. I11ocTOSHEBIN MBOXXHMTEJHL MOXXHO BhI-
HOCHTH 3a 3HAK npenesa:
lim kf(x) = k lim f(x).
X—a X—a
Teopema 3. Ilpeaen orTHOmMEeHMA ABYX PYHKIHHA
MMeIOINHX Ipe/iesl, pABeH OTHOIIEHNIO NpeAesIoB ITHX
byHKIMH, eCaH Opeles JeJATENA He paBeH HYJIO.

lim f(x)
lim F(x) =228 __ ‘ecam lim g(x)#0.
x—a g(x) lim g(x) x—a

x—a

3.4. NMepsBuik 3amevaTensHbii npeaen

. Sinx
lim =1

x-0 X
B 6onee o6imxeM BHAe mepBBIN 3aMedaTeNbHBIH

npeAesn MOMeT OBITh NpeACTaBJIeH CIEAYIONMUM 00-

sin ox ~
(%) =1, rae o(x) aensgerca 6ecko-

pasom: lim
x—a 0(x)

HEeYHO MAaJIO! IpHU X — a.
M3 nepBOro 3aMevaTeJIbHOIO peziesia MOMKHO NOJIy-
YUTDH APYTHE IIpeaekl, ABJISIOMMEecs ero CjeCTBHeM:

lim 8% _ 1 1im 28X _ 4 iy ATOSinX _ o
x>0 X x—0 X x-0 b of

IlepBhIil 3aMedaTebHBIA IPEAE B ero CJeACTBHA
OPHMMEHAIOTCS OPU BHIYMCJIEHHUM NpeaesyioB, coAep-

0
JaImuX HeonpeaeJsIeHHOCTD BNJa -6, TO €CTh Korjga

OoJ 3HAKOM mpejiejyia CTOMT Apob6sb, Y KOTOpPOM 4McC-
JUTENb U 3HAMEHATEJbh CTPEMATCA K HYJIIO.
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2

. 1-cos2x : 2s8in“ x
ITpumep. lim 5 3 = lim 5 =
x—0 x° + 3x x—0 x“(1 + 3x)
=21imsmx.smx 1 - lim 1 ~1.
x—0 X x (1+3x) =x-01+3x

3.5. Bropo# 3ameuarenbHbid npeanen

1 X
lim (1+—) =e,e=271
X —yoo b

B 6osee o0ieM Bujie BTOpPOi 3aMedyaTeJIbHBIH IIpe-
nen MoKeT GBITL mpeAcTaBJeH CJAeAYIOIMM ofpa-

gom: lim (1 + a(x))lla(x)

xX—a
KOHEYHO MaJIOH NpH X — a.
3 BTOpPOro 3aMeYaTeJLHOI'O OPEAEIa TOMXKE MOMXK-
HO HOOJYUMTH APYrHe mnpelenbl, ABAAIOIIUECS €ro
CJIeACTBHEM:

= e, rae 0(x) aBasaercsa bec-

x —
lim In1 + x) =1, lim € 1 =1.
x—0 X x-0 X

BTropoi 3aMedaTeJIbHEbIN npesies IPMMEHAeTCA OpHu
BBIYHUCJIEHHH NIPEIeJIOB, COAEPKAIIMX HeonpeAeJIeH-
HOCTb BMJa 1™, TO ecTh, KOrJa moj 3HAKOM Ipeaesa
CTOMT BeJIMUHHA CTpeMAIIaAcsa K eJUHNANEe, KoTopas
BO3BOJHUTCA B CTeNeHb, CTpeMANIYIOCA K OecKoHeq-
HOCTH.

x+7 2x x+7 2x
IT | =lim|1+ -1 =
puxep x—r)r:o(x+5} x—»w( x+5 ]

56



2x
: 2
=lim|1+ .
x—oo x+9

ITox 3makoOM npepesia BhIpaxXeHNE B CKOOKax co-
OTBETCTBYET BTOPOMY 3aMeUaATeJLHOMY Hpefery, TaK

KaK OHO HpeAcCTaBJdfAeT CO00H CyMMy eIMHHMOBI M

6eckoOHEYHO MaJIoM O(x) = . YT061B1 BCe BHIpA-

X +95
JXeHHe COOTBEeTCTBOBAJIO BTOPOMY 3aMedaTeJbHOMY

openery, Heo0XoauMo0, YTOOR! BhIpayKeHNe B CKOOKax

xX+9
BO3BOAMJIOCH B CTEII€Hb =
o(x) 2
x+9
IJ1A 3TOrO CTEeIleHbh YMHOMXHMM M pa3fieJIMM HA 5 :
” x;52x 2 dx -
: +5 : s
lim (1 + ] 2 lim ex+5 =
X —po X 4+ 51 xX—oo
4
= lim e1*9/* = ¢4
X —ro0

3.6. CpasHeHue GeckoHeyHO Manbix

BeckoHeuHO MaJjible BeJIMYMHBI MOXXHO CPABHHUBATD
IO CKOPOCTH MX CTPEeMJIeHHS K HYJIO.

Ecrm o(x) u 8(x) — nBe GeCKOHeUHO MaJjbie H
lim ) = 0, TO roBopAT, YTO GeCKOHEYHO MaJjas ox)
x—a B(x)
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ecTh GeCKOHEYHO MaJiaa Gojiee BHICOKOT'O MOPAAKA
MAaJIOCTH, 4eM OecKoHedHOo maJan &(x).
Ecm o(x) 1 &(x) — aBe 6GeckOHedHO MaJibie H

lim —= o(x) = k, rae R — NOCTOAHHAA, TO 'OBOPAT, UTO
x—a x

6eckoHeYHO Majyibie O(X) 1 O(x) ects GecKoOHeUHO
MaJIble OJJHOT'O MOPAAKA MAaJIOCTH.

Ecm o(x) 1 3(x) — nBe 6eCkOHEUHO MAaJikle U
ol x

lim —= ()
x—a B(x
JIeHTHbIe Geckoreuno Masbie ox) ~ &(x).

=1, To roBopAT, 94TO 0/(x) M §(x) SKBUBA-

YuuTHIBAA OIPUBEACHHBIE BhIIIe NPEAehl, MOYKHO
VKasaTh CJHeAVIOIIHMEe 3KBHBAJEHTHhEIe 6€CKOHEYHO
majgbpie npu x — 0:

sin x ~ tgx ~ arctgx ~ arcsinx ~ In(1 +x) ~e* -1 ~x.

Teopema. Ilpegen orHOmMEeHNA PyHKOUH paBeH
npezeny OTHOIMEHNA X 9KBHBAJIEHTHHIX.

JTa TeopeMa IIO3BOJIIET IPH BHIYNCJIEHHH npepe-

JIOB 3aMEHATD Q)YHRIIHH HX 39KBHBAJIEHTHBIMH Be-
JHAINHaAMH.

ITpumep.
. aresin 3x . 3Xx 3 3
lim = Jlim — = lim —=—.
x->0In(l +5x) x-505x x-505 5
KpoMe HeonpeaeneHHOCTEH BHAA g 1 1% Koro-

phie BCTpPeYaJINCh B PaHee PACCMOTPEHHEIX Hpeje-
JIaX, CYIIEeCTBYIOT HeonpeAeJeHHOCTH APYTHX BUJOB.
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HeonpeneneEHOCTL BUAA oo — oo

i W3-8 +Vx) _
lun(\/xT \/_) x_)m (\/—+\/—)

= lim ——————

x—m(\/x+3+s/_)

o0
HeonpeaneneHHOCTh BHJA —

13,6
. x>-3x+6 x L2 1
lim = lim = —
xow By — 4 Xy g i 5
x2
HeonpenenenHocTh BuAa <o - ()

. . x+1 . sinx x+1
lim sin x - = lim . =
x—0 x+5x3 x50 x  145x2

llm Ll.'_ = 1.

x—01 + 5x2

3.7. OgHocTOopOoHHMe Npepensl

IlycTs Touka a ABIAETCA NpeeIbHON TOUKOM MHO-
sxecTBa X, HA KOTOPOM onpeaeneHa GyHKnHA f(x).

I'oBopsaT, uro dyEKuUMA [(x) uMeeT mpeney, pas-
HBI#i A, IpH X, CTpeMAIIEMCA K a cnpasa(x — a + 0),
eCJIH AJA JIO00ro CKOJb YroZHO MAJIOrO HOJIOXKH-
TEJIBHOTO YHUCJIA € HAWAETCA TaKOe NOJOXKHUTEIbHOE
guciao §, 9To HepaBeHCTBO [f(x) — Al < € Gyzer BHI-
OOJHATHCA, KAK TOJBKO d < X < a@ + d.

' lim f(x)=A

x—a+0
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To ecTs x CTPEMHTCA K @, OCTABasiCh Bceé BpeMs
6onpme a. Tako¥ npeaen HA3LIBAIOT IPABLIM O HO-
CTOPOHHHUM IIpEefeIOM.

I'oBopsAaT, uro dyaKOua f(x) nMeeT npeaen, paBAbIA
A npu x, cTpeMAmeMca K a caeBa (x — a —0), ecan
A J11060ro CKOJIb YroJHO MAJIOro IOoJOXXHUTEeJIbHO-
o YUcJa € HAHJETCA TAKOE HOJOXKHUTENbHOE YUCJIO

8, aTo HepaBeHcTBO |f(x) — A| < € Gyaer BHNONAATD-
cf, KaK TONbKO A —d < x < a.
lim f(x)=A
x—d-0
B 3ToM cirydae x cTpeMHTCA K @, OCTaBaACh BCE
BpeMdA MEHbIIE @, ¥ NIpeeJ Ha3bIBaIOT JE€BbIM ONHO-
CTOPDOHHUM IIpEeAeJIOM.

3.8. HenpepbiBHOCTE PyHKUUN

Ilycts dyaknusa f(x) onpenesieHa Ha MHOMKECTBE
X m TouKa X, ABJAAETCA NPEAECILHOA TOYKOH ITOrO
MHOXXecTBa. [laauM npupamesne Ax 3ToMy 3Hage-
HHUIO apryMeHTa X3 + Ax (Ax — HeKoTopoe 4muciao,
IIpMYeM TAKOe, 9TO TOUKA Xg + AX ToXXe IpHHAaAJe-
KHUT MHOXKecTBY X).

IIpupamennem pyaxknun f(x) B TOUKe X, HA3bI-
BaeTcA pasHOCTb Af(xg) = f(xg + Ax) — f(xp) -

Onpeneaenane 1. ®yaknusa f(x) HazbiBaeTcA He-

IPEPLIBHON B TOYKE X, €CJIM OHA OIIpe/ieJieHa B 3TOM

TOUYKe U OEeCKOHEeYHO MAJOMy HpHpAaIneHHIO apry-
MEHTa AX COOTBEeTCTBYeT OeCKOHEUHO MaJjioe Ipupa-

meHne GysKnun Af(xg)
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lim Af(xo) = 0.
Ax—0

Onpepenenne 2. Pyaxkonsa f(x) HaskiBaeTcA He-
OpepbiBHOM B TOUKE Xq» €CJIX OHA oIpelejieHa B 3TOM
TO4YKe M npenea QyEKOUH IpH X — X, PAaBEH 3Ha-
YeHHUI0 GYHKOHUH B TOYKE X,

lim f(x) = f(xp).

XX,

IIpuBeenHbIe BhIIIE ABA ONpeeIeHNs HelpephiB-
HOCTY GYHKOHMHU B TOUKE ABIAIOTCA 3KBUBAJICHTHDI-
MH, TO €CTb ecI¥ QYHKIOUA ABJAETCA HeIPEPLIBHOM
II0 OfHOMY U3 3THX onIpeAesIeHuM, To oHa Oyner He-
pepbiBHON M B CHJIy ApPYroro onpeiejleHus.

PDYyHKOUA Ha3bIBAETCA HEIPEepbIBHON HA HEKOTO-
POM MHOXecTBe X, eCJIM OHA ABJIAETCHA HelpepbiB-
HOM B KaMXJOM TOYKE 3TOI'0 MHOXKECTBA.

Yrobsl npome MOXXHO OBIJIO IpeAcTaBUTH cebe
IOHATHE HeNpephIBHOM (PYHKIOMH, cjJefyeT 3aloM-
HUTD, YTO rpad K GyHKOHUN, HeIPepbIBHOM HA HEKO-
TOPOM MHO’KECTBE, MOXXHO HA9YEePTHUTh, HE OTPHIBAA
KapaHpamia ot 6ymaru.

3.9. Onepauuu Hag HenpepbIBHLIMMK
PYHKUHAMMU

1. Anrebpanueckada cyMMa HellpepLIBHBIX B HEKO-
TOpOH Touke GYHKONHI ecTh QYHKIONUA, HEIPEPhIB-
HaA B 3TOM >Ke TOUKE.

2. IIpounsBeseHUEe HENpepbLIBHBIX B HEKOTODOM
TOUYKe GYHKOHN ecTh QYHKINA HEIIpephIBHAA B 3TOMN
e TOUJKe,
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3. OrHOmMEeHNE ABYX HEeNpEPLIBHLIX B HEKOTOPOM
To9Ke QyHKIONi ecTh DYHKIOMA HElIPpepLIBHAA B 3TOM
JKe TOUKe, eCJI4 leJINTEeJIb B JAHHOI TOUKe He paBeH

HYJNIO.

4. Ilycth HexkoTopasa dyHEKONA f(x) npeacrasiasa-
eT coboit cymepmoaunmuio byErkouit y = f(u) u
u = @(x), npuuem pysxoua y = f(u) asanerca He-
IpepLIBHOK B TOUKE U = Uy, DyHKOUA U = @(X) AB-
JIAETCHA HENPEPLIBHO B TOUKe Xy U Uy = (X ). Tor-
ra dynxkonsa f(x) 6yner HenpephiBHOM B TOUKE X,

3.10. Teopemn 0 HenpepbiBHbLIX PYHKUHAX

Teopema 1. Ecan dyaxousa f(x) senpepbiBHA B
HEKOTOPOM TOUKE Xy K IIOJIOKHUTENbHA (OTPULATE b-
Ha) B 3TO#l TOYKE, TO OHA OyZIeT IPUHNMATL IIONIOMKH-
TeJbHbIE (OTPHIATENIbHBIE) 3HAUEHUA B HEKOTOPOM
OKPECTHOCTH TOYKH X,.

Teopema 2. Ecan dyskoua f(x) HeapephlBHA HA
HEeKOTOpPpOM 3aMKHYTOM OTDAHMYEHHOM MHOXKECTBE
X, TO OH JJOCTUTraeT Ha HEM CBOEro HAMMEHBIIEro M
Han6oabIero 3Ha4eHN .

Teopema 3. Ilycts byaxknousa f(x) HenpepniBEA Ha
MHOXecTBe X U NPMHHMAET B IBYX To4Kax a u b
3TOT0 MHOXKECTBAa pa3Hble 3HaYeHnA f(a) = A m
f(b) = B (nonyctuMm, uTo A < B ). Torga xaxkum Onl
HY ObLI10 9ncio C, 3aKJII09eHHOe MEeXIy A u B, Haii-
IEeTCHA ToYKa ¢ Takasa, arto f(c) =C.
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3.11. Touxu pa3spwniBa

Ecan Brapymeno xota O0bl OAHO U3 yCJIOBHM He-
IIPEPLIBHOCTH GYHKO UM B HEKOTOPOM TOUYKeEe, TO I'0-
BODHAT, 94TO B 3TON TOUKe QYHKOUA TEPHOUT PA3phIB.
A cama 3Ta TOYKa Ha3bIBA€TCHA TOYKON pa3phIBA.
CymecTBYIOT TpM THIA TOYeK pa3phbiBa.

1. Touxa ycTpamEMOro pa3peisa. Touka x, Ha-
3hIBAETCA TOUKON YCTPAHAMOIO pa3phiBa, €CIAM Cy-
miecTByeT npeges lim f(x), Ho B camoii Touke GQyHK-

xox,
OUA WIN He onpeaesneHa, uau lim f(x) # f(xg).
x—x,
sin x
ITpumep. DyEKONA y = B TOUYKe Xy = 0 ume-

x
eT YCTPaHUMEI pa3phiB, TAK KAK OHA He oIpejeJie-

Ha B 3TOH TOYKE, XOTHA COOTBETCTBYIOIIHI mIpexnei

. Sinx
cymecTtByeT lim =1.
x-0 X

PaaphiB B Touke X, = 0 MOXKHO YyCTPaHHTD, JoOIDe-
aenuB GyHKOUIO U noaoxuB y(0) = 1.

ITosToMy TaKHe TOYKH Ha3hIBAIOTCA TOYKAMH YCT-
pPaEnMOro pa3phiBa.

2. Toura paspuisa nepsoro poxa. Touka x, Ha-
3bIBAETCH TOIKOM pa3phiBa IepBOIO poja, €CJIM B 3TOH
TO4YKe PYyHKIOMA MMeeT KOHEYHhIe, HO He paBHEIE

APYT APYTY OAHOCTOPOHHHE NpeAeIhl
lim f(x)# lim f(x).

x—x,-0 x—x,+0

PasgocTs 3THX npefieioBA= lim f(x)- lim f(x)

X—x,+0 x—x,—0
HA3hIBAIOT CKAYKOM (PYHKIHH.
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IIpumep. ,
punep —l,ecntn x <0

Dyakoua y =signx ={0,ecmmx =0 .

1,ecmu x >0
I'paduk aroit GyEKOUH HMeeT BUJ

4
signx
<4
| ' >
X
- -1
Puc. 6

- HAmeem lim sign(x)=-1,a lim sign(x)=1.
x—0-0 x—0+0

3. Touxa pa3pwsa BToporo poaa. Touka x, Ha-
3bIBa€TCA TOYKOIl paspsiBa BTOpDOTO poja, €CJH B
3TOM TOYKE HE CyHiecTBYyeT MJIN OeCKOHEYEeH XOTA

Obl OLUH U3 OAHOCTOPOHHHUX npeneysoB lim f(x)

. -0
uan lim f(x). 2%
x—x,+0

B TOYKE X = 1 nme-

" ) 1
eT JieBbIil OMHOCTOPOHHHNH npeaen lim = —o0,

x—-1-0x-1

Ilpumep. ®yEKONA Yy = ]
x —

a mMpaBbIilt OAHOCTOPOHHMI npeAes lim —— = +oo,
x-1+0x -1

CJIEOBATENbHO TOYKA Xy = 1 ecTh TOYKA pasphiBa
BTOPOT'O POJA.
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4. RMOPEPEHUHUANDBHOE UCUUCNEHME

Onpenenenne. Ecimu cymecTByeT npenen oTHoOILIe-
HuA npupamenns QyHkouu Af(xy) = f(xg + Ax) — f(xg)
B TOUKe X, K IPHPAMIEeHUIO0 aprymedTra Ax, Kornaa
OpHpameHne apryMmeaTa CTPEMUTCA K HYJIIO, TO 3TOT
npezes HashBaeTcA Npou3BoaHol f'(xy) GyHKIUM
y = f(x) B Touke X,

. Af(xg) _ o _.df(Xg)
Al::glo Ax = I'%o) dx

4.1. MpoussogHbie 3neMeHTaAPHBIX DYHKLUHH

1. ¢’ =0, C — nocrosanRad.
C(x*Y =ax* !, o — neiiCTBUTENbHOE TUCJIIO.
.(@*Y=a*lna,a>0na=l.

U W DN

—_

®

R

~-

|

0

8

(log, x) = 1 ,a>0una#l.
xlna
6. (Inx) = 1 .
X
7. (sin x)' = cos x
8. (cosx) =-sinx
, 1
9. (tgx) = —;
cos” x
10. (ctgx) = - 12
sin® x

1
11. (arcsin x)’ = .
( N) P
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12. (arccos x)’ = -

1 - x2
13. (arctgx)’ = 5
' 1+x1
14. (arcctgx)’ = - 5 -
1+x

4.2. Mpasuna BoiYHCNAEHHA NPOU3BOAHOMN

1. IIponsBoanasa anrebpandyecKol CYMMEl PyHK-
Oui, UMEIIUX IPON3BOAHYIO, PAaBHA TAKOH K€ CyM-
M€ IIPOM3BOAHLIX 3THX GYHKOUH

(u(x) t v(x)) = u'(x)  V'(x).

ITpumep. (cosx—Inx)=cos’x—In"x = —sinx+—1—.
x

2. IIpousBogHAA HpOM3BeAeHHA ABYX (QYHKIMIM,
HMEIOMUX NPOM3BOAHYIO, BEIYMCIIAETCA Io Gopmye

(u(x)v(x))” = u'(x)v(x) + u(x)'(x).
ITpumep. (sinx-Inx)=sin"xIlnx +sinxln’x =

. 1
=cosxlnx+sinx-—.
x

3. Ilpon3BogHAana oTHOMIEHUA ABYX GYHKIOUH, HMe-
IONINX NPON3BOLHYIO, BEIYUCHAAETCA II0 GopMmye

4

u(x) | _ uixv(x) - uxp'(x)
v(x) v?(x)
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Mpunxep. (arctgx] _ arctg’x-x — x’-arctgx _

X xz
— arct
_1+2x? areiex _X- (1 +x )arctgx
x? X (1 +x )

4. Ecnu dyRKkoua u = ((x) ¥MeeT NIPOU3BOAHYIO B
TOYKE X, & QYHKOUA y = f(u) nMeeT OpON3BOJA-HYIO
B TOUKE Uy, IPUIEM Uy = P(X(), CI0KHAA QYHKIUA
y = f(¢(x)) Oyaer nMeTh NIPONIBOJHYIO B TOUKE X,

dy dy du
dx du dx
ITpumep. BoiauciuM NPOU3BOAHYIO CJOXHOMN

byaxouu y = ¢°°**, B namHOM cayuae y = y(u)e,

a u=@(x)=cosx. Torga Q—e , & au _ = —sin x,
du dx
cJ1el0BaTEeJbHO
dy _dy du = e¥ (- smx)- e®®* sin x .
dx du dx .
9. IlpousBoanas PpyEKOUM, 3aAHHON Napamer-

x = x(t)

’
y =y)
rae t U3MeHAETCHA B mpejiejiaXx HEKOTOPOrO MHOMe-
CTBa, onpeaeaderca no bopmyae

dy dy/dt
dx dx/dt

PHYECKHN, TO €CTb B BUJ€ COOTHOIIECHUA {
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ITpumep. Haiinem npous3BoAHYIO ciaenyomeit QyHK-
OHH, 3aJaHAON TapaMeTpHYeCKH
3
x=t" -2t o dy _dy/dt _ 2t+3
y=t2+3t-1 dx dx/dt 342 -2
TakmM oO0pa3oM Hmpom3BogHAA NapaMeTpHYECKH

sagasHoil GyHKONH OyzeT Toxke GYHKOUA, 3aaH-
HafA napaMeTpHdIecKH

-

x =13 -9t
1dy _ 2t+3 -
dx 342 -9

4.3. TeoMmeTpHUECKHA CMBICN NPOU3IBORHOM

IIycrs dyrKOUMA y = f(x) “*MeeT OPOU3BOAHYIO B
TOYKe X,. Torga ee npou3sBofHas B 3TON TOYKe pasB-
Ha YrJIoBOMY Ko3hdHUOUEeHTY KacaTeJbHOM, ONpOBe-
AeHHO# K rpadHUKy GYHKONH B TOIKE X,.

y = f(x)




4.4. Anddeperunan pyHKUUN.
Teopema o auddepenyupyembix pyHKLUUAX

PaccmorpuM npupamenne GyHKOoUH Yy = f(x) B

TOYKE X, ¥ OPEJCTABMM €ro B BUJE

Af(xg) = f(xg + Ax) — f(xp) = AAx + a(Ax),
rae o(Ax) — O6eckoHeYHO Majiad BeJHMYHHA OoJsee
BBICOKOI'O IIOpAAKA MaJOCTH, YeM Ax,

I'maBrasa JnHENHAA No Ax 4acTh NpHpameHHusd
dyHKIHHE AAx HaseIBaeTca ee muddeperuaiom df(x)
df(x) = AAx = f'(x)dx.

dyaxousa, umeroman anddepeHnuan B HEKOTO-
po¥ TouKe, HasbiBaeTca AndpdepernupyeMon, a one-
panusa onpexpeseEns nugepeHnuana Ha3hkIBaeTCH
nndpepeHnpoOBaAHUEM.

Onpenenenne. Touka x, Ra3bIBaETCA TOUKOMH JIO-
KaJLHOr0 Makcumyma GyHKOuH f(x), eCim cymecTBy-
eT HEKOTopasd OKpecTHOCThb Ug(xy) 3TOM TOYKH, OJIA
BC€X TOYEK KOTOpPO cnpaBejJIMBO HEPABEHCTBO
f(x) < f(xp).-

Touka x; Ha3LIBaeTCA TOYKOM JIOKAJIHHOIO MIUHHU-
Mmyma byEKORHE f(x), ecan cymiecTByeT HEKoTopas
OKpecTHOCTb Uj(xy) 3TOM TOYKHM, AJA BCEX TOYEK
KOTOpOM cIIpaBelIHBO HepaBeHCTBO f(x) = f(xg).

Toukn NOKAJBHOTO MaKCMMyMa U MHHHMyMA
dbyakouu uMeroT obmee Ha3BaHHE TOYEK JIKCTpe-

MyMa.

Teopema depma. Ecin x, ABafgeTcA TOUYKOH
akcTpemyMa GyHKOHNH f(X), X eCIH B 3TOH TOUKE CY-
OIECTBYET IPON3BOJHAaA, TO OHA PABHA HYJIIO.
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L'eomempuvecku 3Ty TeopeMy MOXXHO HMHTEpIpe-
TUPOBATH CJIeAYIOIDUM o0pasoM: KacaTeabHas, Ipo-
BeiIecHHaA K rpaduky GQyHKOHUM, B TOUKE SKCTPEMYyMAa
UMeeT YIrI0BOM KoaddhHunneHT, paBHLIN HYJIIO, TO €CTh
napaJjijielbHa ocHu abcruce.

Teopema Poansa. Ecan pyaxuusa f(x) HenpeprIs-
Ha Ha oTpe3ke [a, b], uMeeT npon3aBOAHYIO HA MHTED-
BaJie (a, b) ¥ npHEHUMAaeT Ha KOEIIAX AAHHOI'O HHTEP-
BaJia OAUHAKOBEIe 3HaYeHUA f(a) = f(b), To cyuie-
cTByeT Xors Gl OfHa TOYKa c€ [a, b, Takas, uTo
f'(c) = 0.

I'eomempuuecxuit cmovicar meopemov. Porna: ecnu
GVHKIUA YAOBJIETBOPAET BCEM YCJIOBHAM TeOpPeMEI
Poansa, To Ha orpe3ke [a, b] cymmecTByer X0Ta ORI
OJlHA TOYKA, B KOTOPOH KacaTeJbHas, IPOBeAeHHAA
K rpaduky QyHKIIUN, napajjelbHa OcH abcruce.

Teopema Komn. Ecan doyaxknoun f(x) u g(x) He-
npepeIBHEI Ha oTrpe3ke [a, b], uMelOT TpON3BOAHBIE
Ha uHTepBaJe (a, b) 1 g'(x) # 0 Ha MHTepBAIE (A, ),
TO CyImecTByeT XoTsa Obl ogHA TOYKa ¢ € (a, b), Ta-
f0)-f(a) _f(e)
gb)-ga) 4£'(c)

Teopema Jlarpanxka. Ecnu dbyaxousa f(x) menpe-
pBIBHA Ha oTpe3Ke [a, b], MeeT IpON3BOAHYIO HA UB-
TepBaJe (a, b), To cyimecTByeT 110 KpaliHelt Mepe OAHA
tTouka ¢ € (a, b), B xoropoit f(b) - f(a) = f'(c)(b - a).

I'eomempuueckuii cmvicn meopemwvt Jlazpanxa:
ecan pyakou4 f(x) Ha orpeske [a, b] yaoBnersopsaer

KadA, 4TO
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BCEM YCJIOBUAM TeopeMHl Jlarpanixa, To Ha MHTep-
BaJe (a, b) HaliieTCA DO KpalHEN Mepe O4HA TOUKA,
B KOTOpPOM KacaTejlbHAs, NpOBeAeHHAA K IrpadHKy
dyEKINY f(x), Oyaer napaJjelbHa X0Opje, CTArMBA-
Ole KOBIB rpadukKka fasHON GyHKIMH, ODOCTPO-
eHHOro Ha oTpe3ke [a, b].

4.5. lNpasuno Jlonurans

Teopema. Ecau dpyuxknun f(x) u g(x) Henpepris-
HbI B TOUYKe a 1 B HEKOTOPO# ee OKPECTHOCTH, UMEIOT
NIPOU3BOAHBIE B OKPECTHOCTH TOYKH a, IpHYeM

g'(a) #0, lim f(x) =0, lim g(x) = 0 u cymecrsyer

x—a xXx—a
lim £.(%)

, TO CYILIIECTBYET IIpesiel OTHOMIeHN A PYHK-
x—a &'(x)

nuii f(x) n g(x) lim M 1 crpaBeiJINBO PABEHCTBO
x—a (X

. l—-cosx
IIpumep. lim :
x—0 xsinx
YucauTeNnb U 3HaMeHATe b BRIPpAYKeH A, cTosdle-
ro 1o 3HAKOM npegena npu x — 0, crpeMATca K
HYJI10, ¥, CJIeA0BATEJbHO, K JAHHOMY IIpeaery IpH-
MeHNMO npasuyo Jlonurans:
. 1-cosx 1-cosx) .
lim - = lim ( ) = lim — .
x—0 xsinx x-0 (xsinx) x-0sinx+xcosx

sin x
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IlonyueEHOEe mOA 3HAKOM HOpejeja BhBIpaXeHHUe
ONATH IIpeACTaBIAET CO00M OTHOIIIeHUE ABYX OecKo-
HEYHO MA&JILIX BeJIMUYMH, K KOTOPOMY emle pPa3 MOX-
HO NPMMeHMTDb npasuio Jlonuraunsa:

- - ’
: sin x : sin x
lim — = lim — ( ) - =
x—-0s8inx+xcosx x—-0(sin x + x cos x)
) COS X . COs X
= lim = lim

r—0CoSXx+cosSx—x8inx x-02cosx— xsinx

Tenepr UHcCIMTENb BHIPAXKEHHUS, CTOAILEI0 IOA
3HAKOM Ipejesa, CcTpeMHTCA K 1, a 3HAMEeHATEIb —
K2npux—>0.

. l-cosx
3HAYUT lim .

x—-0 xsinx
HarBoe npaBuyo OyaeT copaBeaJMBO M B TOM

ciryyae, koraa lim f(x) =c u lim g(x) = >, TO €CTB
X—a x—a oo

Koraa MMeeéM AeJio C HeOlIpeaeleHHOCThIO —.

ITpumep. lim Jx
x>+ In? x

o0
B naHHOM clyyae MMeeM HeonpeAeleHHOCTh —,

o0

H K JaHHOMY IpeJeay MOXXHO IPMMEHHUTH IIPABNJIO
Jlonurans: )

b VX _ o GO 3

. Wx
= lim

x—>+oo1n2 x' x—>+o-o(1n2 x)’ x—oo 21N X x—++oo4lnx°
x
OnATh MMeeM HeoIlpelelIeHHOCTh —, U ellle pa3d
NpUMeHHMM npasuio Jlonuransa: >
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im Y2 _1 iy G

1
= — lim
x+odlnx 4 x—+eo (In x) 4 xteo

=—1— lim J;=+oo.

8 x40

1
2Vx
1
X

4.6. lNpunoxenne anddeperynansHoro
MCUHCNIEHHA K MCCNeloBaHHIO PYHKUMH

Onpenenenne. Pynknua f(x) Ha3wIBaeTCA BO3pA-
cTalollell Ha uHTepBaJe (a, b), ecnu ana m06LIX X, U
X, U3 3TOro MHTEpBaja, TAKMX 4TO X, < X,, CIIpaBeJ-
JIVBO HePaBEeHCTBO f(x;) < f(x,)-

Pdyarnua f(x) HaseIBaeTcA yObIBaroIeil HA HUH-
TepBaie (a, b), ecnu ansa N0OLIX X, U X, U3 3TOrO
UHTepPBAJIA, TAKHX, UTO X, < X,, COPABEAJINBO Hepa-
BEHCTBO f(x;) 2 f(x5).

Teopema. [In1a Toro urobrsl pynknousa f(x), nMero-
mas Opou3BOAHYIO, BO3pacTaja Ha nETepBaJe (a, b),
He00XO0QUMO U AOCTATOYHO, YTOORI BCIOLY HA 3TOM
HHTepBaJie BHINOJHAJOChL HepaBeHCTBO [(x)=0.
A nns roro aToOnl dyaxkuud f(x), MMerlIasa DIPOU3-
BOAHYIO, YOBIBAJIA HA TOM JKe UHTEPBaJe, HeoOXxoaH-
MO ¥ AOCTATOYHO, YTOORI BCcloay Ha (a, b) BEINOJIHS-
Jochk HepaBeHCTBO f'(x) <O0.

Teopema. Eciu npu nepexose 4epe3 TOUKY X,
B KoTopoit f'(xy) =0, 3HAaK mpousBOgHOH ['(x)
MEHAETCH C «MUHYCa» HA «IUTIOC», TO B TOUKE X,y QYHK-
muAa f(x) “MeeT MUHUMYM, eCJH 3HAK MeHSeTCH
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C «IJIIOCA» HA «MHHYC», TO B TOUKe X, GyHKO N4 f(x)
uMeeT MakcumyM. Ecam npu nepexose yepea TOUKY
X 3HAK IIPOM3BOAHON HEe MEHAETCH, TO B 3TOM TOUKe
dyEKOUA f(X) He UMeeT 3KCTpeMyMa.

IIpumep. PaccMoTpuM QyHKOUIO y = _x_2 , KO-
l+x
TOpas onpefejieHa Ha Bced AeHCTBHUTEJBHOM OCH,
U HalijieM ee HHTepBaJIbl BO3PACTAHUSA U yOLIBAHUA,
a TaKXe 3KCTpeMyMkl. J[J1s1 3TOro BEIYHCIHM €ee Iep-
BYIO IIPON3BOJAHYIO:
’
, x x'-(1+x2)—x-2x
l1+x (1+x%)
C1+x% 222 1-a2
A+x%)? @+x%)?
Hajee HalleM HYJIM YUCIUTENA U 3HaAMeHATeNndA
npoussogEotl —x2=0,x%=1,x,=-1,x,=1.

Tak kak 1 + x2 # 0, 3HaMeHATEND B HyJIb He o0pa-
IIjaeTCH.
OrMeTM HalifleHHBIe HYJIM HA YHUCJIOBOM OCH:

¥ ¥ 4
-1 1

B pe3yJbTaTe yHcIOBasgs OCh pa3obbeTcA Ha TPH
MHTepBaJja (—o, —1), (-1, 1) u (1, +°). Ha xaxxagom
HHTepBaJje Npou3soaHas GyHKOuUu y' OyAeT coxpa-
HATH 3HAK (TO ecTh OyZeT BO BceX TOYKAX HHTepBA-
J1a MJIM OOJIOMKHUTESbHOM MJIH oTpunaTeabHOM). [isa
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TOr0 4YTOORI ONpefeJUTh 3HAK NIPOU3BOAHOM HA MH-
TepBaJle, HAI0 BLIUMCIUTE €€ 3HAUeHWe B KAKO-1100
TOYKe 3TOro MHTepBasa. Taxk, HampuMep, B TOUKe
x = —2, IpUHaAJIexaIneit HHTepBary (—o, —1), 3HaYe-

Hue IpOU3BOAHON y'(-2) = 1-4 = — 3 <0 . 3na-

1+4)>% 25

YUT, HA BceM MHTepBaJe (—, —1) nponsBoaHas OT-
punaresabHEa U QyHKOUA Ha HeM yObiBaer.

Ananornuno, seraucmB y'(0) =1 > 0 u yunrteiBas,
yTo TOuKa Xx = 0 npuBamJIexXnT uHETepBaay (-1, 1),
MOXHO CA€eJIaTh BBIBOJ, UTO IIPON3BOAHAR Ha UHTEP-
BaJje (—1, 1) monoxurenprHa U GYHKIOINA HA HEM BO3-
pacraer.

Brruncaus 3HAYEHNE IPON3BOAHOM ¥'(3) = _8 <0,

100
nejaeM BBIBOJ, UTO Ha MHTepBaJe (1, +o°), KoTopoMy
NPUHAJJEKUT TOYKA X = 3, IPOU3BOAHAA QYHKIIUN
orpunaTesbHa U QYHKIIUA yOBIBaerT.

Tax Kaxk npon3soaHasg QYHKIUY IIPU nnepexone de-
pe3 TOYKY X = —1 MeHsAeT 3HAK ¢ «MUHYCa» HA «IUIIOCH,
B 3TOM Touke QyHKOUA MMeeT MUHERMYM. 18 Toro

yToOBLI HANTH 3TOT MHHUMYM CJeAyeT NOACTABUTH

3HadYeHHe X =—2 B QYHKOMNIO Y ;, = Y(-1) = —% .

IIpu nepexone 9epe3 TOUKY NIPOU3BOAHASA MeHA-
eT 3HaK C «I[JI0ca» HA «MHHYC» U 3HAYHUT B TOUKE

x =1 (I)YHRIIHH nMeer MaAKCHMMVyM, paBHHﬁ
1
yma_x = y(l) = '2"
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Onpenenenne. 'osopaT, uro dynknusa f(x) Ha UB-
TepBaJie (a, b) BEIMYKJIa, €CJH KacaTeJlbHadA, NIpoBe-
OeHHAS B KaX A0 TOYKEe 3TOro MHTEPBaJia, pacnoJa-
raercsa seinie rpadpuka Qysxkovm. 'opopar, uro QyHK-
ousa f(x) Ba uHTepBase (a, b) Borgyra, ecam Kaca-
TeJIbHAA, NIPOBEJAEHHAA B KAXKJOU TOUKe 3TOro
MHTEPBAaJIA, pacnojaraerca Hrxe rpaduka QyHKINHA.

Teopema. Ecnu dyaknusa f(x) Ha nETepBate (a, b)
BEIITYKJIA 1 UMEET B KAXKJAOU TOUKe AAaHHOIO UHTEep-
BaJjla BTOPYIO IIPOM3BOAHYIO, TO BTOPAA IPOM3BOJ-
Had HAa BceM HHTepBaje (a, b) HemonoXHTeNbHA
f'(x) < 0. Ecau pyuxnud (a, b) Ha naTepsBae (a, b)
BOI'HYTa M HMeeT B KaXKJoM ToOuKe JAHHOT'O MHTeP-
BaJIa BTOPYIO OPOM3BOAHYIO, TO BTOPAfd NPOU3BOJ-
HasA Ha BceM uHTepBaye (a, b) HeoTpumaTeJbHA.

f(x)<0.

Teopema. Ecin B Ka)xaoit TOUKe NHTepBaJa (a, b)
dyEKIIHA f(x) UMeeT OoTPUIATENbHYIO BTOPYIO IPO-
n3BogHyI0 f'(x) <0, TO Ha yKasaHHOM HHTepBaJe
dbyEROUA f(x) BRinykJa. Ecau B KaXA0H TOYKe UH-
Tepana (a, b) byHxknusa f(x) uMeeT NONOKHUTENL-
HYIO BTOPYI0 Ipou3soanyio [ (x) > 0, To Ha yKa3aH-
HOM HHTepBayie yHKOUA f(x) BOrHyTA.

Onpenenennme. Toukoit nepermba dbyaxkonu [f(x)
Ha3bIBAETCA TOUKA, KOTOpas OTAeJNAET UHTEPBAJ BbI-
NyKJOCTH GYHRKINH f(x) OT MHTEpPBaJIa BOTHYTOCTH.

Teopema. Ecyin npu nepexoze uepes TOYKY X, BTO-
pad npoussonHas Gyuxknouu [f°(x) MeHseT 3HAK, TO
3Ta TOUKA ABJAAETCA TOUKO nepernba dbysxouu f(x).
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ITpumep. OnpenenauM MHTEPBAJIbl BRIOIYKJIOCTH U
4 3
x° x
BOTHYTOCTHM QYHKIMH Y = T 3 +5.

HaiineM BTOPYIO OpOM3BOAHYIO QYHKIOHEU
y =x° - x%, y’ =3x% - 2x,
I oIpefeNuM ee HYJIHU

2

" 3x%-2x=0= x(3x-2)=0=% =0, =2.

OrMeTyM By GYHKOHM HA YHCJIOBOM OCH:

0 2

Bcsa gucyoBas ochk 0Ka3ajach pa3fesieHHONH Ha TPH
2
HHTepBaJa (—o, 0), (0, §) " (% , + ). Ha raxpgom

U3 NOJYYeHHbIX MHTEPBAJIOB BTOPAA NPOU3BOAHAA
dbyuknum y° 6yaer coxpaHATh 3HaK. Onpenesum
3HAK BTOPOM NMPOU3BOAHOM PYHKIUM TaK, KAK 3TO
OBLJIO coesIaHO B NpeabIAYIIEM HIpHMepe.

y’(-1) =5, ¥ 3HAUNT HA BCeM HHTepBaJe (—o, 0),
B KOTOPOM PAacHOJIO)KeHa TOYKa x = —1, BTOopas npo-
n3BoAHaA (PYHKIUHU OYyAYT HOOJOXXKHTENIbHA, 4 caMa

, (1) 1
¢byaKOnsa OyaeT BOrHyTOHN. U 2 = e U Ha UHTEP-

BaJe (0, %) , KOTOPOMY NPHUHAMJIEKUT TOYKA X = —é— ’

BTOpAaA NPOU3BOAHAA OyAeT OTpUOATENbHOM, 8 QYHK-
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nusa — BHOyKJIoi. ¥y'(1) =1 Ha HHTepBaIE (:—i- , + )

BTOpPas NPOM3BOAHAA IOJIOXKHTEJNbHA, a QYHKOUA
BOTHYTA.

IlonyTHO OBINIM OmpenesieHBI U TOYKH Heperuda,
OTAeNAIIINe HHTePBAJIbl BOTHYTOCTH OT MHTEpBAa-

2
JIOB BRINYKJOCTH. ITO TOUKU Xx = 0 n x = 3

4.7. AcuMnToThl

Onpenenenne. Acumnroroil rpaduka dyEKOUHN
y = f(x) sagriBaeTca Takaa npamMaa y = kx + b, ana
KOTOpO# pa3HocTb f(x) — kx — b cTpeMHTCH K HYJIIO
IPpH X — oo,

AcUMIOTOTHI OBIBAIOT BEPTUKAJIBHBIMY U HEBEPTHU-
KaJIbHBIMH. ,

Eciu B Touke x = x, dyExknusa y = f(x) repuur
pas3peIB BTOPOro poaa (TO eCTh eCJIM B 3TOM TOYKe
paBeH 0eCKOHEYHOCTH XOTH OBl OJUH M3 OXHOCTO-

poHHUX OpefesoB lim f(x) mam lim f(x)), To
x—x,-0 x—=x,+0

BePTHKAJIbHAA NPAMASA X = X, ABJIAETCA BePTUKAJIb-
HOHN acuMnToToi rpadukra GyHKOINH.

Ilna onpeneseHEUS HeBePTHUKAJNbHBLIX ACHMIOTOT
BBRIYHCJSIOTCS IIpeAekl

lim f®) _ &, lim (f(x) - kx) = b
X—-— X X——oo

H lim 1(x) =k, lim (f(x)—-kx)=0.
X—+c0 X X—>+toco
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Ecsy cymecTBYIOT 1 KOHeUHEI IIepBhIe ABAa IIpe-
nejya, TO rOBOPAT, 9TO CYIIECTBYET JIEBOCTOPOHHSASA
ACMMITOTA U 3HAUEHHUA ITHX IpefiesioOB onpejead-
IOT ee mapaMeTpHl B u b.

Ecay cymecTBYIOT 1 KOHEYHEI BTOpPhIE ABA M3 IPU-
BeJleHHBIX BhIIlle IIpeZieI0B, TO TOBOPAT YTO CyIIe-
CTBYeT IPaBOCTOPOHHAA ACUMIITOTA M 3HAYEHHUA 3THX
IpeAesiOB ONpeAeSAIOT ee napaMeTpsl kB u b.

HHoraa 1eBOCTOPOHHAA M NPABOCTOPOHHAA aCHM-
OTOTHEI COBOAAAIOT, TAKASA ACHMMIITOTA HA3bIBAeTCH
OBYXCTOPOHHEH.

IIpumep. HantpeM acuMnoToTsl rpaduka QyHKIUHT

x2

y=——mr.
x-1
B Touke x = 1 ¢GyHKOHA HeompeaeJeHHA M ee
OJHOCTOPOHHME Npefesbl B 3TOH TOUYKe PABHEI
2 2

. . x
lim =—oo U lim ——— = +o0. CriegoBaTeinn-
x-1-0x—1 x—1+0x -1

HO B 3TOM TOUYKe QYHKIUA UMeEeT pa3phbiB BTOPOTO
posa, a YpaBHEHHEe ee BePTUKAJNBHON ACHMIITOTHI
x =1,

HaiiieM HeBepTHKaJbHBIE ACHMITOTH rpaduxa
byHKOUN:

X

k= tim /= im - im —X = lim 221
xote X xoateX—1 xote(x—-1) x-otel
x2
b= lim (f(x)-kx)= lim | ——-x | =
x—>1oo x—te| x-1
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2 2

. X —-X +X . " o

= lim = lim [ ——|=1
x—>too x-1 x— 1o

TaK KaK BBLIYHCIAJINACH NPEeAeanl OPpH X — too, TO
HalljeHHBIe nDapaMeTphbl OUpefeasalT ABYXCTOPOH-
HIOI0 acuMnToTy ¥y = x + 1. CxemaTrndecKku pacmo-
JOXKeHHe aCHMITOT, H300paKeHHbIX TYHKTAPHBIMH
JAHUAMH, U rpadpnka QyHKIUH OpeacTaBJeHO Ha
puc. 8.

ll-—-—-—v-———-

Puc. 8

4.8. Uccneposanue pyHKuUHM

HccnepoBarne PyHKIMNIE OTPOBOAUTCH IO CJEAY-
I0lIeMY HJIAHY:

1. Haxoaunrca obaacts onpeneseEnsa QyHKIINH.

2. HaxoaaTrca TouKH nepecedenn s rpadpukxa QyHK-
OUH C OCAMH KOOPAMHAT.
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3. OnpenenuTs, ABNAETCA M QPYHKINA Y€THON WM
HE4YEeTHOH.

4. OupenensaOTCA HHTEPBAJIbI BO3PACTAHNA B y61.1-
BaHNA QYHKIOHH, TOUKH €€ 3KCTPEMYMOB.

9. OnpenensaTca MHTEPBAJIELI BhINYKJIOCTH H BO-
rEyTOCTH rpaduka QyHKIHH.

6. Haxoasarca acuMOToThI rpadpnka GyHKINH.

7. Crpourca rpaduK GyHKOHH.

ITpumep. UccaenyeM bpyHKOuo y = -%1 .

1. O6aacreio onpeneseEna GpyHKOuHN 6yaer BcaA
YHCJIOBaA OCh, 3a HCKJIIOYEHHEM TeX TOYeK, B KOTO-
pBLIX 3HaMeHaTeJb ofpamaeTces B Hoab x2 — 1 = 0, To
eCTh 3a MCKJIO4YeHHeM Touek X = -1 n x = 1.

2. [lna onpeaeneHNd TOUEK NepecedeHHa rpadu-
Ka GyHKOUH ¢ ocklo OX cieayeT pemHTh ypaBHe-

x
Hue ——— = 0, KOTOpOe NMeeT eJHHCTBEHHOE pelle-

2_1
HHe Xx = 0. Takum o6pasoM, rpadpHK nepeceKaeT oCh
OX B Touke x = 0.

Ilonoxkus x = 0, MOXXHO HANTH TOUKY Ilepeceue-
HNA ¢ ocsio OY, oHa coBHRAET B JAHHOM cJydae ¢
BRIIIEHAMJEHHOH TOYKOMH.

3. UccnenyeM PyHKIOMIO Ha 4eTHOCTb. PyHKOUSA
Ha3bIBAETCHA YETHOH, €CJIM BHIIOJHACTCA COOTHOIIEHH e
Y(—x) = y(x), 1 pyEKONA HA3HEIBAETCA HEYETHOH, €CJIH
U1 Hee cIpaBeINBO coorHOmEHME Y(—x) = —y(x).

y(-x) = (_x;; — = =Y
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Taxum o6pazomMm, nagHAA QYHKONA ABJIAETCA He-
YyeTHOM. '

4. IIna onpenejIeHHA HHTEPBAJIOB BO3DAaCTAHMNA H
yOBIBAHNA HaWAeM OPON3BOAHYIO QYHKIHMK:

Y = x _ x' (2% - 1) - x(x® - 1) _
x? -1 (x2 - 1)2
2 2
x*-1-x2x -x"-1
x> -1  (*-1°
Manee HalineM HyJaW YHCINTENA ¥ 3HAMEHATENA
OOJIYYEHHOT'O BhIPAXKEeHHA:

—x2-1=0= x%2 =-1= yncaurens HyIei

He HMEeeT,
(x2-12=0=2x2-1)=0 =x2=1=
X=—1,x,=1,

OrMeyaeM noJIyueHHbIE 3HAYEHHA HA YHCJIOBOH
ocH:

X ¥ >
-1 1

YncsoBasa ocp pasfielnjach Ha TPH HHTepBaJa.
BoabMeM mo ogHO# TOYKe Ha KaXXIOM HMHTepBaJe,
BHanpumMep —2, O u 2, ¥ BEIYNCJIHM B HHX 3Ha4YeHHeE
nepBO¥ IPON3BOAHOM:

_on2
y'(-2) = - (27+1 __ o5 0, 3HAYUT IIPOM3-

((-2)* - 1)
BOAHAA HA BceM HHTepBajse (—o, —1), KoTOopomMy
OpPHHALJIEKHT TOUYKa X = —2, 6yaeT OTpUIAaTEeILHOH
H Ha 3TOM HHTepBaJjie GYHKOHNA OyaeT yOLIBaTh;
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, -1
y(0) = T = -1 < 0, Touka x = 0 TpHHALIEIKHUT HH-
repsajay (—1, 1), 1 Ha BceM 3TOM HHTEepBaJe IPON3-
BOAHAA TOXe OyAeT OTpHIATeJIbHOH, a GpyHKOUA Oy-
neT yOnIBaTh;

2
y'(2) =- (2" +1 =—-§<0,n3qemc.uenye'r,q'ro

((2)* -1’
u Ha BceM uHTepBate (1, + ) pysxousa 6yaer youI-
Balomei.

Ha Bceit oOsacTi onpeseseHus Ipon3BogHas pyHK-
IHH OTPHIATEJbHA, CJIEAOBATEJHHO, HA Beeit obiac-
TH ollpeAesieHNA PYHKIINA YOBIBAE€T, 1 IIOTOMY JKCT-
peMYMOB y Hee HeT.

5. HaitzeM BTOpPYIO OPOH3BOAHYI0O PYHKI UM

y'= _ x2+1 _
(%2 - 1)°

I CARS (ot il Cal 3\ (€t Vi

(= -p*
_ 2x(x®-1)-(x® +1)2-2x _
) (x2 - 1)3 B
_ 2x3;2x—4x3—4x_2x3+6x
@ @2-pRe

HaiineM HYJIH YHCIHTENA B 3HAMEHATEJNA IOJY-
YyeHHOM ApobH:

2x3 +6x=0=x(2x2+6)=0= x =0,
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(x2-1PB=0=2x2-1=02x2=1=
x=-1,x=1.

OTMeTHM HYJHM YHMCJIHTEJA B 3HaAMeHaTeJdA Ha
YHCJIOBOM OCH:

¥ —Xr >
-1 0 1

YT00HI onpeneaNTsL 3HAK BTOPOY IDOM3BOAHOMN HA
KaXKJAOM M3 NOJYYEHHBIX HHTEPBAJIOB, BbIYHCJIHNM
ee 3HaueHHe B TouKax —2; —0,5; 0,5 n 2, mpuraie-
KAamMUX 3THM HHTEpPBaJjaM:

2(-2)° + 6(-2) _ 28
(-2% -1 27

BCIOAY Ha MHTepBaJe (—o, — 1) BTOpas nponssoaHas
byRKOMH oTpHOaTesbHa, a rpaduK PyHKOHUH BbI-
OYKJIBIiL;

y(-2) =

< 0, caegoBaTenbLHO,

2(-0,5) + 6(-0,5)  -3,25
(-0,5° -1  (-0,75)°
9UT BTOpPaA NPOM3BOAHAA Ha HHTEpBaJe (—1, 0), Ko-

TOPOMY OPHHANJIEKHT TOUKa —0,5, D0OJ0KHTEJIbHA,
H rpadrK GYHKOUHN Ha 3TOM HHTEPBAJIe BOTHYThIN;

2(0,5)° + 6(0, 5) 325
(0,5° -1°  (-0,75)°
npon3soaHad Ha nHTepBase (0, 1), koropomy npn-

HaU1e)XuT Touka 0,5, orpuniaTreyisea, ¥ rpadux QyHK-
OHH Ha 3TOM HMHTEepBaJie BHINYKJILINA;

y(-0,5) = >0, 3Ha-

y(0,5) = <0, BTOpasna
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(@) = 222+ 60)
(2% - n®

BTOpAas OpON3BOAHAA NOJOXXHUTEIbHA, a rpadpux QyHK-
I BOTHYTHIN.

Toukon nepernba rpadnka GyHknuu-Syaer Tod-
Ka x = 0, TaKk KaK OHA OTAeJIAeT HHTePBAJ BOTHYTO-
ctit (—1, 0) or nETepBasa BRIDyKJIOCTH (0, 1).

6. HaitnieM oAHOCTOPOHHME Opefieibl GYBEKIIHH B
Toykax X = —1 u x = 1, rae oHa He onpezeJieHa:

= — > 0, Ha naTepBaie (1, + o)

. X .
lim 5 =—oc0 ]lim = +4co, 3HAUMUT B
x—o-1-0 < -1 x—-1+0 x2 — 1
TouKke X = —1 QPYHKIOIHA HMeeT pa3pulB BTOPOTO
poaa,
. x : X
lim =—0 lim = 400, 3HAYHUT B
x—1-0 2 -1 x514+0 x2 — 1

TouKe X = 1 QYHKIOMA TO>XKe nMeeT pa3phiB BTOPOro
pona.

TaxuMm o6pa3omM, rpaduk GyHKINK NMEET IBE Bep-
THUKAaJbHBIEe ACHMOTOTHI X = —1 n x = 1.

Ina HaxoXIOeHNs HeBEPTHKAJBbHBIX aCHMITOT
BBIYMCJIMM IIpeJeJIbl:

k= lim yx) _ lim ! =0,

x>t X X—too x2 -1

b= lim (y(x)-kx)= lim ( = 1—0-x]=

X—too x>t

=lim( X )=0.
x—teo x2_1




CinenoBarenbHO, rpaduKk GyHKIHH HMeeT HEBep-
THKA&JIBbHYIO acuMarory y = 0.

l'yA |

I l

l :
IS

| |

l I

| |

N >
:-—1 :1 x
Y

| |

l | Puc. 9

Ha puc. 9 nzobpaken rpadpuk faHHON GYHKIHAH.

4.9. Haubonbwee M HauMeHbWIEEe 3HAYEHHE
pyHKUUM

Paccmorpum ¢dysKInio f(x), onpeneseHHyI0 Ha
orpe3ke [a, b]. Ecau f(x) HempeprIBHA HAa KaHHOM
OTpe3Ke, TO OHA JOCTHUTaeT HAa HEM CBOMX HAHMEHb-
mero 1 Hanbosabmero 3gaueAEn#. J1a HaxX0xXKaAeHUA
HanboJbInero ¥ HAUMEHbIIEero 3HaYeHUA Ha OTpes-
Ke [a, b] ncnoab3yerca cleayonInii aJIrOPUTM.

1. Onopeaensarorcsa TouKM, IPHHAJIEMKAIIHE OTPE3-
Ky [a, b], B KoTOpRIX npon3dBoaHaaA GPyHKIMNA JKOO
paBHa HYJIO, JH00 He cymiecTByeT.

2. BriuncasaorcAa 3HaueHHA QYHKIOIHH B YKa3aH-
HBEIX BBIIIE TOYKAX ¥ B TPAHHYHBIX TOYKaX paccMar-
pPHBaeMoOro oTpe3ka X = a u x = b.
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3. I3 BrIuMCJeHHRIX 3HaYeHNN PYHKIHH BbIOH-
paiorcsa HaubosibIree 1 HaMMeHbIIee, KOTOpPhIe M Oy-
OyT, COOTBETCTBEHHO, HAKOOJBIINM ¥ HANMEHBbIINM
3HaUYeHNAMH GYHKIIUM Ha OoTpe3Ke [a, b].

IHpumep. Haiinem HanGosbmee 1 HauMeHbIIIeE 3Ha-

2
JyeHUA QYHKOUHK Y = X" +3x+9 Ha oTpe3Ke [1, 5].

x
Haitnem npon3BoARYyI0 QYHKIOIHH:

,_(::cz+3::c+9)’::c—:u:’-(:f¢:2 +3x+9)

x2

_2x2+3x—x2—3x—9 _x2—9

x2 x2 ]

IIponsBogHasa oOpamaeTca B HOJb B TOUKAaX
x =-3n x = 3, IPOU3BOAHAA He CYIIECTBYET B
Touke X = 0. U3 yKkasaHHBRIX TOYeK paccMaTpHBae-
MOMY HHTEPBAJIY HIPHHAAJEMHT JHIOb TOYKA X = 3.
BbruucianM 3HaYeHUA QYHKONH B 3TON TOUYKE, a TaAK-
JKe B 'PAHHYHKIX TOYKAX HHTepBasa x =1 u x = 5:

yﬂ)=1+?+9=13,
9+9+9
y(3) = 3 =9,
25+15+9 49
5) = = ]
¥(®) 5 5

TaknM oOpa3oM, HanboJIbIIee 3HaAUYeHNEe PYHKIIUH
paBHO 13 n gocTHraercda B TOUKe X = 1, a HaMeHb-
mee 3Ha9eHNe PaBHO 9 ¥ JOCTUraeTcAa B TO4YKe X = 3.
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5. ®YHKLUWU HECKOJIbKUX
NEPEMEHHbIX

YNnopsaARO4YE€HHYI0 COBOKYIHOCTh BeIeCTBEHHBIX
yucemna(xy, Xy, ..., X,) Oyi€eM HA3LIBATH TOYKOMH NI-Mep-
Horo npocTpaHcTBa. Koraa x,, X5, ..., X, IPHHHMAIOT
BCE€BO3MOYKXHble 3HAYEHHA, MNOJIYyUYAIOT MHOXKECTBa,
KOTOpO€ HA3hIBAIOT EBKJIHUIOBBIM 7-MEePHBRIM HOpO-
CTPAHCTBOM.

Paccrogsaue p(M;, M,) Mexay NBYMA TOYKaAMHU
TAKOro mpocrpascrsa M,(x,, Xy, ..., X,) B My(y,,
Ygs +s Y,) OOPEAEIseTca GopMyIon

oMy, My) = (2 — 1) + (x5 — Yo)? + oot (%, — Y, )2 .

0603rauNM yepe3 X HEKOTOpPOE MHOYKECTBO, IIPH-
HajJjie)xalnee n-MmepEoMy EBKJINAOMY HPOCTPaHCTBY,
a yepe3 Y — HEKOTOPOE€ MHOYKECTBO JEHCTBHTEIb-
HBIX 9HCEJI.

Onpepenenne. I'oBopAT, uyTO Ha MHOXKecTBe X 3a-
naHa QyHKIOHA HECKOJbKHUX NepeMeHHbIX, eCJIH 3a-
IaH 3aKOH WJIH IPaBHJIO, II0 KOTOPOMY K&MXA0H TOY-
Ke M n3 MHOXXecTBa X CTABATCA B COOTBETCTBHE
HeKOTOpoe YUCJIO Y U3 MHOXKecTBa Y.

Y = [%ys Xg wo» %,) = F(MD.

IIpn aToM MHOXecTBO X HA3LIBACTCA 00JIaCTBHIO
ounpeaeseHna QyHKOHNH, a o0isacTh Y — 00JaCTBIO
H3MeHeHNA QyHKIINH.

Onpenenenne. Ynciio A Ha3LIBaETCA IIpeleiOM
byHEKOMM HEeCKOJBKHMX mepeMeHHBIX Yy = f(M) opm
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crpemsieEnu M(x,, x,, ..., X, ) K TOUKe Mo(x?, xg, ...xg)
(M > M), ecnn pasa moboro € >0 cymecrsyer

Taxoe aucyao § > 0, uTo HepaBeHCTBO |f(M) — Al <€
BHINOJIHAETCS, KaK ToAbKO p(M, My) < d

lim f(M)=A,
M->M, .

Onpenenenne. Pynknusa y = f(M) HasbiBaeTcd
HenpepuIBHOMH B TOuKe M, eCJH OHa ompeziejieHa B

aro¥ Touke M ecan lim f(M) = f(M,).
M-M,

5.1. YacTtHme npouasofHbie

Nasnee 6ygeM AJIsT HPOCTOThHI pacCCMaTPHBATh QYHK-
OHIO ABYX NepeMeHHHX 2 = f(x, y) = f(M), yUuTHI-
BadA, 4TO BCE U3JaraeMoe HH)Ke cupaBeqJNBO N AJf
dbyEKIHA JI000Tr0 KOJHYEeCTBa NEPEMEHHBIX.

IIycrs GyBRROUA 2 = f(x, y) = f(M) onpeneneHa
Ha HEKOTOPOM MHOKecTBe Q. BoabMeM HEKOTOPYIO
TouKy Mjy(xg,Yg) € & M 3aPHKcCHpYyeM mIepeMeH-
HYIO Y,, 4 IEPEeMeHHOH X, AaANM npupamenue Ax
TaKoe, 9To To4Ka M;(xq + Ax, yg) € Q.

Passocte A.f(xg,Yg) = [(xg + Ax,Yyg) — f(x9,>Yp)
Ha3bIBAeTCA YaCTHRIM OpupameEMeM (QYHKOUHN
z = f(x, y) mo mepeMeHHO# X B TouKe My(xq, Yo)-

Onpenenenne. Eciu cymecTByer npeaes OTHOIIE-
HHSA 9aCTHOIO npupamenuns bysxknuu 2 = f(x, y) oo
nepeMeHHOR x B TouKe My(x,, Yo) K OpHPAINEHHIO
nepeMeHHOR AX, TO 3TOT IpefeJ Ha3hIBAIOT YaCTHOM!
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af(x09 yO)

ox
nepeMeHHOM X B TouKe M (x4, Yg):

af(xo,yo) - lim Axf(x09y0) —

I POU3BOAHOM dyskoun z = f(x, y) oo

0x Ax—0 Ax
- lim [0 * A%, y0) — F(x9,Yo)
Ax—0 Ax )

AHaJIOTHYHBEIM 00pa30M MOXKHO ONpeAeNTh YacT-

HYI0 IPOM3BOAHYI0 PyHKIMH 2 = f(x, y) DO mepe-
MeHHON y B Touke M (x,, ¥,):

ay Ay—)O Ay
- hm f(xO’yO +Ay) f(anyO) .
Ay—0 Ay

B cooTBeTCTBHM C IPHBEACHHBIMH OnpelesIleHNsA-
MH OTBICKaHNE YaCTHBIX NPOHU3BOAHBIX PYHKINH IO
OLHOM M3 IepeMeHHLIX CcBOANTCA K AnddepeHONpO-
BAHMIO NAHBHON (PYHKIIMH IO 3TOM NepeMeHHOM, IIpH
KOTOPOM OCTAJIbHBIE IepPEeMEeHHbIe CINTAIOTCA NOCTO-
ABHBIMH.

Ipumep. z = 5xy® - 3sin x - ¥

0z 3y

——5y —~3cosx-e
ox

Ecan B Touke My(x,, yo) AaTh npupamiesne o6o-
HM IepeMeHHBIM TaKHM o0pa3oMm, 4ToORI TOUYKAa
My(xy + Ax, yo + Ay) npusaniexana obaactu @, To
Pa3HOCTDb

gf- =15xy® - 9sin x - €%,
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Af(xo, yO) = f(xo + Ax’ yO + Ay) - f(xO’ yO)
Ha3bIBaeTCA MOJIBBIM NpHpammeBNeM QYyHKOHH 2 =
= f(x, y) B Touxe My(xq, ¥o)-

JInnefiHAA OTHOCHTENLHO NPHPALEHUI He3aBHCH-
MBIX IIEpPEMEeHHBIX AX M Ay 4YacTh HDOJIHOrO mpupa-
meHna QyHKOuM 2 = f(x, y) B Touke My(x,, y,) Ha-
3pIBaeTCA HOJHBIM Auddepernuanom df(x,, Y,)
dysKnuH 2 = f(x, y) B 3TON TOYKe

df (x9, Yo) df(xg» Yo)
™ Ax + o Ay |

HJIN YVYUTHIBAA, YTO Ax = dx u Ay = dy

df(xO’ yO) =

af(xQ’ yO)d af(xo, yO)
0x oy

YacTEBIe NPON3BOXHBIC
OT CIOMKHBIX QPYHKIIMH

IIyetrs dyHkua 2z = f(u, v) onpegesena B 06j1acTn
D, 1 kaxnasa N3 NepeMeHHbIX U U U IpeACTaBIAeT
coboit pysKOMHM U = u(x, Yy 1 v = U(x, y) epeMeHHBbIX
X U y, onpeneyeHHbule B o6sactu Q. B atoMm ciayvae
FOBOPAT, YTO HA MHOYKECTBE @ 3a1aHa CJI0XKHAA PYHK-
uua 2 = f(u(x, y), v(x, y)). YacTHEIE TPOU3BOLHBIE
3TOM QYHKIHMH IO HIePEMEHHLIM X H [/ BEIYMCJIAIOT-
ca 0o popMyJaM:

0z _0dz du az du

ox au ox av ax
az _ 0z au 0z av

ay " ay av ay
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5.2. AnddeperunpoBarne HeABHbIX PYHKLUHH

IIyeTs nMeeTcA BeaABHO 3amanHas Qyskonda F(x, y,
2) = 0. Torga yacTERIE IPOM3BOAHBIE B 3TOM CJIyuae
BRIYHCJIAIOTCA 00 GopMyJaM:

dz _ dFfox dz _ dF/dy
ox oF/dz ’ ay oF/[dz
ITpumep. Haiinem yacTHBIe IPON3BOAHBIE PYHK-
uuu e¥? +sin(x+y + 2) = 0.
IIpoauddeperInpyeM 3TO paBeHCTBO no x, yum-
THIBAS, YTO IepeMEeHHAA 2 3aBUCHUT OT X:

e*V? yz+xy-ai +cos(x + y + 2) 1+a_z =0.
0x 0x

02
VI3 DOJIV4eHHOro COOTHOINEHBMA BHIPA3HUM —:

ox
0z

0x
= —-e*¥yz —cos(x +y +2) =

( e xy + cos(x + y + z))

0z —e*¥?yz —cos(x +y +2)

ox ( e xy + cos(x + y + z))

AHaNOrH9HO, 1A TOrO 9TOORI HAHTH YACTHYIO IIPO-

H3BOAHYIO 1O Y, NpoAMddepeHmMpPyeM COOTHOLIEHHE
e*¥? 1+ sin(x + y + 2) = 0 mo y, y4UTHIBAA, UTO Z 3aBH-
CHT OT J

exy"(xz + xy%i]+ cos(x + ¥y +z)(1 +%‘3]= 0.
y Y
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Torna -gi (exyzxy +cos(x+y + z)) =

=—-e"¥xz —cos(x +y +2) =

0z -e™?xz-cos(x+y +2)

oy (ex”zxy +cos(x +y + z)) .

5.3. MpapgueHT PyHKUHUM.
Mpou3zsogHan no HanpaBneHUIO

IIycts B HexkoTopoit obsacTH TpexMepHOro Ipo-
crTpaHCcTBa Q onpeaesiena GpyHKOuaA u = (x, y, 2).

Onpenenenne. I'pagnenrom pysknun u = (x, y, 2)
B ToukKe My(xg,Yg>2p) € & Ha3BEIBaeTCsa BEKTOP
gradu(M ) c xoopauHaTaMu du(Mp) , du(Mp) ,
u(M,) ox dy

0z .
I'paguenT QyHKONHN YKa3bIBaeT HalpaBJeHHe Hau-
CKopeHInero Bo3pacTaHnd QyHKOHH.

ITpumep. IlycTs nana GyEKOHMA Uu = \/xz + y2 +22.

Haitem rpagueHT aToit GyHKIMHU B Touke My(1, 2, 3).
OnpeaesnM yacTHBIE NPOM3BOAHLIE (DYHKIHMH B
3TOM TOUKE:

du x ou(My) 1 1

a_""-_\[.:::z+y2+:er2 dx \/12+22+32_\/ﬁ’
aU(M0)= 2 . 2

au= 7 _
o 2+ 2+2 W 12io248 V14
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ou _ z du(Mp) _

_Jx2+y2+z2 d2 \/ +22+32 \/_

Taxum obpasom, rpaieBT NAHHON PYHKIIMH B TOY-

Ke My(1, 2, 3) papen gradu(M,) = ( \&4 ; \54 ; Jil ] .

BoabMeM HeKOTODPYIO TOUKY M (X4, Yqs 24) ¥ IPO-
BeZleM yepes3 Hee IPAMYIO, COBIIALAaIONIyIO II0 HANpas-
JIGHMIO ¢ BeKTOpPOM d. PaccMOoTpHM 3HaueHHe PyHK-
nnu u = u(x, y, 2) = u(M) B Touke M (x4, Yo 29) U B
ToyKe Onuskoi k et M, (x,, y,, 2,).

Onpenenenne. IIponssoanoit pynkuun u = u(M)
B TouKe M (X4, Ygs 2¢) IO HAIIPABJIEHHIO G HA3bIBA-
erca Opeaen lim wM,) - u(Mo) _ du(Mo)

M,-M, p(My,M,;) da
3TOT IpefeJs CYInecTBYeT.

Ecan doyakuua u = u(M) aguddepernupyema B
TouKe My(Xq, Ygs 2¢)s TO B 3TOM TOUKE CYIECTBYET €€
IIPOM3BOAHASA NIO JI060OMY HAIIpaBJIeHMIO, paBHAA

M, ou(M du (M, du (M,
du(Mo) _ 9u( o),ex+ ( o)_ey+ ( °)-e,_,
da ox dy 0z
rae BEeKTop € = (e,; yeyse ,) €AMHHUYBOMN IJIMHEI, CO-
BIIAAAIOMINIT IO Hanpan.uenmo C BEeKTOPOM a.

, €CJIH

ITpumep. Ha¥iTn nponano,unylo no Ha.npan.nenmo
d =(2; 3; 6) dpysruun y = In(x? +y + 2z ) B TO4YKe
M5, 3, 1).
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BBIYNCJINM YacTHBIE OPON3BOAHBIE GYHKIHMH B
Touke My(5, 3, 1):

du 2x du(M,) 10 10 2

= = = = = ’
ax 2+y’+22 dx  25+9+1 35 7
ou 2y du(M,) 6 6

= - = = ’
ay x2+y2+22, ay 25+9+1 35
u 2z aU(Mo) 2 2

- => - = .
0z x2+y2+22 0z 25+9+1 35

HalneM egMHMYHBIM BEeKTOpP, COBOAAAIOIIHNM IO
HANIPABJEHHUIO C BEKTOPOM G .

|a|=\/22+32+62 ~J4+9+36 =49 =7,

-1 _ 2 3 6
TOTAAa e=|-g|-a= ?;?;? .
OxoHyaresbHO 6yZeM HMeTh

uMy) 22, 6 3 2
da 77 3 7 85

_20+18+12 50 10

S
7

245 245 49

5.4. YacTHmie npou3BoAHbIe
BbiCWMX NOPAAKOB

HonycTum, uro dyHknua z = f(x, y) onpelejieHa B
o6sactn D 1 nMeeT B 3TOM 00J1aCTH YaCTHBIE IIPOMN3-

0z

- <
BOAHBLIC 3 % | 3 y KOTOPBIE TOJKE ABJIAIOTCA Q)YHR-
X 4
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IIMell mepeMeHHbIX H KOTOpPhIe TOXKe MOr'yT MMeTh
YyacTHbIe NPOU3BOAHLIE. HacTHbIE HIPON3BOAHEIE OT
YaCTHBIX IPOM3BOAHBIX PYHKIMH HA3LIBAIOTCA Yac-
THBIMH OIPON3BOAHBEIMH BTOPOIro NOpAAKA:

822= d az] 822= d [0z
ox: ox|\ox) a2 odyloy)

%z 3 (az) % 9oz

dxdy dy| dx dydx Jdx|\ dy
YacTHEIE IPOM3BOAHEIE BTOPOTO NOPAAKA, KOTOPBIe
noayuamorca auddepeHnuposaEneM QyHKOHUM IO

32z 3%z
pa3HBIM aprymeHtram (—— U —— ), Ha3bIBAIOTCHA

dxdy  dyox

CMeIIaHHbIMH.

Teopema. Ecau dyaknusa z = f(x, y) onpenesesa B
obaactu D u nMeer B 3TO¥M 00J1aCTH HenlpepuIBHLIE

2
BTOPBIe CMeIIaHHEIe YACTHbIE TPON3BOAHBIE aa az u
x0y
0%z TO CIpaBeAIMBO PABEHCTBO 92 = 22
dydx dxdy Oydx

I1o aHaysilornu ¢ 4YaCTHBIMM ONPON3BOABBIMM BTOPO-
ro nOpAAKa MOXXHO OIIpeJeJINTh YACTHbIEe IPON3BOA-
Hble 00J1ee BRICOKMX HOPALKOB.

Tax)xe MOXXHO onpenesuTh AnddepeEnIaAIBl QyHK-
ouy 6oJiee BBICOKMX NOPAAKOB, BanpumMep, audde-
peHImuaJ BTOpPOro nopsaKa:
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d*f(x, y) = d(df(x, y)) =

(% y) , 2 o 0%f(x,y) f(x,y) , 2
= " dx +2 3%y dxdy + ay2 dy“.

5.5. IkcTpemyMm PyHKUHH HECKONBKHX
nepeMeHHbiX

Onpepenenne. Touxka M (x,, y,) Ha3LIBaeTCA TOY-
KOl MakcumMyMma pysrnuu z = f(x, y), ecau cyme-
CTBYET HEKOTOpasA OKPECTHOCTb TOUKM M (X, ¥,), ATH
Bcex Touyek M(x, y) KOTOpOH BBIIOJHAETCA HEPABEH-
cTBO f(xg, Yo) 2 f(x, y).

Touxka M(x,, Yo) HA3BIBAETCSA TOYKOM MHHH-
mMyma GyBKInH 2 = f(x, y¥), eCJiM CYyIIeCTBYeT HeKO-
TOPasA OKPECTHOCTb TOYKHU M (X, Yy), AMIA BCEX TO-
Jek M(x, y) KOTOpPOM BBINOJIHAETCA HEPaBEHCTBO

f(xq, Yg) < f(x, y).

Heobxo0umoe ycnosue sxcmpemyma. Ecan
M(xy, Yo) ABNAETCH TOYKOH 3KCTPeMyMa GYHKINH
z = f(x, y) ¥ ecIu B 3TOM TOYKeE CYINECTBYIOT 4YacT-
Hble NPON3BOAHBIE PYHKIINH, TO OHH PaBHEI HYJIIO

af(xo,yo) -0 af(xo’ Yo) -0
ox ' dy '

Onpenenenne. Touka, B KOTOPOiII YaCTHBIE IIpPO-
n3soaHble QyHKOUN 2 = f(x, y) mepBoro nopaAakKa
paBHBI HYJIIO, Ba3bIBAeTCHA CTAMOHAPHOM TOYKOH
PyYHKIIHNH.

Hocmamounie ycnosun sxcmpemyma. Ecom pysk-
nusa 2 = f(x, y) onpeneneHa U UMeeT HellpephIBHEIE
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YaCTHBEIE IPOM3BOAHBIE BTOPOIO HNOPAXKA B HEKOTO-
POl OKPECTHOCTH CTAIMOHAPHOM TOYKHM M (x4, Y,),

2
ro mpu D =11 M2, 0 rpe au:?__t(_ﬂ_:_o_),
G12 G2 ox
Pf(My) (M)

a9 = %y ayo = o , Touka My(x,, Y,) AB-

JIfeTCA TOYKOM MHHHMYyMAa OpH a;; >0 H TOYKOMH
MaKCUMyMa IIpu a,, < 0, npu D < 0 Touxa M (x4, ¥o)
He ABJIAETCA TOYKON 3KCTpeMyMa, a npu D =0 ycra-
HOBHUTHh HaJNuHe 3KCTpeMyMa (PYBKIHH B TOUKEe
My(xg, Yo) HEBOIMONKHO H AJIA ITOr0 HEOOXOAMMO
OpPOBOAUTL 0oJiee AeTaJIbHOE HCCJIEAOBAHNE C IIPH-
BJIEUeHHEM YaCTHBIX IIPOM3BOAHBIX 00Jiee BBICOKO-
ro DopaAnKa.

ITpumep. Havinem axkcTpemyMul GyHKIIHH
z=x3—y3+3xy+5.
HaipeMm cTamMOHapHBIE TOYKHM JaHHOH QyHKIIMHN:

=L = 342 + 3y, §i=—3y2 + 3x,
Yy

TOrZla CTAIlMOHAPHBIE TOYKH ONpEeAeN MM N3 CHUCTe-
MEI YPABHEHWM:

32+3 =0 2 =0 4+ =0
x 4 - |* ty - ¥y Ty -
-3y +3x=0 2 +x=0 x = y?
=0
y(y3+1)=0=:»yl=0=:»<[x1 0=>y3——1=>
1 =
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x2=1

Yo = -1 .

TakuM o6pa3oM PYyHKI A HMeeT ABe CTaHOHAD-
aele Touku M,(0, 0) n M,(1, —1), nccneayem xKax-
OYIO N3 HHX:

y2=‘1="{

2 2
o2 — =6ux, §—=—6y, az=3.
ax ay axay

Hna roukn M, (0, 0): ,

9%2(M,) 0°2(M,)
= et = O, = v - 0,
a1, axz p) ayz
3%2(M;) '0 3l
o e = 3’ = —a ’
M2 = 5ray D=lg o= 79<0

cineposaTenbHO B Touke M, (0, 0) byHknus sakcrpe-
MyMa He MMeer.
Hna rouku M, (1, —-1):

3%2(M.,) 3%2(M.,)
0x dy
922(M,) 6 3
= — 3, = =2 ’
a9 33y D ' ‘ 7>0

ciepaosaTenbHO, B Touke M,(0, 0) pyrrkuus umeer
3KCTPeMyM, H, TAK Kak a;, > 0, 3TOT aKCTpeMyM —
MHHHUMYM.

TaxuMm obpasoMm z.,;, = 2(My) = 4.
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5.6. Haubonsbuiee u HauMeHblLICE 3HAYEHHUA
PYHKLUUH HECKONbBKUX NepeMeHHbIX

Ecau ¢pyEHKOHA onpejiejieHA H HellpepbIBHA B Or-
pPaHNYEHHOHN 3aMKHYTOM obJacTH Q, TO OHA JOCTHTIa-
eT Ha 3ToH 00siacTH cBouX HanboJbIIero ¥ HamMeHb-
Imero 3HaYeHUi. PaccMOTpHMM aJrOpHTM HaXxoMXJe-
HHUA HanboJipImero ¥ HAaMMEeHbIero 3HaYeRuil QyHK-
OHMN Ha KOHKPeTHOM IIpHMepe.

HaitneM HamnboJblllee 1 HaMMeEHbIIIee 3HAYEHHSA

3

QYHKOUHA 2 = %x + 3xy + é—y3 B 3aMKHYTOM 00Jia-

ectm:x>-1,y2-1, x+y<1.

OnpeneauM cTamUOHAPHBIE TOYKH QYHKIHHK

Jz 9 oz 9 x2+3y=0

: =
> dy 3x+y? =0



rx2+3y=0 4
2 = %+3y=0 = %@3+27)=0=>

. 3
Y1 =0= yp=-3= x, =0 = xy =-3.

Takum o0pa3oM, QYHKOHMA HMEET ABe CTAlHOHAD-
Hble Todku (0, 0) u M (-3, —3). Ecan HanbGosbmee
HJIH HAaVMeHbIlee 3HaUYeHNEe (PYHKOHNA NOCTHIraeT
BHYTPH 00JIaCTH, TO 3TO BO3MOXXHO JUIIL B CTAINO-
HapHBIX TOYKaX, OPHHALJIECKANINX AaHHOHX 001acTH,
T.e. B paccMaTpuBaeMoM cJaydae B Touke O(0, 0).
IToaromy Touky M ,(—3, —3) ucKII09aeM U3 PACCMOT-
pPeHud.

HccaenyeM Tenepb rpaguLy o6aacTH, KOTOPas Co-
cTOHT U3 Tpex yuactkoB AB, BC nu AC. PaccMoTpuMm
KaXJIbI YUACTOK OTZEJbHO. ¥ paBHEHHE yuacTka AB
rpasuObl ¥ = —1 moZicTaBHM B HCClIefyeMyIO QYHK-

OHIO, INOJYYHAM z=%y3—3y—%, rae -1<y<2.

TaxknM oO6pasoM, He0OX0ANMO ONIpeeJINTh HAVMEHb-
mee U HauboJsbIIee 3HAYEHNA QYHKIIUM OAHON Ie-

1
peMeHHOH 2 = —:lg-y3 -3y - 3 Ha oTpe3ke -1 <y <2,

%=y2—3=0 Y1 =3, yp =3, moy; € [-1,2].
y

3HaYNT QYHKOHUA MOXKEeT IPDMHHMATh HANGOJbIIee
M HaMMeHbIllee 3HAYEHHUA B TOUKe Iy = J3 nra rpa-
HHune orpe3ka B Toukax —1 u 2. CinezoBartesbHO,
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K Touke O pobGaBuMm eme H Touku B(-1, -1),
Ky(-1,43) 1 A(-1, 2).
YpaBrerHe yuactka BC y = —1, a paccmaTpuBae-

Masd QyHKIOMA HAa 3TOM YyJ94CTKE MMeeT BUJ

1 1
=§x3—3x—§,me—15x52.

%:xz—3=0=>x1 =\/§,x2 =—\/§,H0x295 [—1, 2]
x
1 QYHKOUA MOMKET AOCTHUraTh HauboJbllee U HAU-

MeHbIIlee 3HaYEeHUA B TOUKE X; = V3 u ma rpagune
orpe3ka B Toukax —1 u 2. IloaTtoMy K paHee oTOOpaH-
HBIM TOYKaM xo6aBuM TO4KH K, (\/5, -1) u C(2, -1).
YpaBHenmne yyactTkaAC x +y=1uany =1 — x.
ITogcTaBMB ypaBHEHHE 3TOr0 YyUYaCTKAa I'DAHUILI B
paccMaTpuBaeMyio QYHKIOHIO, HOJYINM
2= —1-x3 +3J::(1—:c)+—1-(1—:rc)3 = —2x? -2x+l,
3 3 3
rge -1<x<2.
dz

| 1 1 3
—=-4x-2=0 x=—-—= =22 y=1+—-=-—,
dx = g — Y 2 2

JTO JaeT HaM eme OAHY TOYKY K3(—%, g) (Tou-

KH, COOTBETCTBYIOIIHE 'PAENYHLIM 3HAYeHUAM pac-
cMaTpHBaeMoro otrpeska -1<x<2 B(-1, -1) u
C(2, —1), 6p1n oTOOpPAHEI paHee).

1 1
BrLrunc/iM 3HAUCHHA QYHKIMH 2 = — X5 + 3xy + = y°

BToukax 4, B,C, K, K,, K,4,0 3 3
1 3 1 3 1 8 11
A4) 3( )" +3(-1) 3 3 +3 3’
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2B) = 1 (-1 + H-DD + 2 (1P =

3 3 3
1, ..3 1 g 8
O==-(12)+3(-1)2+—-(-1)"=—-6
2(C) 3() (-1 3( ) 3

2K;) = 7 (1P + 3-1VB + 2 33 -
=—-:1;—3~/§+J_=—:—13-—2J§,
Z(K2)=%3~/§ +3(—1)s/§+-:1§(—1)3=

1 1
=3-33-2=---23,
V3 373 V3

3 3
=34 A4

1 1 9 20 5
+

z(O)=—:1§(0)3+3-0-0+§-0=0.

Bri6upad U3 BLIYMCIICHHBIX 3HaYeHNA HauGorbimee
M HaMMEHbIIee, HOJYyYHM, COOTBETCTBEHHO, HAN0OIh-
Imee ¥ HaNMeHbIIee 3HAYEeHUA JaHHON GYHKIIMY Ha
paccMaTpUBaeMOM MHoOKecTBe. CiiejoBaTeIbHO, HAH-

MEeHbLIINM 3HaYeHHeM (QYHKOUH OyaeT —%— - 2\/5,

KoTOpOe AocTuraerca B Toukax K, u K,, a Han6ob-

_1
3

11

3

7
MM — § y KOTOPO€ NOCTHIraeTCda B TOYKe B.
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6. HEONPEAENEHHbIA UHTETPAN

Onpenenemme. Pyuknuda F(x) Ha3pIiBaeTCA MEPBO-
oOpasron aiaa pyEKkOouu f(x) Ha HEKOTOPOM HHTEP-
BaJe (a, b), ecain ansa a060ro x 13 JTaHHOTO IpoOMe-
JKYTKa CIIpaBeIABO paBeHCTBO F'(x) = f(x).

JIioban HenmpepriBEHag GYHKOHMA Ha HEKOTOPOM
IPOMEXYTKe NMeeT 6eCKOHeYHOe MHOJKEeCTBO Iep-
BOOOpAa3HBIX, OTINYAIOIINXCAH APYT OT APYra JUIOb
NOCTOAHHLIMHU ciaraeMeIiMu. To ects, ecan F,(x)
n F,(x) — nse mepBooOpasHble ofHOW GyHKOHH,
10 Fo(x) = F,(x) + C, rge C — mocTossHHAaH.
 COBOKYIIHOCTEh BceX NepBooOpasHEIX OAHOH (DYHK-
MK MOYKHO IIPeACTaBUTH B Buje F(x) + C, rae F(x) —
KakKafa-a1ubo nepBooGpa3naa aTou dpyrkouu, a C —
MOCTOAHHAA.

Onpenenenne. CoBOKYIHOCTh BCex mepBOoOOpas-
BeIX F(x) + C apna ¢pyuknoum f(x) Ha3siBaeTca HEO-
npeAeJeHHbBIM MHTErpajioM OT 3TOX QYHKOHUH.

Onepanua HaX0XIeHNA NepBOoOOpPa3HEIX PyHKIONH
f(x) HaspIBaeTcA MHTErpNpoBaEneM Qpyakmun f(x).

HeonpenesnerHslii nHTerpast pyaknuH f(x) o6o3na-
qaeTcd cjexyromuMm obpasom:

I f(x)dx.

Cama ¢pyHKOMA f(x) DpH 3TOM HA3LIBAETCA MOLIH-
TerpajibHOM QYHKIUEH, a Boipaxkerue f(x)dx Ha3bl-
BaeTCA OOALIHTErpAJLHBIM BRIpaXeHHEM.

Takum oOpasom

j f(x)dx = F(x) + C.
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6.1. Ceoiictea HeonpegeneHHOro
HHTerpana

1. Anddepernnas oT HeonpeaeJeHHOr0 HHTErpa-
Jla paBeH NOABIHTErpaJbHOMY BhEIPDAYKEHHIO, & IpO-
M3BOAHAA — HOALIHTErPAJIbHON GYHKIIUMU:

af 10 = 1z, ([ fxrdx) = 1),

2. HeonpeneneHEHBII MHTErpajl OT OPOM3BOAHOM
uau ot auddepenunasa GyHKIUHM paBeH CaMOM

dyRKONH:
If’(x)dx = f(x) + C, Idf(x)dx = f(x) + C.

3. ITocToOAHHEBIH MHOKHUTENbL MOXXHO BLIHOCHUTD 3a
3HAK MHTerpaja:

J‘ kf(x)dx = J‘ f(x)dx.

4. BETerpajl or KOHEe4YHO¥M ajredpanmdecKoil cyMm-
MBI QYBKIUA paBeH TAKOM Xe CyMMe UHTErpaJjioB
OT 3TUX QYHKIOHNN:

[(£(x) £ g(x))dx = [ f(x)dx £ [ g(x)dx.

5. Bua unTerpana He uamenutca. Ecian mepeiitu
OT IepeMEeHHOM X K IepeMeHHOH u, KOTOpasa ABJA-

erca guddeperogupyeMoil QyHKIINEH X.
To ecTb eclIH j f(x)dx = F(x) + C, TO

[fwdu = Fw) +C,
rae u = u(x) — pudbdbepeEnnpyeMas QyEKONA.
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6.2. Tabnuya uHterpanos
OT 3NeMEeHTapHbIX DYHKLUUMH

a+l
+C, a#1

1. Ixadx= ad
a+1

dx
2. I-;— =In|x|+C

ax
3. {a*dx =
-[ Ina

+C,a>0,a#1
4. je"dx=e"+c

9. |cosxdx=sinx+C

6. |sinxdx=-cosx+C

7.I dx =tgx +C

dx
8. = -ctgx + C
'[ sin2 X

9. I\/—%?=arcsinx+c

dx 1
10. [ = Jarctgx +C
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6.3. OcHoBHbIE MeTOADbI
BbiYHCNEHUA HHTErpanos

MeTon HenmoCcpeaCTBEHHOTO
MHTEerPMPOBAHHA

MeToa HenmocpeACTBEHHOT'O HHTEIPHPOBAHNA 3aK-
JI09a8eTcs B TOM, YTO, IPUMEHAA TOKJAECTBEHHEIE
nnpeoOpa3doBaHNA MNOALIHTEIPAJIBHOTO BBHIDAYKEHHS,
HCXOOHBIA MHTETrpaJl, HCHOJb3YHA CBOHCTBO JHUHEH-
HOCTH

[(@-f(x) +B- g(x)dx = o- [ f(x)dx + B[ g(x)dx,

CBOAHNTCH K HECKOJBbKHUM 00Jiee IpOCTBIM, KOTOPBIE
MOTYT OBITHL BHIYUCJIEHbI HEIIOCPEACTBEHHO 110 Tab-
JINLEe UHTErpaioB.
4cos® x - 2sin® x +1
IIpumep. J' dx.

sin2 x 0092 X

HpHMEH.ﬂ.FI OCHOBHO€ TPDHI'OHOMETPDHYECKO€ TOX-

pectBo sin x + cos® x =1, OoJIYYUM

2 2

x—-2sin“x+1

sin2 x 0032 X

2 2

_[4008 dx =

X+ sin2 x + 0082 X

sin2 x cos2 x

5coszx—sin2x
=I .2 g dx.
sin“ x cos“ x

PaanennM KaXxag0€e cjaraeMoe 49uCanuTesss B- IO-
ABIHTErpajJbHOM BbLIDAXXECHVNH HA GHAMEHATEJIb.

x —2sin

I4cos dx =
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2 .2 1 (1)

IScos x—319n xdx I( _ Ydx =

s.in2 xcos” x sm x 0032 x

-5[ dx -I d:: = -5ctgx - tgx + C.
sin® x ’ cos® x

MeTon MHTErpHpPOBAHMA IO YACTAM

IIpu ucoosib30BAaHUHM METOAAa MHTEerPHPOBAHUSA IO
JacTAM OpeanoJjiaraeTcs, YTO NOABIHTErpajibHoe
BbIpayXeHHe MOXKeT OBITh mpeCcTABJIEHO B BHJAe IpO-
N3BeJeHNs HeKoTopoh PyHKUMH u Ha anddepen-

nuaja aApyros ¢ysxkouu dv: I udv .-

Toraa, ucnoaraya bopMyJsry HHTErPHPOBAHNA MO

YacCTAM
Iudv = uv—jvdu,

HCXOAHBIA HHTErpajJ 3aMeHfeTCHA JAPYyrAM Ivdu,

KOTOPBIi yacTo OuIBaeT 00Jiee OPOCTHIM AJA BHIYHC-
JICHHUS.

ITpumep. I x(3sin x — 5cos x)dx
Bribepem B KadecTBe U = X, TOTAA
dv = (3sin x — 5 cos x)dx, du = dx,

v=I(3sinx—5cosx)dx=3jsinxdx—5fcosxdx=
= -3 cosx —5sin x,

¥ IO NPHBeJeHHOU BhIme (popMyJie HOoJTYyINM
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Ix(3 sin x — 5 cos x)dx = x(—3 cos x — 5sin x) -
—I(—Scosx—- 5sin x)dx = x(-3cos x —5sin x) +
+ 3_[ cos xdx + SIsin xdx = —-x(3cosx + 5sin x) +
+3sinx—-5cosx + C.

MeTton 3aMeHbI nNepeMeHHOH

CyThr JAHHOTO MeTo/la 3aKJIYaeTcs B TOM, YTO
BMECTO HCXOAHOH mHepeMeHHO# HNHTerpHpoBaHNA,
HalpuMep X, BBOAUTCA HOBA&S IepeMeHHas, HallpH-
Mep L, CBA3aHHASA CO CTAPOH HepeMeHHOH COOTHOIIe-

HueM i = (x) (0(x) — nuddepernupyemada QyHK-
M IepeMEeEHOH X).

IlycTs moabiETErpaibrEan @yaknoua f(x) npeacra-
BuMa B BuJe f(x) = g(o(x))w'(x).

Toraa UCXOOHBIN HHTErpaJ I f(x)dx npeacTraBHM
B BHJe
[ f(x)dx = | glxx)) (x)dx.
Ilepexoas k HOBOIl mepeMeRHON I = W(X) M y4IH-

ThIBaA, 9T0 dt = W'(x)dx, a dyEKOua g(t) mMeer mep-
BooOpasHyio paBHYIO G(1), mosyyum

[ fx)dx = [ g (x)dx = [ g(B)dt = G(2) + c.

Bo3Bpamadachr K mepBOHAYAJBHOU IHEpeMEHHOM
MHTEerpUpOBaHNA U NOACTABJAA BMeCTO I QyHKIHIO
0 x),; OKOHYATEJNBHO HOJYYHAM

[ fx)dx = [ g(A2)(x)dx = [ g(e)dt = G(e) + ¢ =
= G(e(x)) + c.
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2 cos 2x + 3x2
(sin 2x + :)::3)1/2

O6o3Ha9MM Yepe3 HOBYIO IEPEMEHHYIO MHTETDH-
POBaHHSA { BRIDAXKEHUE, CTOAINEeEe B 3HAMEeHAaTeJIe Io-

" AMETErpakHON GYHKIMU ¢ = sin 2x + x3, caenosa-
TeJBHO, 'dt = (2cos 2x + 3x2 )dx ¥ MCXORHLIN MHTET-

paJs mpeofpasyerca K BULY

J- 2 cos 2x + 3x° dx = -“
(sin 2x + x3)1/2 t]/“2

BeIUCANM IIOJYYEHHLIN WHTErpajy II0 nepeMeH-

HOU t U BepHEMCH K CTApO¥ IIepeMEeHHOH X, YUHTHI-

Bas, 4To ¢t = sin 2x + x3:

dx

ITpumep. I

dt tl/2 ) 3
t1/2 = 172 +c—2\/;+c—2\/sm2x+x + C.
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7. ONPEAENEHHDBIX UHTEINPAN

Ilyere pyEkmua f(x) ompeneseHa Ha OTpe3Ke
[a, b]. Pa3obbeM AaHHBIN OTPE30OK IPOU3BOJBHLIM
00pa3oM TOUKAMM X, X1, Xg, «.., X,_1, X, TAKUMH, YTO

a=x,<x <Xy <..<X,_1<Xx,=b,

Ha oTpe3ku[x;, x, ,), raei=0,1, 2, ..., n — 1.
Ha xa)X/1oM 13 DOTy4eHHBLIX OTPEe3KOB IIPDOU3BOJIb-
HHIM o06pa3oM BmiOepeM TOYKy T; € [x;, x;,1], BHI-

YUCJIMM 3HaYeHue QYHKOUH B 9TUX Toukax f(T;) M
n-1

IIOCTPOMM HHTErpaJIbHYIO CYMMY E f(t;)Ax;, roe

i=0
Ax; = X — %

0O603HaYnM yepe3 A AAMHY HaAHOOJLIIEro U3 OT-
pe3koB [x;, x;,;]: A = max |Ax;].
i

Ecmu cyniecTByeT KOHEUHBIH IIpefesl HETerPaAIbHBIX

n-1
CyMM E f(t;)Ax; mpu A — 0 (xorma ocymecTBis-
i=0
eTcsa nepexog Kk 6osiee MeJIKOMY pa3bHeHHI0O OTPesKa
[a, b], opu KoTOpPOM AJIMHA HAHMOOJBOIETO K3 IIOJY-
YeHHBIX B pe3yJibTaTe pa3dneHns OTPe3KOB CTPEMMT-
CA K HYJIIO), TO 3TOT Ipeies Ha3hiBAeTCA OpeesIeH-
HBEIM HHTerpaJiom ¢byEKknuM f(x) mo otpesky [a, b]

b n—1
I f(x)dx = lim 2 f(T)Ax;.
2 A—0 i=0

IIpu aToM a Ha3pIBaeTCA HHXKXHHUM IIpelejiOM,
a b — BepXHHUM IpeieIoM MHTErPMPOBAHNA.
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Ecan cymecrByeT YyRa3aHHLIM Ipelen, TO €CTh
onpeAeJeHHBIN HHTErpa, To QyEKOusa f(x) HaspBa-
eTCcsZ MHTEerpupyemoii Ha orpe3ke [a, b].

7.1. CeolicTBa onpeaeneHHOro MHTerpana

1. IToCcTOSIHHBIN MHOXXHNTEJIb MOXXHO BLIHOCHTD 38
3HAK OoImpelleJIEHHOrO HHTerpaJa:

b b
j' kf(x)dx = k j f(x)dx.

2. OnpeneneHHBI HHTErpajJ OT KOHEUHOM aJjreod-
panyecKol CyMMhI GyHKIOMHA DABEH TaKOM JKe CyM-
Me OoIIpelieIeHHbIX MHTETrPAJIOB OT 3TUX QYHKIIHIHI:

b b b
[ (F(0) £ g(xdx = [ f(x)dx t [ g(x)dx.

3. IIpn nepecranoBke npeesoB MHTErpUPOBaAHN A
onpefeJIeHHbINI HHTErpaj MeHsdeT CBOM 3HAK HA IIPO-
THUBOIOJIOMHEIN

b a
[ fx)dx = - F(x)dx.
a b

4. Eciu BepxHUH npejieJl MHTErPUPOBAaHNS paBeH
HHXHEMY NIpefiesTy, TO ONpeAeIeHHbLIM HHTErpa pa-
BEH HYJIIO:

Tf(x)dx = 0,

5. Ecan dysxknusa f(x) mETerpmpyeMa Ha OTpes-
Kax [a, c] n[c, b], TO OHA GyaeT nETErpupyeMon u Ha
oTpe3ke [a, b] n
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b c b
If(x)dx = If(x)dx + _[f(x)dx.

6. Ecau dyexkousa f(x) MHTErpupyeMa Ha OTpe3Ke
[a, b] 1 m < f(x) < M Ha 2TOM OTpe3Ke, TO cClipaBell-
JINBO HEPABEHCTBO

m(b - a) < jf(x)dx <M -a),

7. Ecan f(x) HenpemeHa Ha oTpeske[a, b], To cy-
OIEeCTBYeT TakKas TOYKAa C, IpUHaAJexamas OTpes-

Kyla, b),4r0

[ f(x)dx = (B - a)f(e).

71.2. ®opmyna HoiotoHa—JleibHuua

I1st BEIYMCIJIeHN ST OITPEAeIEHHOIO HHTErpaJioB MC-
noas3yercsa ¢popmyna Heorona-Jleii6rnma, Koro-
pasa CBA3bIBAET ONIpPEeAeJeHHBIA MHTErpaJ ¢ Heolpe-
nenennmw

j f(x)dx = F(x) = F(b) - F(a),

roe F(x) — Kaxafa-au6o mepBoobpasHas GyYHKIHSA
I NOABIHTErpaJbHON hyRKIUY f(x).

PaccMmoTpuM onipefiesIieHELIN MHTErpaJ, y KOTOPO-
o BEpXHUH IIpeaes HHTErPUPOBAHHAA €CTh IEPEMEH-

HA BeJHYHHA If(t)dt. Takoil HHTErpaj MOXXHO

a
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X
paccMaTpuBaTh Kak ¢dyHKOHIO P(x)= If(x)dx.
a
MoxxHO AOKAa3aTh, YTO 3TO HenpepriBHAA nudrpepen-
dd(x
%) _ f(x)-

nupyemasa QyHKOHUS, IPAYEM y
X

7.3. Metogbi BhiYMCNECHHA
onpefeneHHOro WHrerpana

MeTo HemOCPEeACTBEeHHOT'0 HETErPAPOBAHAA MO-
JKeT OLITh HCIIOJIB30BAH H AJIS BRIYHCJIECHUA onpee-
JIeHHKIX HHTerpasos. CyTh 3TOro MeTofa 3aKJIi04a-
eTcs B TOM, YTO, IPUMEHAA TOXKAECTBEHHEIE IIpeos-
pa3oBaHMSA NOALIHTEIPAJIBHOIO BHIPDAKEHNUSA, UCXO/-

HEIM MHTErpaJj, HCNoJb3ysa CBOMCTBO THHEHHOCTH
b

b b
[ (@f(x) + Bg(x))dx = af f(x)dx + B[ g(x)dx =

’ b b
= aF(x) +BG(x) = oF(a)-oF(b)+ PG(b) - BG(a),

rae F(x) — nepBoobpasmasa dpyrskoun f(x), G(x) —
nepBoobpasnaa dyEkoun g(x), CBOANTCI K CyMMe
0oJiee MPOCTHIX MHTErpaJIoB, KOTOPLIE MOI'YT OBITh
BRIUMCJIEHRI HEIIOCPEACTBEHHO IIPH IIOMOIIHU Ta6IN-
bl HHTETrpaJIOB.

IIpumep.

9 9
Ix&_3x+5=I(x—3\/;+5x'.0'5)dx=
1

L x
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9 9 9
= dex - 3I Jxdx + 5‘[ x 99dx =
1 1 1

9 x3/2 9 81 1
X ogX _ 45X
2 "32h "0,5)1 2 2

+10-3-10=40-54+2+30-10=8.

2 -

MeTrox mETEerpEpoBaHHEA N0 YacTaM. IIpu Buruuc-
JICHHH AAHHBLIM METOIOM OIpeAesIeRHbLIX HHTErpa-
J10B hopMyJia HHTErPMPOBaHNA IIPHHUMAET BH]

b p b b

Iudv =uv| - j vdu = u(b)u(b) — u(a)v(a) -I vdu. (2)

a
a

a a

1
Ilpumep. I(x - Ne*dx
0

Ilpumem 38a u = x — 7, a dv = e*dx, Toraa noJy-
yumdu =dx, v = Iexdx = e* u, ucmoapsyd (2)

g j‘exdx =

1
j(x ~Ne*dx = (x - T)e*
0 0

0

1
=(1-T)e-(0-"7e’ - ¢* 0=—6€+7—e+e 0_

=-Te+ 8.

Meron 3amMensl NepemMenHoii. /lomycTHM, 4TO He-
b

00X0AMMO BLIYHCJIHTE MHTErpa If(x)dx, B KOTO-

a
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poM IOALIHTErpajsbHasg (PYHKOUSA IpeAcTaBUMa B
Buje f(x) = g(P(x))¢'(x), rae ¢(x) — byrxuMa AMd-
bepennupyemasa Ha MHTepBaJe [a, b] 1 Ha KoHOAax
YKa3aHHOI'0O HMHTerpajla NpUHHMAaeT 3HAYEeHHSA
¢(a) =ty ,9(b) = t; , a pyaKnuNsa g(f) UMeeT 11epPBOOG-
pa3nyio G(t).

BBeaeM HOBYIO IEPpEMEHHYIO HHTErpHUPOBAaHNA ¢,
CBA3aHHYIO CO CTapOol NepeMeHHOH X COOTHOIIEHH-
eM t = ¢(x), TOra NOIy4YuM

1
Hpumep. j(ac2 +3x)%2(2x + 3)dx

BBeneM HOBYIO mepeMEHHYI0 MHTerpupoBaHHS
t=0(x) = x? -+ 3x, Torna dt = ¢ (x)dx = (2x + 3)dx.

IIpu x =0 t=¢(0)=0, ampu x =1 t=¢(1) =
=12 +3=4.

B pesyapTaTe moayanm

1 5/2.|4
[ +52)%2 (22 + B)dx = jt3/ de=2_| =
572 [0
0 0
24522 3984
5 5 5

7.4. TeomeTpHUYECKHH CMBICA
onpeAeneHHOro WHrTerpana

Onpenenennslit nHTErpas or GyHKOMH f(x) MO OT-
pe3ky [a, b], Ha KoTOpOM HaHHAA GYHKOUA NPUHH-
MAaeT MOJIOXKHUTEJIbHbIe 3HAYCHN S, YUCJIEHHO PABEH
IUIOIIaAM KPMBOJIMHEMHON Tpanenuy, OrpaHMYEeHHON
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rpaduxoM f(x), ockio OX u BepTHKAJIbHBIMH NIPS-
MBIMU X =a unu x =2>b.

IIpaMeHeHHe omnpeneJieHHBIX HMHTErpajioB
IJAA BRIYHCJCHHA NJoIMageH

NJOCKHX (QHrYp
IlycTh HEOOXOAMMO BEIYMCIHUTD IMJAOIHAAL GUTYPHI
ABCD, orpaEM4eHHON BEPTUKAJIbHBIMH OPAMBIMH
X =a, X = b 1 KPUBLIMHM JHHUAMH, KOTOPbIE ABJIAIOT-
cqa rpabukamu dyrkouit y = f(x) n y = g(x) (puc. 1).

U A
B y=[(x) ¢
D
Ai y = g(x) i
91 e ’
a b X
Puc. 11

Hcnoaw3dys ompeAeseHHLIN HHTerpaj, ILIOMAIAb
yKa3aHHO# (GHUTyphl MOHO BHIPDA3HTH CJeAyIome

dopmyion:

b
SaBcp = I(f (x) - g(x))dx.

Ita dopmMyia OyzeT copaBeZJIMBA B B TOM CJIy4ae,
KorjJa BepTHKAJIbHbIE I'paHNUI LI 00jsacTH OTpe3Ka AB
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nau CD BHIPOXKAAIOTCH B TOYKH (TO €CTh COBIIAZ[alOT
TOYKH A, B 1 Touxku C, D).

IIpumep. BeluncianTp naomanb OJIOCKON bUTYDHI,
OrpaHMYeHHOM JUHHAMU § = 2x2 n y = —2x + 2.
I'parnnaMmu faEHOM 001aCTH ABJAAIOTCA Napabo-
na y = 2x2, pacmoso’KeHHas BEeTBAMU BBEPX, C BEp-
OIMHON B HadYajle KOODAMHAT, H NpAMaA JNHHEUSA
y=—2x + 4. [Insa onpeieIeENs nNpeaesioB HHTErpH-
pOBaAHMSA HaHJeM TOYKH IIepecedyeHUsd YKA3aHHBIX
JMHWIA, peIINB CUCTEMY YPaBHEHUH

y=2x2 .
y=-2x+4

HMckiounB HEN3BeCTHOE Y, IOJIYIUM ciiegyioinee
YpPaBHEHHE OTHOCHUTEJbHO HEM3BECTHOIO X

y=2x%=-2x+4.
PasgesnnM o6e 4yacTH IOJYUEHHOTO ypaBHEHHSA
Ha 2:
x? = -x+2.

IlepeneceM Bce 4JIeHBl YpPaBHEHHUA BIIPABO:

2 +x-2=0.
Pemum 9TO YpaBHE€HHe, HNCIOJIb3yHd H3BECTHYIO
dopMyay A8 BBIYNCIEHHWS KOPHEM KBaJApPATHOTO
YpaBHEHUA:

o= b+ \/ b? - 4ac
1.2 2a ’
rae a, b, c — xoadppunrenTH KBaJPATHOIO YPaBHE-

Aug ax2 +bx + ¢ =0,

B nramem caydaea=1,b=1, ¢c = —2. Torzga
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-1+1-4-(-2) _-1+1+8

*1,2 = 2 2
_-1+49 -1%3
- 9 9 Yy A

Baas 3anaxk MuHYyC, NO-
JydUM 3HAYEeHHe IJA
IIepBOro KOPHA ypaBHe-
HUA Xy = —2, B3AB IUTOC,
MOJYYUM BTOPOHM KO-
pers x; = 1.

Ha puc. 12 npeacras-
JIeHa paccMaTpuBaeMas

¢urypa.

. |
-—

B narsOM ciy4ae f(x) = -2x + 4, g(x) = 2%, a =-2,
b=1.

S= i(—h+4-zﬁm=—2}xdx+4idx—zi Ldx =
-2 -2 -2 -2

1
= -2 1.4 +
-2 2 2

+4(1—(—2))-2(%-(—":—))=—1+4+4+3-2—=
=15-6=9.

2
_oX_
2 |-2

1 1 3

+4x
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8. ObbIKHOBEHHbIE
AUODEPEHLUHUANDBHLIE
YPABHEHHA

OOrIKHOBEHHEIM JUDdepeEONAILHBRIM YPABHEHH -
€M Ha3bIBAeTCA COOTHOIIEHHE, CBA3LIBAIOIIEE He3a-
BHCHMYIO IEPpEMEeHHYIO X, HEH3BECTHYIO (DYHKIHIO

y(x) u ee npoussoganie F(x, y, iy’ ...,y"™) = 0.
Ilopaakxom nudpdepeHIHAIBLHOIO YPABHEHUA Ha-

3LIBAETCA HAWBHICIIHH IIOPAAOK IIPOH3BOAHOM He-

M3BeCTHON QYHRIOMM, BXOAAILEH B YypABHEHMeE.

Hanpumep, ypaBeenne y” + xy’ = y°> Tpersero mo-
pALKa, YPABHEHHE y(y"')2 +y'cosx =1 — pudde-
pPeHIUaJIbLHOE YPaBHEHHE BTOPOro IOPAAKA, YpaBHe-

dy

dxt
YPaBHEHHE YeTBEPTOI'O MOPAAKA.

Pdyrknud y(x), Koropasa IpyM NOACTAHOBKE B AN Q-
deperIHaIbHOE YpaBHeHHE 0OpamaeT ero B Toxae-
CTBO, Ha3bIBaeTCA pemeENeM AudPepeHHaAILHOIO
ypaBHEHHA. ]

Pemenne mudepeRIINAJILHOIO YPAaBHEHHU A, 3a1aH-
HO€ B HEABHOM BH /€, HA3bIBACTCA HHTErpajJoM aud-
¢depeHINATILHOI'O YypPaBHEHUA.

I'padbnk PyEKOUH, KOTOPAA ABJAETCA pPEeIIeHNEM
mddepeHINAJIBHONO YPaBHEHNU A, HA3hLIBACTCA NHTET-
PaJILHOM KPHBOM.

HHEe + \/xz + y2 =0 — aunddepernuaibrHOE
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8.1. O6umikHOBeHHbIEe auddepeHLHanbHbIE
ypaBHEeHHA NepBoro nopsagka

O6LIKkEOBeHHBIM AN depeHnuaTbHEIM YPABHEHH -
€M IIepBOro NOpAAKA HA3LIBAEGTCHA COOTHOINEHME,
CBA3BIBAIOINEEe HE3ABUCUMYIO IEPEMEHHYIO X, HEHU3-
BECTHYI0 GYHKIOHIO y(X) U ee NIepBYIO IPOU3BOAHYIO
F(x,y,y)=0.

.O6bmumM peineEuneM auddepeHIHATLHOIO ypaB-
HEHUS IEepPBOT0 NOPAAKA Ha3kBaeTCAd (PYHKIOUA
y = y(x, C), cogepramas NPOU3BOJLHYIO IOCTOAH-
By1o C u obpamaiolinas B ToxJaecTBO Auddepernu-
aJIbHOE YpaBHEHHE.

YacTHHIM pemieHEueM auddepeRINaAILHOIO YPaB-

HEHHS HA3LIBAETCH pelleHHe, KOTOpoe HoJyJaeTcs
U3 00lIero pemeHns, ecJy NPHAATh IPOH3BOJBLHOM
nocroaEHEON C HEKOTOPOE YHCJI0BO€E 3HAUEHHE.
- 'eomeTpuuecku obiee pemenne gugpdepeEnnanb-
HOro ypPaBHEHHs IIePBOT0 NOPAAKA MOMXHO Ipej-
CTaBHUTh KAK CEMEHCTBO KPHUBBIX B HEKOTOPOH 06-
aactH D, xaxxaaa u3 KOQTOPBIX COOTBETCTBYET OIpe-
JeJIeHHOMY 3Ha4YeHAH1o nocroasaHo C, mpuueMm ye-
pe3 KaXKAyr TOUKy oOsactu D IpoxXOoAUT TOJMBKO
OJHA KPUBAg CEeMEHCTBA.

HNBeorpa nudtdepersnnanbHEOE YpaBHEHHE IIPEICTAB-
JIAETCA B BHAE pPa3peilieHHOM OTHOCHTEJIbHO IIPOH3-
BOLHOM Heu3BecTHOM pyHKOuH ¥ = f(x, y).

s Toro arobnl U3 cemeiicTea pemesni y = y(x, C)
BhIJEJIUTh €AUHCTBEHHOE, K AH(PPepeHIHAJTLHO-
MYy YPaBHEHHIO A00aBJAIOT HAYAJIbHOE YCJIOBHE —
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TpeboBaHNEe, YTOORI HHTEIPAJILHAA KPMBasA NIPOXOaM-
Ja yepes 3ajlaHHYIO TOUKY (X, Y,) oOnacTu D:

{y' = f(x, y)
y(xe) =y

3aaaua onpenesieENA pemenusa guddepeRnNaIb-
Horo ypasrenus y = f(x, y), yaoBjieTBopsomee yc-
noBHU0 Y(X,) = Y,, Ha3EIBaETCA 3asaveit Kommu.

y A

=

—»
x
Puc. 13
TeopeMa CymieCTBOBAHHMA M €IHHCTBEHHOCTH
pemenus nudepeHIHATBLHON0 YPABHEHHHA

IIepBOro NOpPAXKA
Ecan ¢pyaknuia f(x, y) onpeneseHa 1 HenpephLIBHA

BMECT€E C YaCTHOH IMPON3BOAHON of (ax’ Y) BO BCEX TOU-
y
Kax HeKoTopoi obsactu D, TO cymecTByeT, 1 IPUTOM
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eAVMHCTBEeHHOe, pemeHne Yy = ¢(x) nuddepeEnHaIb-
Horo ypaBHeHus Yy = f(x,Yy), mpoxoasmee uepes
AAHHYIO TOUKY (X, Yo), OPUHALIEKAITYIO 00macTu D,
TO €CTh YAOBJIETBOPAIOIIEEe YCIOBHIO Yy = O(xg) .

8.2. AuddepeHunansHbie ypaBHEHHSA
C pa3fiensoWMMHCA NepeMeHHbIMM

InddepeEIHaATLHEIME YPABHEHUAMHY C pasaeis-
IOINMHCA HIepeMeHHBIMH Ha3eIBalOTCA nuddepeH-
OUaJibHbI€ YPABHEHUSA 11€PBOro NOpAAKA BHIA

p(X)R(y)y’ = f(x)8(y).
3aMeHMM B YpaBHEHHM NPOM3BOAHYIO HEM3BECT-
HOM ¢GyHKIUM Y OTHomeHMeM Au(PdepeHINAIOB

HEHU3BECTHON PyHKOUHU dy ! He3aBHCHMOMN ITepeMeH-
HOM dx, mosyYuM

p)R(Y) j—y - ()W)
X

Teneps A paszeseHUsa NEePeMEHHBIX Pa3dHECEM
nucddepeHRINabEl NepeMeHHERIX dX ¥ dy 10 pa3HhIe
CTOPOHEI 3HAKA PABEHCTBA, JJIA Yero YMHOXHM obe
YacCTH YpaBHeHHUS Ha dX:

p()h(y)dy = f(x)g(y)dx.
3aBepimas nmponece pasjfejieEudA NepeMeHHbIX, Ie-

peHeceM ¢yHKOMIO p(Xx) BiIEeBO, a g(y) — BOpaso,
pasaeauB obe yacTu ypasHeHHS HaA p(x) - g(y):

M dy - M dx.
g(y) p(x)
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HHaTEerpupys 3TOo paBeHCTBO, NOJYYHM o0Iiee pe-
IIeHUe UCXOAHOr0 YpaBHEHUA:

J'h_(y) dy = f(x)
g(y) p(x)

dx + c.

ITpumep. Haiitu yactrOoe pemerne nuddepermny-

1Yy = —',i y YAOBJIETBODHAIOINEE

In2x x
HaYyaJbHOMY ycjaoBHIo (1) = 1.
3aMeHHB IIPOM3BOJHYIO B YPABHEHNH OTHOINEHH-
dy
dx’
dy Iny y

dxIn®x «x
YMHOXHMM 00e yacTH ypaBHeHHUA HA dX

aJIbHOTO ypaBHEHNd i’

Iny =¥ dx.

In®x x
Ilanee pasgenumM obe YACTH MOJYIGHHOT'O COOTHO-

y
In? x .
lnydy=ln x
y x

dy

INeHNA Ha

dx

In In? x
~ Y=

JJid BHIYHMCJIEHHA HMHTerpaia I——-dy BBeJleM
y

HOBYIO IIEPEMEHHYIO HETErPHPOBAaEUA 2 = In y, TOrga

H IPOMHTEIPUPYEM €ro I dx +c.
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2 2

dz— Ilnydy=fzdz=22=ln2y.

In?

Bo BTOpOM HMHTErpaje I dx craenaeM 3aMme-

x
HY [IepeMeHHOI MHTerpUPOBAHUA, OJIOXKUB L = In x ,

dx
dt = — . B 3ToM cayuae IMOJy4YUM
x

In? x 2 Indx
I dx = jtzdt = = ,
X 3 3
OxoBRuaTeJLHO 00ImMee pemedHe MOXXKHO OpeiCcTa-

BHUTL B BH]e

In? y In3 x

2 3
IIoTpebyem BrimonHennA ycaoBus y(1) =1, niaa ge-
I'0 B NOJIYYEHHOE of11ee perneaue ucxogaoro andde-
PeHIMAJILHOT'O YPaBHEHHNA noAcTaBUM X =1 mu y=1:

In?1 lnl

2 3
YuuTneiBaf, uto JorapudM eIHHUIOLI PABEH HYJIIO,
OJI OPOM3BOJbHOM mnocrosHHON noayuumm C = 0.
Ioacrasaas HalineaHOoe 35aueHne C B obmee perre-
HHe YpPaBHEHHA, OoNpeAe MM OKOHYATENbHLIM BHJ
YaCTHOI'O pemieHH’s, YAOBJETBOPAIoINee NOCTABJICH-
HLIM HAYaJbHHIM ycioBHAM y(l) = 1:

+c.

+ C.

In? vy _ In3 x
2 3
Ecau cymectByeT Takoe ¥y, 4to g(y,) = 0, To mo-
CTOAHHAA QPYHKOUA Y = Y, TAK JKe OyneT pemeHH-
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€M ypPaBHEHH s, B UYEM JIETKO YOeAUTHCA MOACTAHOB-
KOH 3TO¥ PYHKIIMM B YPABHEHMUE:

p()h(y) j—y - f(0)8W) -
X

JleBas uacTh JAHHOTO YpaBHEeHHKs OyAer paBHA HYJIIO

. d
B CHJIy PAaBE€HCTBA HYJIIO IIPOM3BOAHOM Yo _ 0 xak

dx
BeJIMYUHBI HOCTOAHHOM, a IpaBas YacTh YPaBHEHHU A

PaBHA HYJIIO B CHJY TOro, 4TO £(Y,) = 0. 9T0 peme-
HUE HeJIb3A MOJYUYUTh U3 00Imero pemeHNd HU IIpH
KAKHX 3HAYEHUAX NPOU3BOJLHON NOCTOSAHEOM. Ta-
KHe pemieEnsa AuddepeHINAILHBIX YPABHEHUH HA-
3RIBAIOTCH OCOOLIMH.

8.3. OaHopoaubie auddepenuHanbHbie
ypaBHeHHs NepBOro nopsagxa

HuddepeEnnasbrEOe YPaBHEHUE IEpBOro nopAal-
Ka Ha3kIBAETCA OJHOPOAHBIM, €CJIH OHO MOXKeT ORITH

IIPUBEEeHO K BUAY
/-)
x

OnBsopoxabie qnddepeHINATBHBIE YPABHEHAA MOXK-
HO PACCMATPHMBATh KAK YACTHHIN ciaydyan auddepen-

IMAJbHRIX YPaBHEHHH C pa3aeAloMmuMHCA TepeMeH-
HBIMH, K KOTOPBIM OHH MOryT ORITH cBefeHHI. i

3TOI'0 BBOJAAT HOBYIO HEM3BECTHYIO GYHKIOHUIO 2 = L3
x

Torna y=2-x,ay =2x+ 2. IlogcTaBnaa npu-
BeJIecHHEIE€ COOTHOIIEHNA B (5), mONyuYnMm
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Zx+z=f(2) nam 2Z'x=f(2) - 2.

Honyuernoe auddepeEnNalIbLHOE YPABHEHHE AB-
JIAeTCA YPaAaBHEHHEM C pas3ZieIAI0INMHICH IIepeMeH-
HBIMH.

dz dz
3aMeHHM B HeM 2 HAa : x=f(2)- 2, a aa-

dx dx
TeM YMHOXHMM 00e ero yactu Ha dx

dz-x=(f(2) - 2)-dx.
Ilanee, pazgeaum o0e yacTM ypaBHeHHSHA Ha

x-(f(2) - 2) , momyuvm
dz dx

fz)-2z -x°
HNaTerpupys nmpuBeeHHOE BHIIIE COOTHOIIECHHE

dz dx -
I = I— + ¢ B BO3BpaNAfACh K CTApOi HEU3-
x

f(z)-z

BeCTHON GYHKIMH Yy, Aesiad 3aMeHy 2 = LA , IOJIYINM
x

o01ee pemeHne UCXOAHOTO OAHOpOAHOIO nuddepen-
OHAJBHOTO YPABHEHHUA MEePBOro NMOpALKA.

ITpumep. Haittn vacTHOE pemenne anddepeann-

5/2
AJIbHOT'O YPaBHEHUA Y = (1 + —y—) + 4 yIOBJIETBO-

X x
pAomee HaYaALHOMY yeaoBuio y(1) = 0.

Ilocne BBeleHMA HOBO HEH3BEeCTHON (GYHKIHU

z=£ (y=2z-x,ay =2'x+2) tuddepernuansuoe
X
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YpaBHEeHHE IPUMET BU/J

Zx+2=0+2"2+z = Zx=(1+2?% =
B o +2)2.
dx

YMHOMXKaA NoJIedeHHOe YpaBHEHHe Ha dX

dz-x=(1+ 2)5/2dx,

a 3ateM geada Ha x(1 + 2)5/ 2 OOJIYYHUM

dz  dx

1+2%2 «=x
Ilna saBepIIeHHsA MMOCTPOEHHA 0o6mIero pemeHusA
IIPOMHTErPHPYEM IIPHBEACHHOE BhIIIe COOTHOIMEHHE

=|—+ec.
(1 + 2)%? X

HHTerpas, croamuii B npaBoil 4acTH, ABIAETCA

J‘ dz dx

TaOIMIHBIM Id—x = In x.
4 x

dz
1+ 2)%/?

MEHHOM MHTEIPUPOBABHUA

B maTerpane I cAiejlaeM 3aMeHY Iepe-

dz ds
8$=14+2 = ds=dz = ‘[(1+z)5/2 =_[;gfé-=




2 1

Torga — — 375 = In x + ¢, a oOmee pemerune
31 +2)% .
VpaBHEHHE BLHIPA3UTCS B BUJE
_2 1 =lnx+¢
3 3z X TC
x

IlonctaBaas B o0imee pemenue x = 1, y = 0 (na-
JaJbLHOE YCJIOBHE), IOJIYUNM

_2_ 1
3 (1+0)%?

Torga npu JaHHOM 3HAYEHMH ¢ o0miee penieHHeE
IIPUMET BHJ, COOTBETCTBYIOIIHUN OIpeaeIfeMOMY
YaCTHOMY PeIlleHHIO0 '

=Inl+c =>-—-2-=c.
3

21 -2
3 y3/2" 3"
1+2)

X

8.4. NunenHblie aucddepeHunanvHbie
ypasHeHHA NepBoro nopagka

JIHHeHHHRIMHM YPABHEeHUAMH II€PBOT0O MOPAAKA Ha-
3LIBAIOTCA YPABHEHUA BHIAA

y + p(x)y = q(x),
rxae p(x), g(x) — sagaaABIe QYHKIHH.
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ByzeM uckaTh pelieHEMe JUHEWHOrO YpaBHEHM S B
BUJe NPOM3BEAEHUA ABYX HEM3BECTHBIX QPYHKIAM
u(x) u v(x):

y = u(x)uv(x).
IToacTaBuM yKa3aHHBLIN BUJ PEeIlIeHUA B YPABHEHNE
u'v + uv’ + p(x)uv = p(x).

CrpynnmpyeM BTOpOe H TPeThe cJjiaraemsie B Jie-
BOM YaCTH M BBIHECEM 3a CKOOKHM X OoOImu# MHO-
SKATEJNDb U:

u'v+uV + p(x)v) = p(x).

Bribepem dbyHkouio v(x) TakuM o6pasoM, 4YTOOHI

obpaTHJIOCH B HOJIb BBIPAYXKEHHE B CKOOKaX:
v’ + p(x)v =0.

IIagHOE COOTHOIIEHNE MOYKXHO PACCMaTPUBATh KaK
aunddepeEnuaIbHOES YPABHEHHE C PA3AEHIAIOIMNMMU-
CcA NepeMeHHLIMH OTHOCHUTEJIbHO HEU3BEeCTHOM PYHK-
nun v(x), KoTopoe NpeacTaBUM B BAAE

d
% + p(x)v =0 uau E% = —p(x)v,

YMHOXUM NOJYI€eHHOE ypaBHeHHe Ha dx, a 3a-
TEM pas3zejuM Ha U:

av__ p(x)dx
v

¥ HIPpOMHTErpupyem: '
av _ —I p(x)dx = Inv = —_[ p(x)dx =
v

= ol Pz

O6pamaeM BHMMaHHE HA TO, YTO B JAHHOM CJIY-
yae OTCYTCTBYeT NPOM3BOJILHAA MOCTOSSHHAA C, KO-

130



TOpafa NOABJIAETCA NPHU BRIYNCJIECHUA HeonpeaeieH-
HOI'O HHTErpaja ¥ KOTOpasa BCerja NpuCcyTCTBOBaA
B paHee PaCCMOTPE€HHBIX CJy4YafaX. 3TO OObACHHAET-
cA TeM, YTO AJIA NOCTPOEHHUSA peIleHMA moaonaer
Ji00aa GyEKknua v, odpamapImas B HOJIb BhIpaXKe-
HHMe B CKOOKax v’ + p(x)v = 0, B TOM 4YuCJIe U Ta, KO-
Topasa coorsercTByer ¢ = 0.

YuuThiBafg BIIIEU3JIOXKEHHOE, AJIA ONpeAe/IeHUA
OyHKIOMY 4 OOJYIUM cleayiomee nuddepeEnualb-
HOo€ ypaBHEeHHe, KOTOpOoe To)Ke Oyaer ypaBHEHHUEM
C pasfeJAOMMMACH NepeMeHHLIMH UV = p(x) uin

C yYEeTOM oNIpeAeSIeHHOI'O paHee Bnna byHEKIHNH

b = o] P,

wel PO _ p(x).

3aMeHMM DpOM3BOAHYIO y’ oTHomeHHeM audde-
DPEeHIIHAJIOB:

du e _ p(x).
dx

YMHEOMKHMM 00€ 4aCTH NOJYYeHHOTO YpaBHeHAd Ha
o) P},

du
— p(x)e_[ p(x)dx .
dx

HETerpmpoBaEneM HaljAeM BLIpaxXKeHHe IJIHA
byEKOHUR U:

= I p(x)e-[ p(x)dxdx +c.

Toraa okoHUaTeJILHOE 00IMee pemreEue UCXOAHOTO
auddepeHIUANBLHOrO YPABHEHUSA OYAET UMETh BA/

y = u(x)v(x) = ( I p(x)e-[ P (x)dxdx + c) - e—I p(x)dx i
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ITpumep. HaiiTu wacTHOE pemieEne anddepeHnu-

aJbHOrO ypaBHEHHMS y + 3x? y=(x+ x* )e'xa, yAOB-
jileTBOpAIOINee HaYaAIbHOMY yejoBuio y(1) =0
Peann3ysa meros pemesEu s JuHeHHEIX auddeper-
OHaJbHBIX YPABHEHUH HepBOro nopaizka, oyaeM muc-
KATh pelneHue B Buje y = u -v. Toraa y = u'v + uv’
A UCXOJHOE€ YPABHEHHE NIPDHMET BAA
u'v +uv’ + 8x%uv = (x + xz)e"xa.
" Ifanee, cjlieAydA COOTBETCTBYIOIIEMY AJITOPUTMY,
MOJIYIUM:
u'v + u( + 3x%v) = (x + .1c2)e""3 8)=

v +3x%0=0 = v +3x%2v=0 =

.‘.i_...+3xv O=Q=—3x20ﬁ
dx dx
dv = -8x%vdx = dv = -3x%dx =
v
dv I 3x2dx.
HHaTerpan I — = |ln v, a uETErpaN
v
' 3
_[3x2dx = 3Ix2dx = 3% = x3,

rorga lnv = 3= v-= e"s.

IToacTaBisasa moJydeHHOEe 3HaAYeHNE U B (8) 1 yuu-

THIBAA, YTO OPH 3TOM U + 3x°v = 0, OyneM HMeTb

P P
we™ =(x+x2)e* wmm u = (x+ x2).
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CinemoBaTesibHO

2 x3

u=J‘(.1c+.162)d.1t:=J‘.1r:d:x:+“‘.1z72d.1::=x2 + 3 +c,

IlepemHBOXaA NOJIyYeHHbIE BHIPAYKEHAA INA QyHK-
OI¥H1 u ¥ v, HailzleM olInee pemeEne HCXoaHoro Aud-
depeHIHANBLHOI'O YPABHEHUA:

2 3
Ll X0 x

+
2 3
Ilnsa onpenesleENA NOCTOAHHOMN ¢ BHIYMCJINM 3HA-
YeHHe NOJYIEeHHOI'0 BRIPaKeHUA aJia obmero pemie-
HU A YPaBHeHHA NpH x = 1 u noTrpebyeM, 4TOOBI OHO

paBHAJOCH 0, Kak TOro Tpebyer HmoCTaBJIEHHOE Ha-
YyaJIbHOE yCJOBHE:

+C

y=u-v=e

y(1)=e'1 -1—+l+c =0 = -1-+l+c=0 =
2 3 2 3

1 1 3+2 5
> C=-—=—= - = -,
2 3 6 6

IloncraBsuB HaleHHOe 3HaYEHHE ¢ B oO0Imee
pemeHEue ucxoaHoro audpdepeHnnanbHOro ypaBHe-
HUA, HOJIYYHUM YACTHOE pellleHHe 3TOro JXe ypaBHe-
HU A, VAOBJIETBOPAIOIIEe YKA3AHHOMY HAYANBHOMY
YCJIOBUIO:
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8.5. AudpdepeHunanpHbie ypaBHEHHA
BbICLIUX NOPAAKOB

Yacro gaudpdepeHnuanprable YPaAaBHEHUA BBICIINX
NOPAAKOB NPEACTABJAIOT B BUAE Pa3pPeIlIeHHOM OT-
HOCHUTEJILHO CTapIIel OpON3BOAHOM

vy =fx y ¥, ..y D).

O6mum pemenueM auddepeHINATLHOrO YpaBHe-
HUSA n-ro NOpAAKa HassIBaeTca PyEKousa y = y(x, C
C,, ...,C,), conepxamas n NpOX3BOJALHBIX NIOCTOSAH-
mux C,, C,, ..., C, 1 obpamalomas B TOXJeCTBO ANG-
JepeEnuaILHOE YPABHEHME,

YacTHLIM pemeHEueM anddepeHnanpHOro ypas-
HEeHHMH HA3bIBAETCH pPeIlIeHHe, KOTOpoe NoJydaeTCHa
U3 obmero perneEns, ecJM NPUAATH IPOU3BOJILHEIM
nocroasEsM C,, C,, ..., C, HEKOTOpOE YHCJIOBOE 3HA-
YyeHHe.

s Toro 4TobHl U3 ceMelicTBa pemieHuit y = y(x,
C,s Co, ..., C)) BBIACTIUTH EAUHCTBEHHOE, K Aubde-
PEHIMANbHOMY YPaBHEHMIO NO0ABIAIOT HAYAJIbHBIE
yCJIOBUSA

y(n) - f(x’ y’ y” ...y(n_l))
y(xp) = Yo
19 (%0) = Yo ,
"D (x) =yt
e Yo» Yos ---» Y5 ) — ONpefie/IeHHbIe 3aAaHHEIE
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TeopeMa CymecTBOBAHHA M €{HHCTBEHHOCTH
pemenua auddepeHHATBLHOrO
YPABHEHHA N-ro HOPAXKA

Ecau bysknousa f(x, y, v, ..., y("‘l)) ompejeieHa
1 HeNpephIBHA BMECTE CO CBOUMM YaCTHBIMHM IIPOU3-

BOAHOM o (x, Y) . of (%, y) ) o of(x, )
dy oy’ oy~
KaxX HEKOTOpOM n-mMepHoil 00JiacTH, coaepiKalmeun
TOUKY (Xgs Yg» Yg» +++» 6""1)), TO CYIIeCTBYET, IPH-
TOM eAUHCTBEHHOe, pemeHue Y = O(x) puddepen-
nuansHOro ypaseerus y'™ = f(x, y, v’ ..., y" V),
yAOBJIETBOPAIOIIEE HAYAJIBHBIM YCIOBUAM

BO BCE€X TOY-

(y(xg) = Yo
y'(x0) = Yo

IIpocreimee nuddepeEnHaIbHOES YPABHEHHE
n-ro NopaAgKa
IIpocTentmee nuddepernuantbHEOE YPABHEHHUE NI-I'0
nopaaxa umeer sug y(? = f(x).
O6mee pemeHnue aamHOro aAuddepeEOIUATIBLHOTO
VPABHEHUSA ULOJNYYAETCH B Pe3yJbTaTe In-KPaTHOro
MHTErpMpPOBaHUA JIEBOU M IPABOM YacTell ypaBHEHNSA

y(®) = [ dxf d...[ fR)dx + G2 + "2 + G2+ G
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8.6. uddepenunannpHbie ypasHeHHR,
AONYCKAIOUHEe NOHMIXEHHE NOopPAAKa

B nanpHeitimemMm, paccmarpuBas gucddepernuans-
Hble YPABHEHUSA BLICIOIMX NOPAAKOB, OrpaHUYNMCH
YPABHEHUAMM BTOPOI'O NOPAAKA B CHJIYy TOro, 4TO
yamie Bcero Ha NpaKTHKe BCTPEYalOTCA UMEHHO JUd-
depeEInAILHBIE YPABHEHUA BTOPOr'o NOpAAKA.

1. ¥paBHEeHHE, HE COAepXRAINEe ABHO HCH3BECT-
HOH QyHKnEE y(x):

F(x,y,y)=0.

s IOHM)XeHMA NOPAAKA AAHHOIO ypPaBHEHUSA
BBEJIEM HOBYIO HEM3BEeCTHYIO QyHKIuI0 2(x) = y'(x) .
B peayiarsTaTe ucxoaaoe audpepeHnmuanipbHOE ypasB-
HeHHMe npumer Bug F(x, 2, 2’) = 0, pemasa koTopoe
Haiiaem 2 =@(x,C) .

YaurtsiBad, uro y'(x) = 2(x) = ¢ (x, C;), Doxyuum

y(x) = j(p(x, Cy)dx + Cy,

ITpumep. Haltnem obimmee pemenue guddepeHnu-
aJIbHOTO ypaBHEHHA X - y' = y’.

Crnenas 3aMeHYy HeM3BeCTHOM PyHKIHH 2(x) = y'(x),
IOJIyYMM ypaBHEHHE X -2 = 2, KOTOpoe SABJIAETCH
ypaBHEHHEM C Pa3leAI0IIUMHCH HepeMEeHHbIMH:

x- E--z=:» x-dz=2-dx = dz_:dx =

< " o

I——+lnCl Inz=Inx+InC =

lnz=lnClx = 2z2=Cx = y =Cx =
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y=IC1xdx+Cz=C1dex+Cz=CI£22-+Cz.

2. ¥YpaBHEHHEe, HEe COAepKamee HE3ABACHMOH
HepeMeHHOH X:

Fly,y,y)=0.

BeeaeM HOBYIO Hen3dBecTHYIO pyHKOHNIO ){(Y(x)) = Y
4 DPHMEM Y 3a He3aBUCHUMYIO NepeMeHHYI0. Toraa
y'=p -y =p’ - p umucxogsoe nuddepeHIUaANIBLHOE
ypaBEeHHe Oyaer umets Bua F(y, p, p’- p) = 0, Ko-
TOpO€e ABJAETCA YPABHEHHMEM HNepBOro NOPALKA OT-
HOCHMTeJIbHO HeudBecTHON (yRKmmu p(y). Onpene-
JuB o0mee pemeHMe JAaHHOI'O ypaBHEeHMA p = p(Yy,
C,), nonxyuum nguddepeEnuaibEOe YypaBHERUE A

onpepneJieHUA Y. % = p(y, Cy) .. 9to muddepernu-

aJIBHOe ypanr;erme C pa3aciiArIoOIINMHUCHA NIepeMEeHHbI -
MU, METOA pemeHns KOoToporo OmlJ paccCMOTpeH
BhIlIIl€.

dy

dy = p(y, Cy)d =
¥= PGl = o

IIpomETErpIpOBaB NOCJIEeAHEE COOTHOIIEHNE, HOJIY-
yuM oOIiee pemieEne MCXOAHOro auddepeEnuaNn-
HOI'0 ypaBHEHH A

d
v[p(y,yCl) = Idx+C2 WU Ip(y,Cl) =x+Cy.

ITpumep. yy* - y”? = 0. BeeieM HOBYIO HEUBBECT-

Hy10 pyaxkmmo p(y(x)) = y’ u, yanresas, aroy’ = p’- p,
npeodbpasyem auddepeEnmnajlbHEOEe yYpaBHEHHE K
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BUAY Yp'P — p2 = 0. anee umeem p(yp'— p) =0, u3
yero cjxeayer ABa ypaBHeEMAp =0 uau yp' — p=0.

IlepBoe ypaBHEHHE OpPU nepexoje K UCXOLHOH He-
U3BeCTHOU GYHKIMH npuHUMaeT Buj y = 0, KoTo-
poe umeer pemeHue y = C. IT0 ocoboe pemeHHE
HCXOAHOT'O YPaBHEHUA.

Bropoe ypaBaeHME ABAsieTcA auddepeHIIHATPHBIM
YPABHEHHEM C PA3AEJAIOIMMMACA NepeMeHHbIMH

d dp _dy
yd—z=p = ydp=pdy = =7 "~ =

p y
dp _rdy
—=1—+InC; = Inp=lny+InC, =
[ -[% g, q

Inp=InGy = p==_qCy.
IHajiee, BO3BpamjadAch K HMCXOAHOM HEU3BECTHOM
bysKIMM, DoyYuM auddepednuaJibHOEe YPABHEHHE

d

d_y = Cyy , KOTOpOe TOXKe ABJIAETCS yPaBHEHUEM C
x

pa3AeJAIIIMMHUCA NepeMeHHBIMH

d
dyzclydx=>f-y-=cldx=>j—y£=cljdx+cz=>
y

In y= Clx +C = y= ecl"‘:"'c2 = eclxeC2.

BBojs HOBYI0 IPOK3BOJIBHYIO HOCTOAHHYIO C; = &,
IOJIYIMM OKOHUYATEJLHBIM BHUJ O0mMeEro pemeHusA
ucxogHoOro guddepeENNANLEOrIO YPABHEHN A

y= Caeclx .
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8.7. NunenHbie ogHOpOAHbIE
AnddepeHUunanbHblie YpaBHEeHHA BTOpPOro
nopsfika ¢ NOCTOAHHbIMH KOIDPPHULUHEHTAMH

JInEeHBIMHM OZHOPOAHBIMH A depeHIINAIbHBIMHU
YPaBHEHUAMH BTOPOro HOPAAKA C NOCTOAHHBIMHU
Ko3(ddnnueHTaMu HA3KIBAIOTCH AudpdepeHnuaIbHBIE
ypaBHEHUH BUIa

y"+py +qy=0,
rae p U1 ¢ — 3aJaHHbIE NOCTOAHHBIE,

IL1a HaxXoxaeHn A obmero permeHEnd JaHHOIO Jud-
depeEnUAaAIBLHOTO YPABHEHUA CTPOUTCH COOTBETCTBY-
Iolnee eMy XapaKTepUCTHUYECKOe YpaBHeHMEe, HUMeEIO-
Iee BUA

kz + pk +q= 0,
H ONpeneJaAIoTCH €ro KOpHH.
HpH 3TOM BO3MOMXHBHI CieAVIOIINEe CATyalluH, 38-
BHCAIIHE OT 3HAKA I[HCKDHMHH&HT&D XapaxKkTepuc-
THYECKOI'O YPABHECHHA.

1.D=p*-4¢>0
B aToM ciaydyae xapaKTepUCTHYECKOE€ ypaBHEHUE
HMeeT ABa pa3HbIX KODHA
-p+D

=2 gy - 22

a obmee pemeHue ypaBHeHna UMeeT BUJ
y = CeM* + Cye*,
rae C, u C, — Opou3BOJbHEIE IOCTOAHHEIE.
2. D=p?-4g=0
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B 3ToM ciayuae XxapaKTepHCTHYECKOe ypaBHEHHe
MMeeT ABA OAMHAKOBREIX KOPHSA

I
Fpo=-—"=k,
2
a obmiee pemeHEre YpaBHEHHUA
y = Ci ™ + Cyxe®,

C, u C, — IpoOU3BOJIbHBIE IOCTOAHHBIE.

3. D=p?-4g<0

B aTOM ciyuae xapakTepHCTHUECKOe ypaBHEHMEe
HMeeT ABA KOMIJIEKCHO-CONPAKeHHBIX KOPHSA

hl'—'—p_zi —Dza___iB - k2=—p+2i\/—_D=a+iB’
_J-D
= 5

a oOImee pemeErne MCXOQHOT'O OQHOPOILHOTO JUHEH-
HOTr0 n1udpdepeEINAJIBHOIO YPABHEHUA NIPEACTABIIA-

eTca B Buge y = C;e™ cosPx + Cye™ sinPx.

ITpumep. HaviTin o6mee pemeHnue nuddepeHInaIb-
Horo ypaBEenHd y° + 27y + 140y = 0.

CTpouM COOTBETCTBYyIOIIEee NaHHOMY AHbdeper-
OUAJIbHOMY YPABHEHHIO XAPAKTEPHCTHYECKOE ypaB-

HEHHMEe, YIUTEHIBAS, YTO B PACCMATPHBAEMOM CJIydyae
p=27,aq=140:

k2 + 27Tk +140=0.

IMCKPUMHUHAHT XapPAKTEPHCTHUYECKOIO YPAaBHEHU A

paBeH
D=27%_-4.140 =729 - 560 =169 > 0.
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CnenoBaTe/IbHO, YPaBHEHHE MMeeT OBA PAa3HBIX
KOpHS:

—27-169 -27-13 40

= 2 90
¢! 2 2 2
_27+J169 -27+13 14 .
Ry = 2 == 3"

a obImee pemeHHe MCXOAHOI'O ONHOPOAHOI'O JIMHEH-
HOrO nnddepeEnUAILHOIO YPABHEHHUA UMEET BU ]I

y = Cie20% 4 Ce ™

8.8. JinnenHnie HeogHOpOAHDIE
AnddepeHinanbHbie YypaBHeHHA BTOPOro
nopaAxKa ¢ NOCTORHHLIMH KO3I(DPDHUNEHTAMN

JIvEeiiHEIMI HeONHOPOMHBIMHU AN depeHNNATLHEI-
MH YPaBHEHHMSMH BTODPOTIO NOPAAKA C IIOCTOAHHEI-
MU KoadpdpunuerramMmmu 6yneMm HaszeiBaTh Auddepen-
OHaJbHbIEe YPABHEHNA BUOAA

Yy +py +qy =f(x),
rae P u ¢ — 3aJlaHHKIE [IOCTOAHHEIE, a f(x) — 3axaH-
Hada HenpepbiBHAA QYHKIOHA.

O6mee pemenue JUHENHOTO HEOAHOPOAHOTO OK G-
¢epeHUHANBLHOIO YPABHEHHUSA Y HMeeT CJeNYIOINi
BH I

Y=Ygt Yy
rae y, — obmee pemmeHEne COOTBETCTBYIONIIEro JIH-
HeMHOr'o OqHOpPOAHOIO AuddepeRIHaIbHOTO ypaB-
Hemms y° + py’ +qy =0, a y, — 9aCTHOe pemeHHe
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UCXOQHOTO JHUHEHHOr0o HeOQHOPOAHOTO AuddepeH-
OMAJIBLHOTO YPABHEHHUA.

MeToasl NOCTPOEHNS 00IMIEero pemennsa JUHEeHHO-
ro ogHOpOAHOro AMpdepeHnuaILHOrN0 YpaBHEHUSA
paccMmaTpuBaiuch Belmre. IlocTpoeane wacTHOrO pe-
IMIeHNA JNHEHHOTO HeOQHOpOoAHOrO nu(ddepeEnnalhb-
HOrO ypaBHEeHHMA B 00meM cJjyuyae mpeacTaBJIAET
co00M JOCTATOYHO CJIOXKHYIO 3anavy. IloaTromy pac-
CMOTPMM MeETOJ HOCTPO€HHSA YACTHOIO pPemeHUusHA
JIMHEMHOr0 HeOoNHOpomHOro auddepeENUAIBHOIO
YPaBHEHHSA CO CHEeNHAJIbHOH HpaBoH 4acThio f(x),
TO €CTh KOT'/Ia [IpaBas 4YaCTh JIMHEHMHOTO HEOJHOPO/I-
HOro fuddepeEnHAJIBLHOIO YPABHEHN A UMEET BU]

f(x) = B,(x)e™ cosPx + Q_ (x)e* sinfx,

roe P (x), @, (x) — MHOro4neHnl, COOTBETCTBEHHO
crenneEM n um, O, — mocrosarHBIE (YNCHA).

B aToM ciryyae 4acTHOe pemeHue JHHEHHOro Heo-
aTHOpOAHOTO Au(drbepeRnNaIbHOIO YPABHEHNA CTPO-
UTCA METOIOM HeompeneleHHBIX Ko03hdHIMEeHTOB.
CyTp aTOro MeToza 3aKJO4YaeTcA B TOM, YTO YACTHOE
pemeHue JUHEHHOTr0 HeogHOPoaHOro auddepernu-
aJIbHOI'O YPABHEHU A MINETCSH B BHE

Y, = x"(M,(x)e™ cosBx + N (x)e™ sinfx),

rae M (x), N (x) — MHOro4JeHs! CTeleHH $ C Heo-
npelereHEHEBIMA KO03ddunueETaMm, S — PaBHO HAU-
6osbIIEMY M3 ABYX YHCEJN 71 U M, € — YHCJIO KOpHel
XapaKTepUCTHYECKOro ypaBHeHNdA k2 + pk+q=0
COOTBETCTBYIOMIETO JAHEIHOTO ONHOPOAHOTO Audde-
pPeHIMAJILHOrO ypaBHeHud y° + py’ + qy = 0 paBHBIX
o+ if}.
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IHaBHEIN BHJ 4YaCTHOIO peleHNSA IIOACTABJISAETCA
B HCXOQHOE JHHEeNHOe HeogHopoaHoe nudbepeHnn-
aJIlbHOE ypaBHEHHE, IOCJie 4Yero HeolpeaeeHHhIe
ko3¢ punuenTH MHOroUIeHOB M (x), N (x) monbu-
palTca TaKUM 00pa3oM, 4TOORI HOJIYyUEHHOE PABEH-
CTBO TOXXJECTBEHHO BhINOJHAJIOCH IPH BCEX 3HAYE-
ENAX x. [Ina aToro npupaBEHNBAIOTCA KO3 PHueH-
Thl, CTOSINE IIPM OQUHAKOBBEIX QYHKOUAX B JIEBOU
M OpPABOM YACTAX YKA3AaHHOTO BEIIIE PABEHCTBA.
B peayarTaTe noaydaercAa cucTeMa JHHENHBIX aJi-
rebpaiecKUX ypaBHeHHU OTHOCHTEJbLHO HEM3BECT-
HeIX Koadpdunuenrop MEHOrOwIeHoB M (x), N (x).
Pemasn aTy cucreMy u onpenensis Ko3pdunueHTH
MHOI'O'WIEHOB, NOACTABJIAIOT HAWIeHHbIE IJIA HUX 3HA-
YeHHSA B UCXOAHBII BUJ YAaCTHOrO pemeHud, 3aBep-
miad TeM CAMBIM INOCTPO€HHE YaCTHOTO pelleHMA
JUHENHOro HeoaAHOpPOmHOro AudbdepeHONAaJILHOIO
YpABHEHHA.

IIpumep. HajiTn yactaoe pemenue nudpdepernu-
aspHOTrO ypaBHeHus y° — 10y” + 26y = 52x , ynonier-
BOpAIOINee HaYaJAbHERIM ycaoBuam y(0) = -1,
y(©0)=0.

HaiineM KOpHM XapaKTepHMCTHYECKOrO0 YPABHEHHU A
COOTBETCTBYIOIIEro ONHOPOAHOI'O 1M depeEnaiib-
Horo ypaBHeHuda y — 10y  + 26y =0 :

k2 10k +26=0 =
D=(-10)-4-26=100-104 = -4 =

b = 10-v-4 10-2i
2 2

=5"'i9
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10+V-4 10+2i
= =

B atoM cayuae obmee pemeHHe OZHOPOIHOTO
ypaBHEHHUA OyaeT UMeTh BH]

=9+1i.

Yo = C;€°* cos x + Cye®* sin x,

IIpaBas yacTh HCXOQHOT'O YPABHEHHSA OX COOTBET-
creyet o = 0, B = 0, 1 nepBoii cTeneHEN MHOrO4YIeHA
P_(x). Kopan XapakTepuCTHYECKOro ypaBHEHHUS He
coBnajaioT ¢ yucaoMm o + i =0, u yacTHOe pelme-
HHMEe HeoqHOopoaHOro nuddepeEnMaJbHOIC ypaBHe-
HHMA cJefyeT uCKaTh B Buae y = Ax + B.

IIogcTaBuB NAHHKIM BHI YACTHOT'O pEIIeHUA B
ncxonaoe nuddepernmnanbrHEOE YypaBHEeHHe, HOJTYUYUM

y,=A, yi=0= 0-10A + 26(Ax + B) = 52x =

26Ax -10A + 26B = 52x.

IIpupaBEnBasa Ko3(dpdHIHNEHTH IPH COOTBETCTBY-
IOIIMX CTENEHAX X B JIEBOH M NPaBOM YacTax MOJNy-
9eHHOI'0 COOTHOIIIeHUA, IOCTPOUM CHUCTEMY VpaBHe-
HUM AadA onupeneneHusa Koadbduauearos A u B:

— npu x: 264 = 52;
26A =52

-10A+26B=0

M3 nepBOro ypaBHeHUA HAXOIHMM A = 2, Torga ua3
BTOPOrO YpaBHEeHHSA OynReM HMeTb

-10-2+26B=0 = Bzg)-:—l-g.
26 13

— npu x0: -104 +26B=0 = {
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10
CnenmoBaresnnHo Yy, = 2x + 13° a obmmee pemeHue

Hcxoneoro auddepeENMaAILHOTO YPABHEHN A

, 1
y=y0+yq=C1e5xcosx+02e5xs1nx+2:r+fg.

IloTpeOyeM, 9TOORI IIOJTYy9€HHOE pellleEne yoOBJIeT-
BOPAJIO NOCTABJICHHLIM HAYAJIbHBIM YCJOBHMAM:

Y(0) = C;e50 cos 0 + Cye®0 sin 0 + 2. 0+-i%=
e 10
13

y = 501635ch cos X — Clesx sin x +

+ 5Cpe°* sin x + Cqe®* cos x + 2

y'(0) = 5Cle5'0 cos0 - Cles'0 sin 0 + 5Cze5'0 sin0 +
+ Cye” % cos 0 +2 =5C +G+2=0

TakuM obpa3oM, NadA onpeneeHus Koadpdbunuen-
ToB C; n C, MMeeM cHUCTeMy YPaBHEeHHM

C]. = —-2—-3—
< 13
L5C]. + Cz = —2
Toraa
23) -26+115 89
C = "'2 - —2 5 —_—— = = ’
? %= ( 13} 13 13
a8 MCKOMOe YacTHOe pelmeHue 6yxeT MMeTh BUJ:
y= _ 28 o cosx+-8—9e5" sinx + 2x + 12 .
13 13 13
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9. PAADI
9.1. YUncnosbie pagm

IlycTh MMeeTCA HeKoTopad 6eckOoOHeyHAs YHCJO-
BaA HOCTIEAOBATENLHOCTb G5 Aoy oy Gppone

YucJI0BRIM PAAOM Ha3kIBaeTcsa 6eCKOHeYHAA CYyM-
MA YJIEHOB YHCJIOBOM NIOCJIEAOBATEJIbHOCTH

@ +ay +.H A= Y ap,
n=1

rae a, — obmuil WieH YUCJIOBOro pAAa.
Ilpumep.
LI R T o= 1
2 6 12 n(n+1) gy Un + 1)
1

an - .
nn+1)
CyMMa nepBEIX 71 9JI€HOB YHCJIOBOI'O PAfa HA3KI-
BAETCA ero YaCTHYHOMN CYMMOM:

n
Sp,=a;+ay+...+a, =) a,.
n=1

Meuasa n, ODOJY4YMM pa3jMYHble 3HAUYEHHUSA NI
yacTUIHON cyMMH S . Takum o6pasoM HoJyIMM
IOCJeA0BATEILHOCTh YACTHYHBIX CyMM {S }.

EcaH cymecTByeT KOHEYHRIN Ipefes IIOCAeAOBaA-

TeJIBHOCTH YACTHYHRIX cyMM lim S, =S, To pan
n—oo

HA3hIBAETCA CXONAIMMUMCA M 3TOT Npeje NpUHENMA-
eTCA 38 CYMMY YMCJIOBOTO psja.
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Ecau yxkasaHHBIHA BhiIle Npefes He CYIIECTBYET
HJay 6ecKoHeYeH, TO PAL Ha3hIBAeTCA PACXOAAIIIUM-
cA, OH CYMMBEI He UMeeT.

9.2. CeoMcrBa CXOaRUWHXCA PAAOB

1. Ecau cxoaurea YHCJIOBOH pan E a, U A HEKO-

n=1 .
TOpO€e YMCJIO, TO OYZeT CXOAMTHLCA M YHUCJIOBOM pAXn

Z Aa, ¥ cIpaBefJMBO PABEHCTBO
n'—']. oo oo
Y Aa, =1 a,.
n=1 n=1

2. Ecoi cxogAaTeA YMCJIOBBIe PAJLI Z a, u 2 b, ,
n=1 n=1

OyaeT CXOOUThCA U PAL 2 (a, + b,) u cupaBeann-
n=1

BO PaBEHCTBO Z (a, +b,) = Z a, + Z b,.
n=1

n=1 n=1

3. lna aioboro N panel 2 a, n E a, cxomdAr-
n=1 n=N

CcA M pacxogATcsaA OQHOBPEMEHHO, TO €CTh HA CXOAH-
MOCTH PAa He BAUdAET N1000e KOHEeYHOe YHCJIO nep-
BBIX YJICHOB DAIA.
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Heo6xoquMbll NpHA3HAK CXOAHMOCTH
YHCJ0BOrO paAxa

Ecau pan 2 a,, CXOQNTCHA, TO Npefes ero odmero
n=1

4YjeHA paBeH HyJaO lim a, =0.
n—eo
BrimonHeHue ycjaoBHA Heo6XOAMMOro NpM3HAKA

elle He 03HAYAET, 94TO paAa cxoaurca. OQHaKo HeBhI-
IIOJHEeHHEe YCJIOBHA HeoOXoauMoro npu3HaKa O3Ha-
YaeT, YTO 3TOT PAN PACXOLHUTCA.

ITpumep. PaccMOTpHUM pAL 2 __, IIpenen
ao1 30 +95
ero ob6mero 4iresa lim _r - lim 1 = 1 #0,
noo3n +95 n—»oo3+§

n
cJIeJOBATEJIbHO, JaHHBIN PAL PACXOANTCH.

9.3. 3nakononoXxurensHbie
(3HakonocTonHHbIE) UNCAOBDBIE pARDI

Pang Ha3bpIBaeTCA 3HAKONOCTOAHHBIM, €CJIM BCe
€r'0 YWIEHHI IIOJIOYKUTENbHBI HJIM BCe WieHbl OTPpUIA-
TeJIbHBI.

ByneM paccMATPHMBATH 3HAKONOJOMKHUTEJbHBIE
PAABI, Y KOTOPHIX BCE WICHKI 1100 UTEIbHEI. PAnbl
Y KOTOPBIX BCE WIEHBI OTPHIIATEJIbHEI, JIEI'KO CBOLAT-
CA K 3HAKOIIOJIOYKHUTEJIbHBIM, €CJIM BBIHECTH 32 CKOO-
KM 3HAK MHHYC, oOImMHMH A1 BCeX WiIEeHOB pana. Tor-
Ia B CKOOKaxX OCTAHETCA 3HAKONOJIOXKUTEJLHEBIN PAX.
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PaccMOTpHM JOCTATOYHBIE IPU3HAKHM CXOQHEMOC-
TH 3HAKOMIOJIOMHUTEAbHBIX PANOB.

IIpasrax JanamGepa

IlycTe naH 3HAKONOJOMHUTENBHBIA DAL Z a,.
n=1
. Ay
Toraa ecau cymectByeT npegen lim 222 =gq, TO
n—e a
n

npu q < 1 paa cxogurca, npu g > 1 pax pacxoaures,
npu ¢ = 1 npulHaAK He pemaeTr BOIPOCA O CXOLHUMO-
CTH pPAnA.
n

IIpumep. PaccMOTpUM pAn E

nln!
5n 5n+1
Ero MWwieHd, =—,ad = . Torna
obmn T e Y aaa
n+l
llma = lim o nl = ]im =0<1,
n—e a, n—oe (n+1)15"% noen+l

3HAYHT HAHHEIH pAg CXOAUTCA.

IIpr3nax Kommn

IlycTh N8H 3HAKOHOJIOKHTEJIBHBEIA DAX 2 a,.
n=1

Toraa ecom cyimectByeT npeaen lim ’\'fan =r, TO OpH
n—co

r < 1 pan cxomurcs, npu r > 1 pAx pacXoauTcs, OpH
r = 1 npu3HaK He pemaeT BOIPOCA O CXOAMMOCTH
pALa.
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oo 2n
n
IIpumep. PaccMmoTpumMm psda .
pumep P pn?::l(anJ

) ( n ]271
O6muii awier psafa a, = , TOTZAA

3n +1
2n 2
— n n
an= =
J[3n+l) (3n+1J
( \2
n 2 1
" lim ﬁa = lim = lim =
n—eo ¥ n—no(3n+l) n—es| o 1
+_.
\ n )
2
3 9

CJIeI0OBATEJILHO, TAHHBIN PAJN CXOMUTCH.

HETerpajbHblii IPH3ZHAK CXOXHMOCTH

IlycTe A8aH 3HAKOIIOJOXXKWUTEJABHBIH PAX 2 a,.
n=1

Torga ecau cymecTByeT HellpephIBHasA, MOHOTOHHO

yonisaromasn pyaxusa f(x), rakad, 4yroa, = f(n), To

NaHHBIN PAX M HECOOCTBEHHBIM MHTEIrpaJ I f(x)dx

1
OAHOBPEMEHHO CXOAATCHA NJIN PACXOAATCH.
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ITpumep. PaccMOTPUM 3HAKONOJOMKUTENBHBIN DAL

- 1
— , [/ie S — HEKOTOPHIH MOJIOKNTENbHKIH IIapa-

n=11
meTp. Tako¥ pajn HaspIBalOoT rapMoENYecKuM. Oue-

BHOHO B 3TOM ciy4dae f(x) = "l.{ , TaK KakK f(n) = l .

x n’
Torpa, uccirenya HecoOGCTBEHHBIN MHTErpaj, COOT-
BEeTCTBYIOILIIUNA TaHHOMY PAAY, HOJYIHUM

oo A = A
x dx x1=8
I—=hmj—=hm =

1 x5 Ao 1 x5 Aowl-3

Al=s 1
Aol 1—38 1-3

3HaYeHHEe NOJYUEHHOro Bbille Ipefesia 3aBUCUT
or napamerpa s. Ecan s < 1, To nipefies paBeH ° M
UHTErpaj BMECTE C PACCMATPUBAEMBLIM DAJAOM

1
pacxoauTrcs, ecau s > 1, To npeaes paBeH 1 H
-8
HHTErpaj BMeCTe C PANOM CXOANTCH.
Cnenxyer ormMeTuTH, UTO NPUBEZIEHHBIE BbIIIE (op-
MYJbI UMEIOT CMBICJI JIKIIL OPU 8 # 1, m cayvanns =1

HEeO00X0NMO UCCIEeN0BATH OTAEJbHO.
PaccMoTpum pan 2 — , KOTOPOMY COOTBETCTBY-

n=1
eT HeCOOCTBEHHBEIM MHTErpa
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A [ ]
|1 = limlnA =
Ao

T dx .
— = lim Inx
1 X A—>oo

U 3HAYUT JAHHBIN DAL PACXOLMTCSH.

OxoH9aTebHO NOJIYy9IaeM CAeAYIONIUHA pe3yjbTarT:
rapMOHHYECKUN PANL CXOAUTCA IpH 8 > 1 U pacxo-
OIATCA IpH ¢ < 1.

Ilpu3nax cpaBHEeHHA

IIycTe AaHBI ABA 3HAKOHNOJOMXHUTEJIbHBIX PAAA

2 a, u Z b, . Torna, ecau cymecTByeT KOHEYHBIH,

n=1 n=1
. . a,
OTJIMYHBIHN OT HYJIda IIpenen lim —, TO 00a pAaAga

n—e 0,

OZJHOBPEMEHHO CXOAATCA NJIH OJHOBPEMEHHO pPacXo-
OATCA.

Ilpumep. UccienyeM CXOQUMOCTh pAna
i 1
n=1 \/n3 +3n+5 .

PaccmoTrpuM nosefeEHe o0mero 4jeHa pAxa AJs
1

AOCTATOYHO OonpmMUxX n @, = ————=. KEcann
vyn? +3n+5

IOCTATOYHO BEJHKO, TO BeINYUHA n3 HaMHOrO npe-
BOCXOIHT 3n ¥ 5 ¥ 3HAYUT, IIOCJELHUMHE JBYMS CJIa-
raeMbIMHM, CTOAIIMMM B 3HAMEHATeJe IIOX 3HAKOM
KBaJIPATHOIO KOPHA, MOKHO IIpeHe0peYsb:
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— T ————————— T ey T

LY ] - 1
PaccMOTpMM ApPYyTOM pAX Z b, = 2 37 C KO-
n=1 n=17

TOpPBLIM OyAeM CPaBHUBATH MCCJIENYEMBIil pAx. ITO
rapMOHMYECKMH pAL, Y KOTOPOTO NapaMeTp s = g ",

cjieoBaTeJbHO, ITOT PAL CXOANTCHA. Brraucaum IIpe-

a,

nen lim —=:
n—e b,

a Vn3

lim -2 = lim — -
n—e b, n—oe \/1_13 +3n+5

3
=limJ — = lim 1 =1.
noe¥\n® +3n+d noe 1+3+5
n2 n3

PaccMOTpeHHBIN BhIIIe Ipefiesl KOHEYHbIH M He
pPaBeR HYJNIO, 3HAYHT, NCXOAHBINA pALX OyneT cxond-
IMAMCH.

9.4. 3nakonepemeHHbe paAbI

ByaeM Terneps pacCMaATPHBATH 3HAKOII€PEMEHHBIE
PAABI, YWIEHBI KOTOPBIX MOTYT ObBITh KAK IOJOMKH-

o0
TCJIbHBIMH, TAK U OTPUNIOATECJIBbHBIMHU. HYCTB 2 u,

(V) n=1
TAKOM pAL.
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Eciau cxoauTcsa pAll, COCTABJIEHHBIN N3 abcooT-
HEIX 3HAYEHHMH 4YJIEHOB 3HAKOINEPEMEeHHOro psaaa

Z 2,
n=1

nurca abcoaoTHO.
Ecau psan, cocraBjJeHHBIN U3 a0COJIOTHRIX 3HaAYEe-

oD
» TO TOBOPAT, 9TO UCXOAHBIN PAL Z U, cxo-
n=1

oD
HUIi YJIeHOB 3HAKONEePEMEeHHOTO pALa Z lu,|» pac-
n=1

oo

XO0OQHUTCHA, CaM 3Ha1conepemeﬂnmﬁ PAA 2 u, CXonnuT-
n=1

cA, TO 'OBOPAT, YTO 3TOT 3HAKOIIEPEMEHHLIN pAJ CXO-

AUTCHA YCIAOBHO.

Ecau cxonurcsa pan 2 Iun|, TO OyZIeT CXOAUTHCH
n=1

U pAn i U,.

n=1

9.5. 3Haxouepepyowuecs paani

YucnaoBoil pAx HA3BIBAETCA 3HAKOYEPEAYIOMIUM-
cA, ecau JioOnle ABA PANOM CTOAIIUX YJIEHA €ro
MMeIOT HIPOTUBOINOJIOXKHbIE 3HAKH.

a; —a; +a3 —ay + as... +(—1)"‘1an... =
=Y -)""a,, a,>0.
n=1
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IIpu3EaK CXOZXHMOCTH
3HAKOYepeaymomeroca paga
(npu3Baxk JleiOHEHIIA)

Ecay 4ieHH 3HAKOYepeaAylomerocsa paaa yoniBa-
IOT 10 a6CONIOTHOH BeJIMYNEE @) <d; <a3 < a4 <as...

u npegen lim a, =0, To psax 6yaer cxoAUTECA U
n—yoo

ero cyMMa S He IIpEB30OHJET a,.

ITpumep. PaccmoTpuM 3HaKO4YepenyIOMUNCH pAn

< (-1)"1(n +3)
)>

n=1 n?+5n

HokaxxeM, 4YTO 4YJeHbl 3HAKOUYEPEAYIOImMErocs
pana yoOeIBaoT IO a6COMIOTHOM BEeJIHNUYMNHE, TO €CTh

n+3

2 ’

9T0 anz
n° +5n

B namBOM ciaydae a, =

n+l°
(n+1)+3 __n+4
m+1D2+5(n+1) n2+Tn+6

a a,,

a 2 n+3 n+4
n_" %41 < - =
n2+5n n+7n+6

_(n+ 3)(n2 +Th+6)-(n+ 4)(n2 +5n)
(n? + 5n)(n? + Tn + 6)
_ n +7n +18
(n? +5n)(n + Tn + 6)

>0,

cJexoBaTeabHO, @, — 2,1 >0 u a, > a,,;.
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BrraucauM npepen

. . n+3 .
lim a, = lim = lim
n—co n—oco n2‘ + 5n n—oo 1

S o

Takum o6pasom, 06a ycnosua npusnaxka Jlen6au-
8 BBINIOJIHEHBI M UCCJIEeNYEMBIN PAJN CXOANTCH.

9.6. PyHxumuoHanbHbie paabl

Psan, 4ieHbsl KOTOPOro ABAAIOTCA QYHKIUAMH, Ha-
3pIBaeTCA QYHKOMOHAJIBHBIM PAOOM:

Uy (x) + ug(x) + ug(x) +...+u,(x) +... = i U, (x),
n=1
rae u,(x), uy(x), ug(x), ..., u,(x), ... — GyHKIUMN NIEpE-
MEeHHOH X.

IlpunaBas 1epeMeHHON X pa3IMYHBEIE YHMCJIOBHIE
3HaAYEeHUdA, OyieM MoJsydyaTh pPa3JUIHBIE YHNCJIOBBIE
PAALI, KOTOPLIE MOT'YT GBITH CXOAAIMMUCH MJIM pac-
XOAAITNMUCH.

ObnacTrio CXOAUMOCTH PYHKIMOHAJNBHOIO pAAA
Ha3bIBAETCHA MHOKECTBO 3HAYEHUH X, NJIA KOTOPHIX
bYHKIMOHBANBHBEIN PAL CXOAUTCH.

Ecrm x npuBaAgnexuT obiacTu CXOQUMOCTH, TO
byVHKONOHAABHBIN pAL OyaeT MMeTh cyMMy S(x),
Koropasa O6yaer 3aBUCeTh OT X:

w(x) + ug(x) + ug(x) +... + u,(x) +... = S(x) .

CymmMma paga GyHKIMOHAJIBHOTO IIPEACTABAAET CO-
60¥ GYHKIOMIO, ONIPEIeJIEHHYIO HA 00J1aCTH CXOIMMO-
CTH.
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9.7. CreneHHbie paab

YacTHEIM ciayyaeM GyHKIIUOHAJIBHEIX PALOB fAB-
JAIOTCA CTENeHHhIEe PALBI, KOTOpPhEIe B o0meM ciy-
Jae UMEIOT BU]

Co + C1(x — x5) + co(x - x0)2 + cg(x - x0)3 +...
et (x—x9)" +..= 2 c (x - xg)"
n=0
T'A€ Cys Cs Cgy Cgy ooes C, — UMCJIA, HMEHYEMBIE Koadpu-
OMEeHTAMH PAAa, X, — HEKOTopoe QUKCHpOBAaHHOE
3HAa4YEeHNE IIEPEMEHHON X.

Yaige MMEIOT AeJI0 CO CTEIeHHRIMHU pAAaMu B 060-

Jee npocroit popmMe:

2

Co + €1 X + CoX° + Cax°

n — n
+O.o+cnx +ooo - 2 cnx ’
=0

K KOTOPO MOXHO IIPMITH, €CJI BBECTH HOBYIO IIlepe-
MEHHYI0, 0003HAYUB Yepe3 Hee BHIPAXKEHUE X — X,.
Hanee 6ygeM MMeTh B BUAY TaKyI0 (GOpMY CTEIIEH-
HOTO psja.

Teopema AGean

Ecau creneHHOM PAA CXOAUTCA OPHU X = X, TO OH
OyaeT cXoANTHCA U NPUTOM aOCOJMIOTHO IJid BCeX X,
IJIA KOTOPHIX |x| < |x0|. Ecau creneRHOHN pAA pacxo-
AUTCHA OPU X = X, TO OH OyAeT pacXOAUTHLCA U JJIA
BCEX X, JJIA KOTODHIX |x| > |x|.

HHTEpPBAJIOM CXOAMMOCTH CTEIIEHHOI'O pAla AB-
NdeTcsd MHTEPB&J, CUMMETPUYHBIH OTHOCHUTEJIbHO
Touku X = 0, suaa (—R, R). Beiuunsa R Ha3wIBaercs
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pPagNyCcoM CXOAHMMOCTH CTEIIeHHOI'O pPAJa M olpeje-
asgerca dopmyaon

R = lim
n—oo Cn +1
BryTpM mHTepBaja cxoxumoctu (—R, R) cremnen-
HO# pAX CXOAUTCH, & HA KOHINAX MHTEepBaJa B TOU-
Kax x = —R u x = R psag MOXXeT KaK CXOANThCHA, TaK
M PACXOAUTBCH.
IloaTomMy npm onpenesieENU 00/1aCTH CXOAMMOCTH
CTENEeHHOI'0 pAJa CXOAMMOCTh €ro Ha KOHOaxX MH-
TepBaJIa CXOANMOCTH HMCCJIIEAYETCA OTAEIBHO.

Cn

ITpumep. OnpenesnM 061aCTh CXOAUMOCTH CTEIIEH-
oo n
nx

HOT'O pAga 2 .
n=0 5" (n + 1)

Haiinem paagnyc cXOAUMOCTH JAaHHOrO pana:

c. = n
"os"n2+1)
o = n+1 _ n+l
gl r 2 +1) 5 (2 +2n+2)
R lim -5 — lim n5"*1(n? +2n + 2) _

n—wChiy e (n+1)5%(n2 +1)

2 2

2 +2n+2) 1+;;+_2
T . ?¥9) 5 lim n" ) _-s.
n— (n+1)n° +1) n—***(“_l)(l_l__l_)
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CrepmoBaTesbEO, MHTEPBAJ CXOAMMOCTH AAHHOTO
pana (-5, 5). UccaneayeM nmoseseHne pAfa HA KOH-
max MHTepBasa cxogumocTu. IloacraBuM B cTrenen-
HOM pAA BMECTO X 3HA4YEeHHe, COOTBETCTBYIOIIee
JIeBOM IPAHHYHOI TOYKH HMHTEPBAJa CXOAUMOCTH
x = —9, NOJYUYHNM 3HAKOUYepeAYIOmMHUNCcS pan:

« n-5" <« n-1)"5" _ N (-1)"n
,,2;1,5"0;2 +1) ,Z%,5"(n2 +1) ,Z:(,(n2 +1)

Ilna uccaenoBaHUsA CXOAMMOCTH 3TOrO psafa Hc-
MOoJb3yeM IIPHU3HAK cXoAuMoOCTM Jlei6HMDA:

g =" a .= n+l1 . n+1

" w1’ "N (e D2+1) n2+2n+2°
n n+l

A, —Qp4y1 = =

m2+1) n2+2n+2
nn?+2n+2)-(n+1)(n%+1) _

(n2 +1)n® + 2n + 2)

n2+n—1

) n?+1)n®+2n+2)°

3HAMEHATEJIb NOJYUYeHHON JPo0H MOJIOXKHUTEHLHBIN,
TaK KaK npeAcTaBJdAeT cofoi nmpousselieHHE HO-
NOKUTENLEBIX Beanund (n? + 1) u (n2 + 2n + 2).
Yucaurear apobn n? + n — 1 mosoKuUTeNeH IpH
n > 0, ¥ 3aHAYUT, JaHHAA APOOBL OyaeT MoJIOXKHUTEIb-
HOoif mpu n > 0. CiaegoBaTenbHO IEepBOE YCAOBHE
npu3raka Jleitbruna a, > a, , ; BHIIOJIHAETCA NPH
n> 0.
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1
L » n »

lim a, = lim —— = lim —&_—=0.
n—oo n—)mnz +1 n—>m1+ 1

n2

IJTO 03HAYAEeT, YTO U BTOPOE YCJOBME HNPH3HAKA
JleitOEMIIAa TOXXe BRINOJHAeTcA. [laHHBIN pAlN cXO-
JAUTCHA, M TOYKY X = —H cjIexyeT BKJIIOYHUTDh B 00J1aCTh
CXOQMMOCTH MCCJIE[lYEeMOr'0 CTeIeHHOI'0o pAja.

AnasorngasiM o6pa3oM HccielyeM CXOAMMOCTD
CTeNIeHHOIO pAAAa B rPAHMIHON TOYKe X = O, HOACTAa-
BHB B CTEeIIeHHOM p:m BMECTO X 3Ha49eHHne 5:

) =2

_05"(n +1) ,-o(n +1)

IIpuMeHAA NpN3HAK CPABHEHNA, PACCMOTPHMM HO-
BeJleHNe o0Iero wieHa NOJy4eHHOT'O YHCJIOBOTO pAJa
n

ap = — nna 6oasmux n. Ilpeaedperasa B 9uc-
(n° +1)
JUTeNle eUHWUIEH IO CPaBHEHMM ¢ N2, HOJYIUM
n n 1
a, = = = —, IloaTromy Oymem cpaBHH-

(n2 +1) n? n
BaTh JaHHBLIA YMCJIOBOM pPAJ[ C TapMOHNYECKUM pA-

IOM 2 —, KOTOPHI# COOTBETCTBYeT 3HaYEeHUIO Ia-
n= 1
pame'rpa S = 1, 9TO 03HAYAET ero pacxoanMOCTb.
. a ) n-n ) 1
lim 2 = hm—2——= lim —i—=1.
nseob, noep41 neqy 1

n2
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PaccMOTpeHHEIN npefie] KOHeYeH, ¥ 3HAYHUT, YTO
HUCCIIelyeMblil dMCIIOBOM pAA OyAeT pacxoAHUThCA

- 1
BMeCTe C PAOM 2 —. Takum o6pas3omM, TOUKY X = 5

n=1
clefyeT BKJIIOYUTHL B 06yacTh cxoauMocTH. OKOH-
YaTeJIbHO 00J18CTHIO CXOAMMOCTH MCXOXHOIO CTEIeH-
HOro paaa Oyaer MHO»ecTBo [—5, 5).

9.8. Pagm Tewunopa

IlycTs HexoTOpasa ¢yHKIMA ¥ = f(x) onpenesieHa B
HEKOTOPO# OKPECTHOCTH TOYKM X = X, M HMeeT B JIaB-
HOH# OKPECTHOCTH HPOM3BOJAHEIe JI060ro mopsjaka.
Torpa pagom Teiiopa ¢oyaxuu y = f(x) 6yaer pan
] '(xo)

21

f(xg) + f'(xo)(x"xo)"‘ (1"5—-’%)2 +

n
CyMMa nepBBIX 1 pana 2
k=0
Ha3bkIBAeTCHA 9acCTNYHOI cymMMoi paaa Teiaopa. Be-
avaura R (x) = f(x) — S, (x) Ha3siBaeTCA OCTATKOM
pana Teisopa.
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HeoOxoAMMBIM M AOCTATOYHBIM YCJIOBHEM pas-
JoxeHanda pyskunu f(x) B pan Teitynopa, T.e. pen-
CTABJIEHUA PYHKIIMHN B BUAeE

oo n)
flx) =) ) (x - xp)",
) n!

ABJIeTCA CTPEMJIEHNE IPHM N — oo K HYJIIO OCTATKA
R _(x).

Paznoxenne B pax Tedaopa
HEKOTOPhIX PYHKIHH

2 3 n oo n
X X X Z X
1. ex=1+x+ + +ooo+—+000= —
a n

2] 3!

00Js1acTh CXOAMMOCTH (—o°, +00),

2 4 2n
x° x x
2. cosx=1-—+"—+...+(-1)" +..=

2! 4] (2n)!

(- l)n 2n
z 2!’ 00J1acTh CXOAMMOCTH (—o°, +o0),
n=0
3 5 2n+1
3. sinx=x-—+ 0 +...+(-1)" =
3! 5l (2n + l)!

( l)n 2n+1
~ " (2n + 1)

, 00J1aCTb cCXOoaAnMMOCTH (—oo, +0) ,

2 3 n
4. 1n(1+x)=x—x2 +’; P (10 B A

n
oo (_l)n +1 "

n=0 n

, 00s1acTh cxogumoctn (—1, 1].
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10. TEOPUSAA BEPOATHOCTEN

Teopusa BepoATHOCTEN M3yyaeT 3aKOHOMEPHOCTH
OHOPOAHBIX MACCOBLIX CAYyUYaANHBIX ABJIEHNI.

HcnobiTaHNEeM Ha3bIBaeTCHA BCAKOE AeiCcTBHe, KOTO-
poe NpeAlpUHUMAETCH ¢ OIpe/ieJIeHHOM nebio. Bea-
KUY pe3yJIbTaT UCOLITAHAA HAa3bIBAeTCA COOBITHEM.

Co6rITHe Ha3bIBaeTCA AOCTOBEPHEIM, €CJINM VHO 001-
3aTeJIbHO NMPOM30iileT NIPM HAJAYUU JAHHOH COBO-
KYIHOCTH ycioBuit. Hanpumep, 3akunanue BOALI IIPH
remiepatype 100 rpagycoB n npu HOpMaJIbHOM AaT-
MochepHOM aBJieHMH, NajgeHrne BEN3 OpomeHHOro
BBepX TeJjia, BO3ropaHue OymMaru npy HOBHIIIEHNH €€
TeMIepPaTyphl 0 TeMIEepaTyphl BO3ropasu.

CobriTHEe Ha3pIBaeTCA HEBO3MOYKHEIM, €CJIM OHO
o0a3aTeIbHO He NPON3ONHAET IPHM HAJINYIUM NJaHHON
COBOKYHIHOCTH ycioBuil. Hanmpumep, 3aknnanme BObI
IIpH TeMIepaType HOJb IpagycoB, U3BjedeHNe 6ero-
ro mapa M3 YpHBI, COAepXameill TOJbKO 4YepHbIe
mapsl, YMEeHEbIICHNE AJNHBI METAJLTMIECKON IPOBO-
JIOKW IIpY ee HarpeBaHNHU.

CoOnITHe Ha3kIBaeTCA CIyYalHBIM, €CJIM OHO MO-
JKeT MPOM30MTH MJIM He HPOM3OUTHM HPH HAJINIUN
NaHHOM COBOKYHHOCTH ycaoBuii. Hanpumep, BrIna-
neaue repba npu O6pocaEHMM MOHEThI, M3BJIeYEHHE
HayTaj Ty3a U3 KOJIOABI KapT, HOPAYKeHHne e Ipn
BBICTpeEJIe U3 OPYANA.

IIBa cOOBITHA HASKIBAIOTCH Heconmecrnmnvm ecJIH
HacTyIJIEHHMe OMHOTO M3 HUX MCKJIIYaeT BO3MOXK-
HOCTB HACTyIUIeHNA apyroro. Hanpumep, nonagaaue
B MUIIIEeHb M HeOOoNaJAaHne B MuIIeHb. Eciin HacTyn-
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JIeHHe OHOT'O COOBITHA He MCKJII09aeT BO3MOYKHOCTD
HACTYILJIEHNA APYTroro, TO TaKHe COOBITHA Ha3hIBa-
I0Tca coBMecTuMbiMu. HanpumMep, BrinasgeAne 4der-
HOT'O YMCJIa& M YHUCJIa KPDATHOT'O TPEM, OpH OpocaHuH
UIrpaIbHOM KOCTH (IPH BRINAJEHHUH «IIeCTEPKH» 3TH
coOBITHA HACTYRAIOT OAHOBpeMeHHO). HecoBMecTn-
MOCTB 00JIee ABYX cOOBITHII 03HAYAET UX NOHNapPHYIO
HECOBMECTMMOCTb.

IIBa HECOBMECTHMBIX COOBITHA, OJHO U3 KOTOPHIX
00A3aTeJIbHO JO/IKHO HACTYIIUTh, Ha3bIBAIOTCS HIPO-
THBOIIOJIOKHBIMM. Hanpumep, BeInajeANe Y4eTHOT'O
MJIY Hed4eTHOro 4ucja npM Opocanmy HMrpajsbHOM
KocTH. CobrITHE, IPOTHBOIIOJJIOMHOE COOBITHIOA, 000-
3HagaeTcA A (4ATaeTcs «He A»).

CoBOKYDHOCTB COORITHI 00pa3yeT HOJIHYIO I'PyH-
Iy COOBITHM, €CJIN BCe COOBITHSA 3TOM COBOKYIHOCTH
HECOBMECTHMEI M €IMHCTBEHHO BO3MOKHBE. [[pyrH-
MU CJIOBaMH, 00d3aTeILHO IPON30iAEeT OAHO N3 CO-
OBITHN JAaHHOU COBOKYNHOCTH. HanmpuMep, BuImaje-
HUEe eAHHHUIObI, ABOMKH, TPOMKH, YETBEPKH, IATEPKH
MJIM OIecTepKH npu 6pocaEMM UIPpaJibHOM KOCTH.

B TeopHM BepOATHOCTH COOBITHS NPHHATO 000-
3HA4YaTh 3arjiaBHRIMM OyKBaAMH JIATMHCKOTO aJji(a-
BuTaA, B,Cur.n.

HonycTuM, IPpOBOANTCA NCHBITAHNE, PE3YJILTATOM
KOTOpPOIro MoKeT ObITh OJHH M3 HEKOTOPOM COBOKYII-
HOCTH HCXO0A0B. Eciim pe3yjbTaToOM AAHHOIO HUCHBI-
TAaHUA MOXeT OBITHL TOJBKO OAVH UCXOM U3 JaHHOM
COBOKYIIHOCTH, TOT/la Bce HCXOARI JaHHOM COBOKYII-
HOCTH ABJIAIOTCA eAUHCTBEHHO BO3MOXKHBIMN. Ecan
HY OJMH U3 UCXOAOB JAHHOH COBOKYITHOCTH HCXOOB
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He ABJIAeTcA 60JIee BOBMOXXHBIM, 94€M APYyTHe, TO BCe
UCXOABI 3TOM COBOKYIIHOCTH HA3hIBAIOTCA PABHOBO3-
MOXHBIMH. EciIu pe3yjJbTaToOM paccMaTp¥BaeMoro
UCOBITAHUA MOYXET OBITH HacTyIJAeHHEe TOJBKO OJ-
HOT'O MCXO0Ja U3 JaHHOM COBOKYIIHOCTH, TO 3TH MCXO-
Ibl HA3LIBAIOTCA HECOBMECTHMBIMH.

Kaaccuueckoe onpeaeseAne BepoATHOCTH. Bepo-
ATHOCTBIO P(A) BacTyneEnAa coObITNA A Ha3LIBaeT-
cs OTHOHIEHMe YMciIa 61aronpuATCTBYIOINX HACTYT-
JIEHUIO AAHHOI'O COOLITMA MCXOMOB /M K YMCIY BcexX
HECOBMECTMMBIX, EAMHCTBEHHO BO3MOKXHBIX M paB-
HOBO3MOKHBIX MCXO/I0B MCIILITAHUA N.

pa) ="
n

IIpumep. IlyeTs ncobiTaENE 3aKJjI09aeTcd B Opo-
CAHMH HUTrpaJibHOM KocTH (KyOMKa, mMeomero ¢op-
My Ky0a, Bce rpaHM KOTQPOTO NIPOHYMEPOBAaHBI YHC-
Jamu ot 1 go 6).

OnpenesnM BepOATHOCTL COOBITHA A, KOTOpPOE 3aK-
JIIOYAETCHA B BHIIAJICHUN HeUeTHOro Yyucaa. COBOKyTI-
HOCTh HECOBMECTHMBIX, eIHHCTBEHHO BO3MOXHBIX U
pPAaBHOBO3MOYXHBIX MCXOZOB COCTOMUT U3 UCXO/JIOB, 3a-
KJIOYAIOIIUXCA B BhINDAJEHMHM €AWHWIILI, ABONKH,
TPOMKM, YETBEPKH, IATEPKM M MIECTepKH (BCEro meCThb
MCXO/MI0B, TO ecThb 1 = 6). Yncyao ucxoaos, 6j1aronpn-
ATCTBYIOIIMX HAaCTYIJIEHMIO PACCMATPMUBAEMOTrO CO-
OpITHA m = 3 (BHIIAJIeHUE eIMHNIbI, TPOMKHN HJIH
narepku). CienoBaTeJJbHO BEPOATHOCTL PACCMAaTpH-
B&eMoro coOnITHA



BepoATHOCTL AOCTOBEPHOrO COOBITHA pPaBHA eaM-
HNne. BepoATHOCTE HEBO3MOXKHOTO COOBITHA paBHA
HYJI0. BepoaTHOCTE ciydaiiHOro cobnitusa A 060Jb-
Ime HyJA U MeEbIe eanHENOL: 0 < P(A4) < 1.

CymmMmoit aAByx cobmiTuit A u B (o6o3mauyaercs
A + B) maspiBaeTcs coObITHE, COCTOAIIEE B HACTYII-
JIeHUH COOBITHA A NN cobriTnaA B nau cobuiTit A
1 B ofHOBpeMeHHO.

Hanpumep, ecau coOsiTie A — BhIDAJeHNE YETHO-
ro 9ucja opmu OpocaEMH UrpajbHOH KOCTH, a cOORI-
Te B — BhImajieHNe 9ucia, KpaTHOro TpeM, TO Co-
OriTHEe A + B OyaeT 3aKJ1098ThCA B BRINAJICHNH MK
YeTHOI'O YMCJja, MJIM YMCiia, KPATHOIO TPeM, HJIH YHC-
Jia 9eTHOT'O ¥ KPaTHOIO TPEM OJAHOBPEMEHHO, TO €CTh
B BRINaJeHuHM 2, 3, 4, 6. '

CyMmMoOiT 10000 KOHEYHOro 4McJjia COOBITUN AB-
JAeTcA coOniTHe, COCTOANEee B HACTYILIEHUMN XOTH
OBl OJHOTO N3 CYMMHPYEMEIX COOBITHIA.

IIpousBeseEneM AByX cobniTuit A 1 B (0603Haua-
erca A - B) HaswiBaeTca cobmiTe C, cocrosimiee B
COBMECTHOM HaCTYILIEHNM cOOnITHMH A 1 B.

Haupunmep, eciiu cobuiTie A — BRIIaAeHNE YeTHOTO
yucJa Opu 6pocaHUM UTPaJbHOM KOCTH, & COORITHE
B — BrImajeHMe 4YMCJIa, KPATHOIO TPEM, TO cCOOBITHE
A ' B 6yaer 3akKJI04aThCA B BhINAJIeHNM YEeTHBIX YH-
ceJI, KPaTHBIX TPEM, TO €CTh B BLINAACHNM ducIa 6.

IIpouaBeiecEMEeM KOHEYHOrO 4YHCIA COOBITHMII Ha-
3bIBaeTcA coOBITHE, COCTOSAMIEE B TOM, YTO HACTYOAT
BCe IEpEMHOKaeMble COOBITHA.
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CoOniTss A 1 B HA3LIBAIOTCSH 3aBMCHMBIMH, €CJIH
HaCTYIJIEHNE OJHOI'O M3 HUX N3MEHSAET BepOATHOCTD
ApyTOoro.

Cob6niTus A 1 B Ha3bIBAIOTCA He3aBUCHUMBIMH, €CJIN
HAaCTYIlJIeHHe OJHOT'0 U3 HUX He M3MEeHAEeT BepPOAT-
HOCTBh APYTOro.

CobmruaA,, A,, ..., A HA3LIBAIOTCA NOIApPHO He3a-
BHCHMBIMH, €CJIH JIOObIe ABa U3 HUX ABJIAIOTCHA He-
3aBMCHMBIMH.

CobriTns Ay, A,, ..., A, Ha3LIBAIOTCA HE3ABUCHUMBI-
MM B COBOKYIIHOCTH, €CJIM BEePOATHOCTh KaKOT0 U3
HHX He MEeHSeTCH NPH HACTYIJICHNH APYIHX COOLI-
THH OAHOT'O MJIM HECKOJILKHX B JIOO0M KOMOMHaAIUM
M B J1oO0M umcJe.

Byaem Ha3piBaTh uucja0 M nosBJIeHHH COOBITHA
A B cepum n3 N ucnpITAHMA 4acTOTOM coOmBITHSA A,

M "
a OTHOIIeHUe ~ OyaeM HASLIBATHL OTHOCUTEJBLHOM

YacTOTOM COOBITHSA A.

B cepuax ¢ HeGOMBOIMM KOJMYECTBOM HCIBITA-
HU# N OTHOCHUTeJIbHAA YacTOTa COOBITUA NOABEPra-
eTca CHJbHBIM Kojsebanuam. IIpm nepexoze x ce-
PUAM C¢ OOJIBIIMM KOJIMYECTBOM HcOBITaBMHA N KO-
J1e6aHUA OTHOCHUTEJIbHOM YACTOTHI CII&KHUBAIOTCHA U
OTHOCHTeJbHaS 9acTOT& INOCTEeNeHHO IPHHHUMAET
HEKOTOopoOe YCTOMYNBOe 3HaYeHHne.

CraTncTNdecKoil BepOATHOCTHIO HAa3bIBAIOT HOCTO-
AHHYIO BEeJIMYMHY, OKOJIO KOTOpPOHM IpPynIMpYyIOTCA
HabofaeMble 3HAYEHNA OTHOCHTEJIbHON 9ACTOTHI.
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10.1. Teopema cnoxeHnn BepoOATHOCTEMN

TeopemMa 0 cymMe ABYX HECOBMECTHMBIX COObI-
THH. BepoATHOCTE CYMMEI JBYX HECOBMECTHMEIX CO-
OBITHII pABHA CYMMe BEPOATHOCTE!N 3THUX COOBITHIL:

P(A + B) = P(A) + P(B).
ITy TeopeMy Jerko ob600muTe Ha cay4yam CyMMHU-

POBaHMUA JIOOOro KOHEYHOro 4Yucjia He3aBMCHUMBIX
COOBITHM:

PA, + A, +..+ A ) = P(A,) + P(A,) +..+ P(A,).

Teopema 0 cymMe ABYX COBMECTHMBIX COOBITHH.
BeposaTHOCTE CYMMEI BYX COBMECTHMBIX COOBITHH
paBHA CyMM€ BEePOATHOCTEHN 3THX COOBITHII 6e3 Be-
POATHOCTH MX COBMECTHOT'O HACTYILJICHUSA.

P(A + B) = P(A) + P(B) — P(A - B).
Ciaencreud H3 TeOpEeMEI CIOXKEeHN A BEPOATHOCTEH:
1. Cymma BepoaTHOCTe# coOnrmnii A, A, ..., A, , 00-

pa3yiomux HOJHYIO I'pyniry, paBHa& eANHHUILE.
P(A) + P(Ay)+...+ P(A) =1,
2. CymMa BepoOATHOCTEH IPOTHBOMOJIOMKHEIX® CO-
6uITHil paBHa eauHEMOE P(A) + P(A) = 1.

10.2. Teopema YMHOXXEHHA BEepOATHOCTEM

BeposaTHOCTh COOBITHA A, HaliieHHAA B IpeAno-
JIOXKEeHHUH, YTO cOOBITHe B HACTYnNI0, HA3LIBAETCA
YCJIOBHO# BEePOATHOCTBHIO COOLITNA A OTHOCUTEJIHLHO
cob6riTna B. O603ragaerca Pg(A).
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TeopemMa 0 BepOSTHOCTH IPOU3BEACHH A IBYX CO-
6nrTuii. BeposATHOCTE NpOM3BeIEHNUA- COOBITHII A M
B paBHa Npon3BeEeHAIO BePOATHOCTH OQHOIO U3 HMX
Ha YCJIOBHYIO BEePOATHOCTb APYIrOoro CobnITUA OTHO-
CHTEJbHO COOBITHA, B3ATOIO NEePBHIM:

P(A - B) = P(A)- P,(B) = P(B)- Pg(A).

Ecau cobniTa A 1 B ABIAIOTCA HE3ABUCUMEIMH,
To P,(B) = P(B) u Pg(A) = P(A).

B 3ToM caydae PopMYJHPOBKA HNpPUBEIEeHHOH
BbiIIe TeopeMkl OyaeT 6ojiee NpoCTOM.

BepoATHOCTh NPOU3BeACHUA ABYX HE3aBMCHMBIX
cobniTu1 A 1 B paBHa npon3sBeeHHI0 UX BEePOATHO-
CTeM:

P(A - B)= P(A) - P(B).

TeopeMa 0 BepOATHOCTH NIPOH3BeNeHHA KOHEY-
HOTrO YHCJA cOORITHH. BepoaTHOCTE IPpOU3BEeAEHUSA
KOHEYHOT'O YHcJIa COOBITHA paBHA ITPOU3BEAECHHUIO UX

YCJIOBHBIX BEPOATHOCTEN OTHOCUTEJbLHO IPOU3Bee-
HUSA OpeJIIeCTBYIONIMX KaXAOMY M3 HUX COOBITHH.

P(Al .A2 .Aa..".A_n)z
= P(Al)‘P,% (Az) PA,Az(Aﬁ) PA:'Az'--"An-n (An)

Ecnu nepeMHOXKaeMble COOBITHSA ABJIAIOTCA He3a-
BHCHMBIMH B COBOKYITHOCTH, TO

P(A;-Ay-Ag-...-Ay) =
= P(4;) - P(A3) - P(A3)-...- P(4,).
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10.3. ®opmyna nonHOK BEPORTHOCTH

IIycTte HexoTOpOE CcOOBITHE A MOMKET OPOH3ONTH
JINIIL COBMECTHO C OJJHMM H3 coﬁu'mﬁHl, H,, .., Hn,

o6pasyomux noJHy0 rpynny cobuiTui#i. CobniTnsa
Hl, Hz, ..o, H  HA3BIBAIOT rUmoTe3aMu. HIaBecTHEI Be-
poarrOcTM runotes P(H,), A(H,), ..., P(H,), a Takxe
YCJIOBHBIE BePOATHOCTH PH1 (4), PH2 (4), ..., PH,' (4).
Torna BepoaTHOCTb cOORITHA A OyneT paBHA

P(A) = P(H,)Py (A) + P(Hy)Py (A) +...
...+ P(H, )Py (4),

dopmyana baieca

HonoycTHM, 4T0 cobriTHE A HacTynuJo. Toraa Be-
poarraocTs P,(H,) Toro, 4yro cobniTie A HACTYOHJIO
COBMECTHO ¢ cobriTiem H,, paBHa

A(H;)Py (A)

Py(H)= '
A( i) P(Hl)PHl (A)+HH2)PH2 (A) +... +P(H,,)P[£‘ (A)

10.4. MNMosTopHbIie HEe3aBUCHMbBIE HCTILITAHHUSA

Pan ncomrasuit 6ynemM Ha3hHIBATH HE3ABMCHMBEI-
MM 0 OTHOIIEHMIO K COORITHIO A, €CJIN BEepOATHOCTD
HACTYIJICHNA A B KaXX/I0OM MCORITAHUHN HE 3aBHCHT
OT Pe3yJbTATOB NPOUYMUX UCOBLITAHUM.

HampyMmep, BhImafieHNe ¢« IIeCTEPKHU» IIpH 6pocaHmu
HIPaJIbHONM KOCTH. BepoATHOCTH BhIIaAeHHE «IIIecC-
TePKN» OPH Ka)XaAoM OpocaBHMHM He 3aBHCHUT OT TOTO,
CKOJIBKO pa3 OHA BhIDAZAJIa B APYTUX HCOLITAHHAX.
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IlycTh mpoBOANTCH N HCOBLITAHHN, B KaXXJOM M3
KOTOPBIX COORITHE A MOJKeT NPOM3ONTH ¢ OAHON M
TO JKe BepoATHOCTHIO p. Torna sepoarnocts P (m)
TOT'0, YTO B CEPMH M3 N HCOBITAHNN coOriTHE A HpPO-
naoiiaetr posHo m pas (0 < m < n), ornpenensaercs Gop-
MYJION

P,(m) = —D1 prgtn-m)
ml(n — m)!
roreq=1-p, nl=1-2-3-..-n.

Haunbosee BepoaATHOE YHMCJIO NOABJIEHNN cOORITHA
A B cepMM M3 N MCOHITAHMIN M, YAOBJIETBODPAET CO-
OTHONIEHHIO

’

np—-q<mg<np+p.
IIpu Gonbmux 3HAYEHHAX N BEPOATHOCTDH P, (m)

npnbanxKeHHO onpenenserca no popmyJe (JIOKATIL-

Hasa Teopema Jlannaca)
e—xz /2

F,(m) =m.

m — np

Jnpqg.

Ecayn BepoATHOCTh p HACTYIJEHUSA COORITHA A B

KaXXJO0M MCOLITAHNN AOCTATOYIHO MAaJa, a 1 BeJIUKO
(pn <10), T

rpe x =

AT e
P = —
» () m

rae A =np (dpopmyina Ilyaccona).

BepoATHOCTH TOIO, YTO B CEPUH M3 N HCOLITAHUN
YHUCJIO M HACTYILIEHH# COOBITHA A OKa)XeTCsa 3aK-
JIIOYeHHBIM B I'DAHUIAX OT M,y 10 M, AJA KOCTATOU-
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HO Oonbmux n, HaXoANTCA 1O hopmyJie (MHTErpab-
Hada Teopema Jlannaca)

B,(m £m<my)= -12-(<D(x2) -P(x)),

m, — np 2

TAe xo = \/.__ y Xy = \/_ , P(x) = 21t

Ceoicmea pynryuu P (x):
1. @yaxkoua P(x) seyeTHAA, TO €CTH
d(~x) = -D(x).
2. ©ynxknua P(x) MOHOTOHHO BO3pACTAIOIIAdA, €CJIH
X9 > X4, TO P(x5) > P(x7).
3. Ina pocraTouno Goapmux x (x > 5) MoOXKHO
cuutath P(x) = 1.

v
e 2dt.

O'-——.H

10.5. CayvaiHbie BenUUYHHDI

CiryyailHOM BeJIMYHHOM HA3BIBAETCHA NepeMeHHad,
KOTOpasa MOKeT IPHHHUMATDH B 3aBHCHMOCTH OT HCXO-
NOB UCOBITAHUA T€ HJIN WHBIE CJIYUYaHHEIEe 3HAYCHHA.

CayuaiiHaa BeJHYMHA HA3BIBAETCHA AMCKPETHOM,
eCJIM OHA& INPMHUMAET OTHAEeJbHEIE M30JIHMPOBAHHEIE
3HAYEHHH.

CiyyaifHaA BeJIMIHHA HA3BIBAETCA HeNnPEPHIBHOIM,
€CJIM OHA NPHHHMAET BCe 3HAYEHNS U3 HEKOTOpOTo
MHTepBaJa.

CaydaiiHele BeJIUYMHB OOBIYHO 0003HAUYAIOT 3a-
rI1aBHBIMHM OyKBaMm JaTnHCKoro aadasura X, Y, ... .
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JInckpernsie COydYaHHbBIe BeJHYHHBI

IOuckpernasa cayuarinasa seanunHa (JICB) canra-
eTcs 3aJlaHHOM, ecJIM oupeJe/ieHbl BCe ee 3HAUCHNA
M COOTBETCTBYIOIN[ME HM BEepPOATHOCTH. PyHKONA
F(x), xoropasa cBassiBaer 3HaYeHuA JJCB c cooTBer-
CTBYIOIIIMMH UM BEPOATHOCTAMM, HA3hIBACTCA 3aKO-
HOM pacmpejfiesieHHd COy4aiHOM BeJMYHUHBI. HacTto
3Ty QYHKIINIO 3aJ8I0T B BMJie TaOJNIIkI, B KOTOPOM
npeacTaBiessl Bce 3anadennd JICB x; u coorBeTcTBy-
IOIMe UM BEPOATHOCTH P,

X. X4 Xq X

l n

p; P Pa Pp

Ilpu atom p, + p, + pg +..+ p, = 1, ecsm JICB
IIPUHMMAaeT 6eCKOHeTHOoe CIEeTHOE YMCJIO 3HAUYEeHMH, TO

Z pk - 1.
k=1
Ilpumeput.

1. BurROMHBAJILHO pacnpenejIeHHON HA3hIBAETCA
IICB, koTopasi onpesensaeT KOJUYeCTBO HACTYILIEHNH
COOLITHE A B cepUM n IOBTOPHHIX HE3aBHCHMMBIX
HCOBITAEMHE, €CJIH B KAXKAOM U3 HUX coOriTHE A MO-
’KeT HACTYIINUTH C BEPOATHOCTHIO P.

Ora [ICB npuMAENMaeT HeJOYHCIeHHEEe 3HAUYCHHSA
m ot 0 no n. PyHKIMUs, CBA3ZKIBAOINAA 3HAYCHUA
3TOM CAY4YaifHOM BEJHYHHEI C COOTBETCTBYIOM[MMH
MM BEPOATHOCTAMH

n! -
F — m_n—m
(m) m!(n-—m)!p 1

’

roe g =p - 1.
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2. ICB, koTopass IpMHMMAET IeJIkIe HeOTPHUIIATEJIh-

Hele 3paveHusa 0, 1, 2, 3, ... ¢ BepOATHOCTAMH
lm e—l _
F(m) = [ HAaLIBaeTCH cay4aiiHOH BeIWYMHOIL,
m \

pacopeaeJeHHOM o 3akony Ilyaccona.

10.6. HenpepboiBHbIe cayuadHbie BeAWYHHDI

HenpepriBrasa cayuannnaa seanansa (HCB) X aa-
naetcs cBoeil @pyHKkIMel pacnpexeneans F(x), KoTo-
pas BhIpasKaeT AJA KaXXAoro X BepOH#THOCTH TOro,
94TO CJY4YarHaA BeJMYHHA IpDHMeET Kakoe-HHOyAB
3HadYeHHe, MeHbIIee X

F(x) = P(X < x).

Ceéoiicmea ¢pynrxyuu pacnpedenenun HCB:

1. dysknusa pacnpeaeaenns HCB F(x) aBasercs
HenpepuiBHOM (GyHKIMeN (B oTanuMe OT QYHKIHH
pacinpenesrerus [ICB, koropas aBisercsa pa3pbeIBHOM).

2. Dyrknuda pacopeaenenna HCB F(x) npuauMa-
eT 3HaYeHHud Ha oTpes3Ke [0; 1].

3. ®yaknusa pacnopeneneansa HCB F(x) asnaerca
HeyOnIBaomedl, T.e. ecln X, > X,, 10 F(x,) > F(x,).

4.IIpu x > 40 F(x) > 1,anpux - —o F(x) -0,

ILtotHOCTBIO BepossTHocTH (P(x) HCB X HasbiBaer-
CA NPOM3BOAHAA OT ee GQYHKIMH pacupeneseAusa F(x)

¢ (x) = F'(x).

dyrkoua ¢ (x) meorpunarenbHa U

T(p(x)dx =1,
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BepoSTTHOCTL TOT'0, UTO CIydaiHas BesmauHa X IpH-
MeT Kaxoe-Iu6o 3HaueHHe BHYTPH OTpeaka [x,; x,],
onpeaeaserca GopMyJaon

P(x; < X <x9) = F(x9) - F(x7) = I ¢(x)dx.

x,

ITpumepov:.. HCB nasniBaeTcAa pacnpefieleHHON IO
IOKA3aTeJIbHOMY 3aKOHY, €CJIM OHA IPUHUMAET TOJb-
KO HeOTpHIAaTeJbHbIe 3HAYEHUA ! ee MJIOTHOCTh Be-
POATHOCTH MMeeT BUJ

0,x<0
¥ = {?Le"“,x >0 ’
rae A >0.
Pdyakousa pacnpenenenus gaasoir HCB
0, x<0

F(x) = {

1-e™ x>0

10.7. Onepauun Hapg cnyyauHbIMK
Be/INMHHAMM

1. IIponsBsenenneM caydaitHOM BetTManHK X, IpH-
HMMAOIMell 3HaYeHNud X; C BEPOATHOCTAMHU P, (A(X =
= Xx;) = p,), HA TOCTOAHHYIO BeJIMINHy C HA3LIBaeTCH
cay4daiiaaa BeanaunHa CX, KoTropas ¢ BepOATHOCTA-
MH p, IDUHHUMAeT 3HaYeHn s, paBunle Cx;

2. Cymmoit cayuaifHOM BeJJHYHHEBI X, IPMHUMAI0-
Imelt 3HAYEHHA X, C BEPOATHOCTAMH p; i=1,?2,..,n),
H CJY4YaMHON BeJHYMHEI Y, OPHHHMAIOMeEN 3Haye-
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HHA Y; C BEPOATHOCTAMHM qj(j =1, 2, , m), Ha3eIBaeTcA
cayduanas BeauunHa X + Y, KOTOpag NIpHHNMAET
BCe 3HAYEeHHA BHJA X;+ Y; C BEDOATHOCTHIO P; ¢

3. Mcnois3ysa BhImeonpeesieHEbIe Onlepanyil, MOXX-
HO BBECTH OIlepAllUIO BHIUMTAHHUA CIIYYANHBIX BEJIH-
yuH X - Y = X + (1) ' Y xaK cyMMy ABYX Cay4ai-
HBIX BEJININH, OfHA N3 KOTOPLIX YMHOKeHa Ha —1.

4. CnyuaiiEnle BeJIMYMHB X 1 Y HA3bIBAIOTCA HE-
3aBHCHMBLIMH, €CJIM 3aKOHKI pacupeie;IeHNA KaKa0oH
M3 HUX He MEeHAIOTCH, eCJIH CTAHOBHTCH H3BECTHRIM,
yTO Jpyrada BeJNUHHA OIPUHAJIA KaKoe-HNOyab OHO
CBO€ 3HaYeHHe.

IIpon3BeserneM ABYX CAy4YalHBIX HE3aBHCHMEIX
BeJIMYMH X, IpUHUMAIOmeN 3HAYEHHA X; C BEeDOAT-
HOCTSAMH D, i =1,2,..,n), nY, oppuanmalomes 3na-
YeHHA J/; C BePOATHOCTAMH g, (Gj=1,2,..,m), nasel-
BaeTCA caydalHaA BeauunHa X Y, npuHMMAIOMAA
BCe 3HAYEHHUS BHAA X; J; C BEPOATHOCTBIOP; g, .

10.8. Yucnosbie xapakTepuCTUKM
CAYYAHUHDbIX BENINYHH
MaTremaTH9eCcKOEe OXHIAHHE

MareMaTHYeCKMM OKMAaHMEM (CpefHMM 3Haye-
Anem) M(X) ICB X HaseIiBaeTca cyMMa IpoHaBee-
HHI BCEBO3MOXXHALIX ee 3HAYeHHNi Ha COOTBETCTBYIO-
IIBe UM BEpPOATHOCTH.

n
M(X)= Y x,p,.
k=1
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Matemarunueckum oxngaanem HCB X naswiBa-
eTCA MHTerpaJ

40
M(X) = I x@(x)dx,
rae O(x) — nno'rn‘oc'r;;epoa'rnocq'n HCB X.

Ceolicmea mamemamuiecKkozo 0IKUOGHUR:

1. MaTemaTuyeckoe oXXUIaHHUe NOCTOAHHOM BeJH-
guHbsl C paBHO aToif nocroagsHo M(C) = C.

2. MaTemaTudecKoe OXKNaaHe CyMMBEI COIYUYAMHBIX
BEeJINYUH PaBHO MX CYMMe MATEeMaTHYECKHX OXKH-
pif: 129507 R

M(X +Y)= M(X) + M(Y).
3. MaTtemaTn4yeckoe OXHJaHHEe NPOM3BeAeHMA

ABYX HE3ABHCHMAIX CJI'Y‘I&fIHHX BEJINYNH PABHO OIPO-
M3BeJeHMIO UX MaTeMATHUYECKHX OXXHUJIaHWNM:

MX-Y)= M(X) - M(Y).

4. Ecoii Bce 3HAYEHNSA CJIYUYATHOM BeJIMUMHLI YMEHb-
IIIATHh HA OOHO M TO ke yucyo C, To ee MaTeMaTHyecC-
KOe OXXHOAaHMe YMEHBbIINTCH Ha TO e uHucygo C:

MX-C)=MX)-C_C.

5. IlocToOAHHABIN MHOXKHTEJH MOXXHO BRIHOCHTE 38

3HAK MATEMATHUIECKOI'O OXXKHIAAHNSA:

M(C - X) =C - M(X).

Mamemamuuecxoe oxwudanue Hexkomopvix
CAYHAUHBLY BENUNUN
MaremaTnaeckoe oxxuaaane ONHOMUHANBHO pac-
npeAesieHHON CJIYy4YaliHOH BEJIMYUHBI PABHO Nnp.
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MaremaTgecKkoe OXKHIAHHE CIYyJANHON BEJIHYH-
HBI, pacnpeneneHHon no 3akory Ilyaccona, paBHO
napaMeTpy A.

MaTeMaTHyecKoe OKHAaHNE CIYIaMHON BeJINYu-
Hbl, pacIpeaeeHHON IO NOKA3aTeJIbHOMY 3aKOHY
paBHO l .

A
Aucnepcusa

Iucoepcueit D(X) cayyadHOM BeJIHYNHBI X HA3LI-
BaeTCs MATEMATHYECKOE OXKUAaHe KBAAPaTa OTKJIO-
HeHUA CJY4daiiHOil BeJIHYHMHEI OT CBOEro MAaTeMAaTH-
YeCKOro OXKMJAaHNA:

D(X) = M[(X - M(X))*].

Hucoepcus XxapakTepH3yeT CTENeHb pPacCCeAHWs
3HAYEeHHA CJIYYAMHOM BeJIMYHHBI OTHOCHTEJBLHO ee
MAaTEeMaATHYEeCKOIro OKHIaHNA (CpegHero 3HaYennsd).

Hqucoepcus corydaiHOM BEJIMYNHBI pABHA PA3HOCTH
MeXIy MATEeMATHYEeCKHM OXXHIaHHEeM KBajJpaTa
CJAyJailfHON BeJIMYMHBE M KBaJPATOM €€ MaTEeMaTH-
YeCKOT'0 OXKHIAHUA:

D(X) = M(X?) - M*(X).
s BEIMHCIEeHNA AUCTIepCHH JUCKPEeTHOM cryuaii-
HOM BeJIMYHMHBI MOKeT OBITh HCIIOJB30BAHA CJIERYIO-

maa popmyaa: .
D(X) =Y (x, - M(X))? p,.
k=1

Ecnu [ICB npuEnMaeT cueTHOE YMCJIO 3HAYEHUA,
TO BEJIMYMHA NI B BepXHEM npejejie CyMMBl 3aMeHA-
eTCH oo,
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Ionsa seianciaennsa aucnepeu HCB ncnoabayerces
¢dopmyna

+$o0
D(X) = [ (x- M(X)?¢(x)dx,
raé ¢(x) — IJIOTHOCTE BepoarrocTa HCB.

Ceoiicmea ducnepcuu:

1. [Incuepcua mocTOAHHOM BeawmumHbl C paBHA
nymio D(C) = 0.

2. [Incnepcus CYMMBI HE3aBHCHMBIX CJHYYaHHBIX
BeJNYnH X M Y paBHA CyMMe MX JHUCHEPCHUM:

DX +Y) = D(X) + D(Y).
3. dncoepcusa pa3sHOCTH HE3aBHCHMEIX CIyJYafHBIX
BeJNMYHH X U Y paBHA CyMMe HX JHCHOEPCHIA:

D(X -Y) = D(X) + D(Y).
4. IlocTOAHRHEIN MHOMXUTENbh MOXHO BRIHOCHTD 38
3HAK JUCOEepPCHM, BO3BOAHA €TI0 B KBaJAPAT:

D(C - X) = C2D(X).

Hducnepcus nexomopuvix CAYHLAURBLY 6ENUNUN

HIucnepcua OMHOMHHAJILHO pacOpeieIeHHO! cJIy-
JaWHOM BeJMYHHKI paBHA npq.

IIncnepcua cayyaHol BeJIMYHUHBI, pacopeneseH-

Ho# mo 3aKoRy IlyaccoHa, paBHa mapaMeTpy A.

JIncnepcua cay4aiiHOl BeJIMUYHHBI, pacnpezeseH-

1

HOM IO MOKAa3aTeJILHOMY 3aKOHY, PaBHA }\_2
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CpenqEUM KBagpaTHYECKMM OTKJOBeHHMeM O(X)
CJIY4aMHOM BeJINYMHBI X HadwiBaercsa apudmernue-

CKMI KOpeHb U3 ee nucnepcuu o(X) = \/D(X ).

MoMeHTEI CIYYAHHBIX BEJIHUYHH

HauyanrHEBIM MOMEHTOM R-ro nopajgKa CJOy4anHoi
BeJHUYNHEI X HA3hIBAECTCA MATEMATHYECKOE OKHUIA-
Hue ee k-1 cTeneHHU.

HOna ICB HavanbBERIA MOMEHT k-ro nopsifKa oi-

n
penensierca GopMyson 2 xf D;, a nna HCB Beiunc-
i=1

+0c0
asAerca no popmyJae I xk(p (x)dx.
—o0
IleBETpaJbHEIM MOMEHTOM E-r'0 NOpAAKA CAYy4Yai-
HOM BeJNYHMHBI X HAaA3bIBaeTCA MarTeMaTrTHudecKoe
oXUaaHHe R-iI cCTeNeHN ee OTKJOHEHMA OT ee MaTe-
MATHYECKOr'O OXKNIaHNA.
HOna OCB nesTpanbBBIii MOMeBT Kk-ro nopsaka
onpeneaserca GopMysIon
n
Y (x; -9 p;,
i=1
a nias HCB seiauncnserca no ¢popmyne

+oo
[ x-afo@)ax,

rae a — mareMatrudeckoe oxxmnagaue HCB.

180



AOCOMIOTHBIM HaYaJIbLHBIM MOMEHTOM E-ro nopsna-
Ka CJAYy4YailHOM BeJMYHNHBI X HA3BIBAECTCH MATEeMAaTH-

" o k
YyecKoe OKHUJaHue CIIyYaifHOi BeJHYNHbI |X | , KOTO-
pas nasa [ICB Briuncasercs oo ¢gopmye

ok
2 |in b,
i=1

a nna HCB — o ¢popmyane
+-c0

I |x|k ¢ (x)dx.

—00

10.9. HenpepbiBHas cayvaiHan BenUuKHa,
pacnpeaeneHHan No HOPManbHOMY 3aKOHY

HenpeprIBHan caydaiigas BeanynHa X Ea3nIBaeT-
cA pacnpefieIEeHHON 10 HOpMAaAbHOMY 38KOHY, €CJTH
ee NJIOTHOCTh BEPOATHOCTH MMEeT BHU/

_(x-a)’
o) =——e 2
oV2n ’
rae a — MareMaTHdyeCcKoe OXuiaaHue, a 0 — cpej-
Hee KBaJIPATHUYECKOE OTKJIOHEHNE CIIYyUYaAlHON BeJIH-
YU HEI.

BeposiTHOCTB TOr0, 4YTO CAy4J9aliHasA BeJauuuHa X,
pacnpenejieEHas 10 HOPMAJIbLHOMY 3aKOHY, IPAMET
KaKoe-HHOy b 3HaUueHne u3 naTepsaia (., ), onpe-
aensgeTca no opmyJe

P(a<X<B)=%'(¢(B;a)-¢(a;an.
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BepoAaTHOCTL TOr0o, 4TO OTKJOHEHHE CJay4dailtHON
BeJIMYUWHE! X, pacnpeleseHHOH IO HOPMAJBHOMY
3aKOHY, OT MATEMATHYECKOro OXKXHUIAHNS @ He mpe-
BOCXOAUT IO MOARYJIO BeAUYHHH A > 0, onpenens-
eTcsa no ¢popmyae

P(|X—a|5A)=q>(%],

10.10. 3akoH 6onbuiKx uKcen

3aKO0H 60OABIINX YHCEeJ — 3TO COBOKYIIHOCTH Ipen-
JIOKEeHUH, B KOTOPHIX YTBEPXKAAETCA, UYTO C BEPOSAT-
HOCTBIO CKOJIb YTOAHO OJIM3KON K eJHMHMIIE OTKJIO-
HEeBMe cpeHel apudMeTHUYEeCKON JOCTATOYHO 60JIb-
IIIOro YHCJIa CAYYAMHBIX BEJWYHH OT NOCTOAHHOH
BE€JIMYMHBLI, PaBHOII cpexHell apudMeTHUYEeCKON HX
MATEeMATHUYECKHX OXMJAAHUI, He NpeB30oiaeT 3alaH-
HOro CKOJb YTOAHO MaJjoro uuciaa € >0,

Hepasencreo Mapkosa. Ecan cayualinasa Besu-
ypHA X He IPMHEMMAaET OTPHIOATEJBHBIX 3HAUYEHUN
1 0 — DPOM3BOJLHAA MOJIOXKHUTEJNHLHAS BeJIUUYHHA,
TO BePOATHOCTH TOr'0, UTO 3HAYEHHA CAYUYANHON Be-
JTUINHLI X He NpeB30HAYT BeJUUYHNHEBI §, HE IpPEeBkI-

a
curt 1 - g , "lle @ eCTh MaTeMaTUYeCKoe oXxuaanue X

PX<8<1-%.
d
Hepaserncrso Yeb6rnmmena. BepoaTHOCTS TOrO, 94TO
OTKJIOHEENEe CJYy4YaHOll BEJHMYHMHBEI OT ee MaTeMa-
TAYECKOr'0 OKMAAHKHA NpEeB3oiaeT IO MOAYJIIO IIO-
JIOYKHTEJILHOE YHMCJIO § , He Dosbie Apodu, YHCITHTEND
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KOTOPO#l eCTh AMCOEPCHA CJAYYAHHOW BEJHYHUHHI,
a 3gEaMeHaTeJIb — KBaapar §:
P(|X - a > 8) < 2
82
Teopema Ye6nrmena. Ecan nucnepcusa monapHO
HEe3aBHCHMAIX CIIYYAMHBIX BEJIMUYKH HEe IPEeBOCXOAMUT
3aZIaHHOTO NOJIOXKHTEIbHOrO ynena C, To BepOATHOCTD
TOI0, YTO a0COJI0OTHOE OTKJOHEeHMe cpenHer apud-
METHYECKOH TAKMX BEJIUUYMH OT cpexHeH apubme-
THYECKON MX MaTeMaTHUYeCKHX OXHUIAHUNA MeHbIIIe
HEKOTOPOr'o YKUcja €, C BO3paCTAHHEM KOJIMYECTBA
CJIYYaMHBIX BEJIMYMHE CTAHOBMTCH CKOJIb YTOXHO OJH3-
KO¥M K eIHHMHIIe

X+ X+..X, g +ag+...+a,|

P S E{> 1 - 8’
n n |

rae X, Xo, ..., X, — CIy4yaiiHbIe BeJIMIMHEL, Gy, Qo; ..,

a, — HX MaTeMaTHuyecKue oxxunammda, €>0,0> 0.

n

Caedcmeue us meopemv. Yebviuieea. Ecnin Hesa-
BHCHMBEIE CJIyJYaMHBIE BEJVWUYAHBI MMEIOT OAMHAKO-
Bbl€ PaBHEIE @ MATeMATMYECKHE OXKHIAHNUA, QHUCIIEp-
CHMH UX OTPAHHYEHKI ONHOMN ¥ TOf ke mocTosHHOI C,
a UX YHCJIO JOCTATOYHO BEJIHKO, TO, KAK OBl HM OBLLJIO
MAaJIO AaHHOe 4ucjgo € > 0, BepoATHOCTh TOrO, 4YTO
OTKJIOHEHHE cpefHel apa(PMeTHIeCKON ITUX CIyUam-
HbIX BEJHWYIMH OT @ He NPEBLICHAT N0 abCOMOTHOH
BeJINUMHEe €, CKOJIb YT'OXHO OJIM3Ka K eANHNIE

X+ X, +...X,
n

P -al<eg|[>1-4.
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Teopema Ilyaccona. Eciu BepOATHOCTH p; HACTYTI-
JeEuns coObniTua A B i-M ucnuitanuu (i = 1, 2, ..., n)
He MeHseTCHA, KOrJa CTAHOBHTCH H3BECTHHIM HMCXOX
IIpeAbBIAYIINX HCOBITAHMUN, & YHUCJIO MCOBITABUH N
IOCTATOYHO BEJIMKO, TO BEPOATHOCTH TOT'O, UTO OTHO-
CHUTeJbHAA yacToTa coOniTHA A OyneTr CKOJbL YTOLHO
MAaJIO OTJINYATHLCA OT CpefHeH apudMeTHUYEeCKOM Be-
POATHOCTEH p;, CKOJIb YTOAHO MAJaA.

Teopema bepryanu. Eciu BepoATHOCTB p HACTYTI-
JIEeHNA COOBITHA A B KaXXJOM M3 71 HEe3aBUCHUMbLIX
HCOBITAHUT NOCTOAHHA, & YHCJIO MCOLITAHNUHA KOCTA-
TOYHO BEJINKO, TO BEPOSATHOCTD TOIO, YTO OTHOCHTEJIb-
Has 4acToTa coOniTHA A OyneT CKoJIb YTOQHO MAaJIo
OTJIMYATHCH OT €r0 BEPOSATHOCTH, CKOJIb YTOAHO O6JIN3-
Ka K eTUHHIIE.

Teopema JianmynoBa. Ecan nmeercs n He3aBHCH-
MBIX CIy4YaiiHBIX BeauyHH X, X,, ..., X, ¢ MmaTeMa-
THYECKMMH OXKUAAHUAMHU 4y, Gy, ..., 3, H C AHCIEPCH-
amu D(X,),; D(X,), ..., D(X,), npuyeM OTKJIOHEHH S
BCEX CJYYAWHBIX BEJHYHH OT UX MATEeMATHYECKHX
OXHUAAHNT He IPEeBRIMAIOT 0 a6CoMI0THON Bequn-
He OXHOT'O U TOro e uucya € > 0;

|X; —a;| <€,
a BCeé AHUCIEePCHH OTPAHHMYEHBl OJHHM M TeM XKe
yuciom C:

TO OPH AOCTATOYHO OOJBIIOM N CyMMa CIy4YaMHBIX
BEJIM4HMH X, X 25 o0 X Oyzer noagumHEHA 3aKOHY

pacrpeneeENsa, KaK YIrOAHO OJIN3KOMY K 3aKOHY
HOPMAJILHOT'O PacIpeie/IeEnd.
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11. MATEMATHYECKAA CTATUCTHUKA

IIpu npoBeneEMM MHOTHX HCCJEROBAHMM IIPHXO-
OIHTCA HMETh JeJI0 ¢ M3ydeHHEeM CBOMCTB pa3jiny-
HbIX COBOKYITHOCTEM ONHOTHOHBIX O00BEKTOB. JKO-
HOMHYECKH He BBIIOJAHO (4 MHOrjxa ¥ HEBO3MOMHO)
HCCJIeIOBATH BCIO COBOKYOHOCTH, €CJIH IO pe3yJbTa-
TaM M3YYEeHHA ee YaCTH MOXKHO HOJYUYHUTH C XOCTA-
TOYHOH MOCTOBEPHOCTHIO HeoOXoauMyI0 MHPOpMA-
OHIO O BCe¥ COBOKYIOHOCTH. TaKoi MeTOA HCCJIERO-
BaHHNA Ha3LIBAECTCA BHIOOPOUYHEBIM.

BcAa cCOBOKYIIHOCTBE O00BEKTOB, NMOAJEHKAIIUX H3Y-
JYeHHIO, Ha3hIBaeTCA reHepalbHOM COBOKYNHOCTBIO.
Ta gacTh 00 bEKTOB 'eEepaNbLHOM COBOKYNIHOCTH, KO-
TOpas nonaja B YHUCJIO HCCJHeNyeMbIX, HA3LIBAeTCH
BbIOOPOYHOI1 COBOKYIHOCTHIO, HJIX BbIOOPKOIA.

Bribopkn chopMHpOBaHHBIE NOCPEACTBOM CJY-
yaitHOTO BBEIGOpAa 00'BEKTOB HA3BIBAIOTCA COOCTBEH-
HO-cayuaHbIMH. BhIOOpKa Ha3sIBaeTcss HOBTOPHOM,
ecJI OTOOpaHHBIE 00 BEKTRI IOCJIE HCCIENOBAHUA BO3-
BpAIIlalOTCA B I'€HEPAJNbHYIO COBOKYOHOCTb (1 3HA-
YHUT, MOTYT NOBTOPHO OLITH BRIOpAHKI AJIA UCCJIERO-
BaHMA). BLibopka BHasniBaeTcsa 6eCIIOBTOPHON, eCIH
oToOpaHHBIEe 00BPEKTHI NOCJIe HCCJIEXOBAHNS He BO3-
BPAIIIAIOTCHA B I'eHEPAJIBHYIO COBOKYHOHOCTb.

JI1060e BLIOOPOUHOE MCCIEeAOBaAHHE HE AaeT TOU-
HOM MHGDOpPMAIIMH O NeHepaJIbHOM COBOKYIHOCTH,
M CJIeIOBATEJILHO KAXKABINA pe3yabTaT, HOJYyYeHHBIN
0 JaHHBIM BHIOODKHM, KMeeT HEeKOTODPYIO morpemi-
HOCTb, KOTOpas HA3RIBAETCHA OIIMOKON penpe3eHTa-
TUBHOCTH. CIryyaiHEIA XapaxTep orbopa 06’ beKTOB
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B BBIOOPOYHYIO COBOKYIHOCTh HPHBOAUT K CIydam-
HOMY XapaKTepy OINHOKM pellpe3eHTATUBHOCTH.
KosnuecTBo 065€KTOB B reHepabHOM COBOKYITHO-
CTH Ha3bIBaeTcss 00beMOM reHepaJIbHOM COBOKYII-
HocTH. KonnuyecTBO 06b€KTOB B BHIGODKE Ha3bLIBAET-
csa 06beMOM BHIGOPKH. \
PasnugHble 3HAYeHUA M3y4yaeMOro NPH3HAKA X,
HabmonaemMble y 4JI€HOB COBOKYIIHOCTH, HA3KIBAIOT-
cA Bapua"TaMu. 1uci0 n,, NOKa3LIBalomee, CKOJIbKO
pa3 BCTpevyaeTcs RaHHBIA BADHAHT X; B COBOKYITHOC-
TH, Ha3LIBAETCH 4YacTOoTOM BapmaHTa. OTHOmIEHRmME
YACTOTH! BapMaHTa n, K 00beMy COBOKYOHOCTH N

a n;
Ha3LIBAETCS OTHOCHUTENLHOI yacToTOi BapuaHTa F‘

I'eEepasbHOM CpefHEN HA3LIBAETCSH CpelHee 3HAa-
YyeHHe U3y4YaeMoro Npu3HaKa B reHePaJibHOM COBO-
KYITHOCTH

3 5N
T = itv ’
N
rne xi — 3HA4YEeHNA BaAapHaHTOB reHepaJu.Hoﬁ COBO-

KYOHOCTH, N, — 4acTOTH BapuaHTOB, N — 06bem
reHepaJibHO¥ COBOKYIHOCTH.

Bri6opouHO¥# cpenHe Ha3bLIBAETCHA CpPElHEE 3HAa-
YeHUe H3yyaeMor'o Npu3saxKa B BRLIOODOYHOH COBO-

KYIHOCTH
- E Xily
xB = ’
n

rae x; — 3HAYeHUS BApHAHTOB BHIOOPOYHOH COBO-
KYNEOCTH, N; — 4YaCTOTHl BADHAHTOB, N — 00beM

BHIGOPOYHON COBOKYIIHOCTH.
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ITycte M — u4mCJIO 3JIEMEHTOB IeHepajbHOM CO-
BOKYIOBOCTH 00BbemMa N, HaAEJNEHHBIX HEKOTOPHIM

INIPpHU3HAKOM. Torna BenMuMHA pP= F Ha3bIBaeTCHA

reHepajibHOM N0JIeH. -
IlycTe m — 4ucJIO 3J1eMEeHETOB BHIOOPOYHOM COBO-
KYIODHOCTH 00'beMa 11, HaJleJIeHELIX, HEKOTOPBIM OPH-

m
3HaxoM. Torma BeauunEA ) = — Ha3BIBaeTCS BhIGO-
n

POYHOM noJjeii.

HNcoonp3ysa BEIGOPOUYHBIN MEeTOK, HEH3BECTHRIE Be-
JJUYNHBI — I'eHePaJbHYIO CPERHIOI H I'eHepaJbHYIO
IO0JII0 — ONEHMBAIOT IPU NOMOINH CAYIANHKIX Be-
JUYUH — BHIOOPOUYHOM cpexHEeM M BHIOOPOUYHOH
IOJIH.

Pasnocts A = X, — X onpexensier ommuOKy penpe-
3eHTATUBHOCTY NPH OLNEHKe I'eHepaJIbHOM CpeHeH.

PaszgocTs A = 0~ p onpenensdger omubKy penpe-
3eHTATABHOCTH NIPH OlleHKEe reHepaJbHON NOJIH.

YacTo cTaBATCA BONpoc 00 YCTAHOBJIEHHH 38KOHA
pacnpenejieHNs 3HAYEHHH HEKOTOpOro MpH3HaKa B
reHepabHOI COBOKYIIHOCTH, TO €CTh 00 onpenesieENM

n

w i
OTHOCHUTEJIBPHOHU 9aACTOTHI 'E KRaxxXa0oro sapmaHTa re-

HepaJIbHOH COBOKYNHOCTH X,. lia aToro ¢popmupy-
I0T BHIGOPKY, 3HAY€HNA BAPHAHT KOTOPOH X;, Xgy <oy X,
paccMaTPHUBAIOTCH K&K 3HAYECHMS HEKOTOPOH cirydan-
BO¥ BeJIMIMUHBI X W II0 3TUM 3HAYEHWAM ompenesid-
IOT IapaMeTPhl 3aKOHA pacnpeeIeHK .
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HaunbGonee pacnpoeTpaHeHHEBLIM ABJIAETCA HOPMAJIb-
HOE pacnpefieleHHe, NJOTHOCTh BEPOATHOCTH KOTO-

poro
_(x-a)’

20°

0 = ——e
oV2n

ITapameTpamu 3TOrO pacupenejeHIuA ABJIAIOTCA Ma-
TeMaTHYeCKOe OXXKNAAHNE @ — MATEMATHUECKOE OXKH-
naHHe ¥ cpeiHee KBaJpaTHuecKoe OTKJIOHeHMe O . IIpn
3TOM MAaTeMaATHYeCKOe OXHAaHHe PABHO BHIOOpPOU-
HOH cpefHedl a = X;, & napaMeTp © paBeH BHIGO-
POYHOMY CpEeIHEMY KBaAPATHUYECKOMY OTKJIOHEHHIO

k
2
2 (xi - xn) n;
0 ol V i=1— '
n-—-1
IlonyuyeEHBIe B pe3yabTaTe HU3YUYEeHHUS OOBEKTOB

CTBYIOIIINE€ MM 3HAYEHHNA OTHOCHTEJIBHBIX 4YacToT

h ') y eeey e 3 MOYKHO IIpeACTABUTH B BUJE 3MIIHU-
n n n

puuyecKou pyHKOuM pacupegenenus F (x), koropas
onpenenfeT, KaKag 4acThb 00beKTOB BbIOOPOYHOM
COBOKYIIHOCTH HMeeT 3HAYEHHEe pacCMaTpMBaeMoOro
OpH3HAKA MEHbIee X.

ITocne onpeneneHna 3aKOHA pacnpenesieHUs He-
00X0AMMO CONOCTABUTD JAHHLIE NOJYYEHHOIO 3MIH-
PHYECKOro 3aKOHAa pacupefiejieHUsl ¢ COOTBETCTBYIO-

IOMUM TEOpeTHYECKHM 38KOHOM pacnpenejleHHEM H
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B pe3yJIbTaTe 3TOro CONOCTaBJeHUA YCTAHOBUTE, Ha-
CKOJIBKO NDOAXOAMT BHIOPAHHBIN 3aKOH pacnpeaee-
BEndA. [Ins aToil e UCIOJB3YIOTCA KPHUTEPHH CO-
riaacus.

PaccmorpuM kpurepuit Konmoroposa. CyTs aTo-
ro KpUTEPHUA 3aKJIOYAeTCA B TOM, YTO BBOAMTCH

dyHKOUA
D, = max |F,(x) - F(x)|.
3nech F(x) — dyHKOUA pacnpeneeENs TeOPeTH-
JeCKOr0o 3aKOHA pacnpenesieEns, A KOTOpPOH Bepo-

ATHOCTL p(A) HepaBeHcTBa D, > T C POCTOM 4mC-
n

JIa N CTPEMHTCA K CBOEeMYy npeneny

pr)=1- ¥ (-1)Fe 3
k=—co

Ecay yKa3aHHasA BEepOATHOCTH JOCTATOYHO BEJIH-
Ka, TO PacCXOKJeHNEe MeXAy SMONPHUUYECKHM H Teo-
pPeTHIEeCKHMM paclipe/ieIecHMEM CUMTaeTCs Hecyle-
CTBEHHBLIM H BbIOpaHHBLIH 3aKOE NOAXOAHMT. B npo-
TUBHOM CJIydae CYHTaeTCH, 4YTO BROpaHHBIII 3aKOH
pacupeneyieBENsA He NOAXOAMT.

IIpn ncnosnbp30BaHMHM pPe3yAbTATOB BLIOOPOYHOTO
HCCJIeJOBAHNS OINEHHBAIOT I'PAEMNLI OMMOKH IaA
CpeJHero 3HaYeHHA N3yYaeMoro Npu3HakaA =x, - ¥
X OmUOKH AJaA foaux A = ® — p. JIng 3TOro NCOOJNb-
3YIOT 1OBEpUTEJbHRIE HHTEpPBaJihbl, TO €CTh HHTEDBA-
JIbl, B KOTOPHIE C 3alaHHO BepOATHOCTRIO [ nonaja-
IOT 3Ha4EeHUSA FeHepaJIbHOTO CPeTHEero U reHepab-
HOM IOJIM.
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JloBepHUTEeJIbHBIN MHTEPBAJ IJIA ON€eHKH Ir'eHepaJib-
HOT'O CpefHero MMeeT BH

[« —Ax g +A],
rae A = t0 — npegexbHaa omMOKa BLIGODKM, a & —

_ O
CpPeaHAA KBaJApaATHYeCKasa omubKa, paBHaA G = —

Jn

B CJIy4Yae NOBTOPHOM BLIOOPDKM A G = Jﬁ (1 ~ %} B
n
cirydae 6ecCmOBTOPHOI BHIGOpKH,
L 2
2 (x; — x3)"n;
g2 = i=l — JAucnepcus BbIOOPOYHOIA co-
n

BOKYIIHOCTH, IapaMeTp ¢ — onpenesserca U3 ypas-
HeHusa O(t) =f.

JloBepMTeNbHEIA MHTEPBAN OJIS OleHKY I'eHepaJib-
HOH JOJM MMEEeT BH/J

[O-A, 0+ A],
rne A=1t0 — nOpexeabHas omuOKa BHIOOpKH,
a 0 — CpeaHAA KBaZpaTHYecKad omuOKa, paBHafg

l1-o
6=Jm( " ) B CJiydae IOOBTOPHOM BBIOODKH M

5= |d-0) ( 1- L~
\ n N
G6opkm, mapaMeTp t ompejesisieTcs M3 ypaBHEHHUS

d(t) =B.

) B caydae 6eciOBTOPHOM BHI-
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