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IIpeducnosue

[Tepen BaMH nepBas U3 YETHIPEX YAacTeil KHUIM, OCHOBAHHOW Ha NPOBOAMMBIX
MHoIO ¢ 2012 roaa onnaiiH-Kypcax no aaroputMaM. ITH Kypehl, B CBOKO o4epeab,
NOSBUAKCH 6iarofaps NEKLUHMIM JUIS CTYZIEHTOB, koTopble s untan B CTaHGDOpACKOM
YHHBEPCUTETE B TEYEHHE MHOTHX JIET.

O yeM 3T KHMIM'N

Iepsas wacmo knuzu « CosepuieHHbIl anzopumm » 3aK1abIBa€T OCHOBbI TOHNMa-
HUSA CNIEIYIOLIHUX YETBIPEX TEM.

ACHMITOTHYECKHII AHAJIH3 M MaTeMaTH4YecKoe 0003HauYeHue O-0oJbLoe.
CucreMa 0003Ha4Y€HUIA, HCNIONb3yeMas B MaTeMaTHYeCKOM aHalli3e acUMIITOT,
obecneurBaeT TEpMHHONOIHYECKYHO 6a3y st 00CYsKAeHHs NPoLeccoB pa3paboTKu
M aHau3a anroputMoB. KilloueBbIM MOHATHEM 31€Ch ARIAETCH MaTeMaTHYECKOe
o603HaueHne O-6onbloe, KOTOpOe NpeAcTaBnseT coboli BAPUAHT MOZETUPOBAHHU
IPaHyJAPHOCTH, HUCMOJb3yeMOH 11 OLEHKU BPeMEHH MCMONHEHHs aJlropuTMa.
Mbl yBUAMM, 4YTO «30I0TOM CEpeIUHOI» 11 YETKOrO H BbICOKOYPOBHEBOIO MO-
HUMaHHs MEXaHM3MOB pa3paboTki aJIrOPUTMOB ABJSIETCSA NOAX0/, OCHOBAHHbIN Ha
UrHOPUPOBAHHU MOCTOAHHBIX KO3 PULMEHTOB 1 UeHOB 6oJiee HU3KOro NMopsiaKa,
a TaKOKe KOHLIEHTpaLUs Ha TOM, KakuM 00pa3oM MPOU3BOAUTEIbHOCTD AITOPUTMA
COOTHOCUTCH C pa3MEPOM BXOJHBIX JaHHbIX.

AnropuTtmbl «paaensiii u BaactByii» u OcHoBHo# Metoa. [Ipu paspaboTke
anropuTMOB HET Kakoi-1M00 «cepeOpAHO# Mynu», OTCYTCTBYET YHHBEPCAIbHbIHA
Cl'lOCO6, KOTOpBIﬁ 103BOJISA OBl 3anpoCTO pellaTb BCC BbIYUCIUTEIbHBIC 3a-
Jnauu. Bmecte ¢ TeM cylecTByeT HECKONbKO OOLIMX METOAOB NMPOEKTUPOBAHHS
aJIrOPUTMOB, KOTOPbIC HAXOAAT YCNELUHOE NPUMEHEHHE B Pa3IMUHbIX 00acTAX.
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B 370t 4acTH KHUIH Mbl pACCMOTPUM METOAMKY «pasAeisii u BaacTByi». Ee nnes
3aKJTIo4aeTcs B pa3bMeHHH 3aa4i Ha Al MENKUX NoA3ajay, KOTOpble peLatoTcs
peKypcuBHO. 3aTeM NOJyuYeHHbIE peLleHHs ObICTPO OOBLEAUHSAIOTCA B peLIEHUE
UCXOAHO# 3ana4u. Mbl paccMOTpHUM OBICTpbIE alrOPUTMBI TUMA «pa3ensii 1 Biia-
CTBYH» 15 pELUEHHs 3314 COPTUPOBKH, YMHOXEHHS LEJIbIX YUCEN U YMHOXKEHH
MaTpHL, a TaloKe JUIS peLIeHHs OCHOBHOM 3a1a4i BEIYHCIIUTETLHON reoMeTpUH. Mbl
TaKke paccMoTpuM OCHOBHOI MeTO (M1 OCHOBHYIO TEOPEMY O PEKYPPEHTHBIX
COOTHOLLUEHUSIX), KOTOPbIH SBISETCS MOLLHbIM MHCTPYMEHTOM aHa/ln3a BpeMEHU
MCMOJIHEHUS aNTOPUTMOB THIA «pa3Aeiisiii U BIacTByi».

PaHI0OMH3HPOBaHHbBIE AJrOPUTMBI. PaH10MH3MpPOBaHHbIH anropuT™M B Xofe
CBOErO BBIMOIIHEHUS UCTOJIb3YET NPUEM «MOAOPachIBAHUS MOHETBI», H €ro MoBe-
JieHUe MOXET 3aBUCETh OT PE3yJILTATOB 3TUX NOAOpackIBaHN. YAUBUTENBHO YacTO
paHAOMM3aLUs MPUBOAUT K NPOCTbIM, U3ALIHBIM U MPAKTUYHBIM aaropUTMam.
KanoHHYeckuM MpUMEpOM SIBISAETCA PaHAOMHU3UPOBAHHBIN aNropuTM ObICTpOi
COPTHPOBKM QuickSort. Mbl AeTanbHO pacCMOTPUM Kak caMm 3TOT alFOPHTM, TaK
¥ @HaJI3 IPOAOIKHUTENBHOCTH €ro UCMONHEHUs. JlanbHeiiune npuMepsl npuMme-
HEHUs paHaoMU3auMKu 6yayT paccMaTpHUBaTbCs BO BTOPOit 4aCTH KHUTH.

CoprupoBka u oTéop. B kauecTBe MOGOUHOro MPOAYKTA H3Y4EHHS MEPBBIX TPEX
TEM Mbl Y3HaeM HECKOJIbKO 3HAMEHHMTHIX aIFOPHTMOB COPTHPOBKH M 0TOODA,
BKJIIOYasi COPTHUPOBKY CIIMSHUEM MergeSort, GbICTPYIO COPTUPOBKY QuickSort
1 JIMHeR b 0TOOD (Kak paHIOMHM3HPOBaHHbIM, Tak U JETEpPMUHUPOBaHHbIH). DTH
BBIYMCIIUTENIbHbIE IPUMUTUBbI HACTOJIBKO HEBEPOSTHO OBICTPBI, YTO OHU HE 3aHU-
MaroT HaMHOTO OOJTbLLIE BPEMEHH, YeM TpeOyeTcs A YTEHHUs BXOAHBIX JaHHBIX.
BaxxHo HapallMBaTh KOJUIEKLHIO TaKUX «becniaTHbIX MPUMHUTHBOBY KaK AJs He-
NOCPEACTBEHHOIO MPUMEHEHHS K JaHHbIM, TaK M U1 HCMIONb30BAHUS B KAYECTBE
CTpOMTENbHBIX 610KOB )18 pelueHus 6osee CNOXKHbIX 3aaau.

Jns 6onee noapo6HOro U3yueHUs Marepyalia KHUI'd BHUMATeabHO 3HAKOMLTECh
¢ pazzenamu «BbiBoabl», KOTOpbIE 3aBepLLIAOT KaXAYIO [NaBy W BLIAEIAIOT HaU-
Oonee BaXKHbIE BOMPOCHI.

Tembl1, KOTOpbIE paccMAaTPUBAIOTCH B APYTHX TPeX YacTsx. Bo émopoii wacmu
KHUSU paccmanuBé}OTcsl pasnnuHble CTPYKTYpPbl AaHHbIX (Ky4H, cOanaHcHpo-
BaHHbIE JepeBbs MOKCKa, Xell-Tabunubl, GpuabTpel biayma), rpadoBbsie npumu-
THBbI (MOUCK B LUMPUHY U B MYyOHHY, CBA3HOCTh, KpaTyaifluie nyTH) U obnactu
MX MpPUMEHEHHUs (OT AeAyMIMKaLHK A0 aHalln3a COLMaNbHbIX cereit). Tpembsa
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yacme NOCBALIEHA XKaJHbIM AITOPUTMaM (3a1ayH NJIaHMPOBaHUS, ONpeeeHue
MHHHMAJIbHOTO OCTOBHOIO JepeBa rpada, kiactepusauus, koabl Xaddmana),
a TaKke JMHAMHUYECKOMY MPOrpaMMHPOBaHHIO («3afaya O ploK3ake», 3aiaqu
BbIpaBHHBaHHS PANOB, MOMCKA KpaTyalllUX MyTeil, NOCTPOEHUS AepeBbeB
ONTUMAJIbHOIO NMOUCKA). Yemsepmasn wacme MOCBsLIEHa PacKPLITHIO Kacca
NP-nonHbIX 3a8a4, HX CIOKHOCTH 11151 pa3pabOTYUKOB alIrOPUTMOB, HCKYCCTBY
pEUIeHUs aIrOPUTMHYECKH Hepa3peLlMMbIX 3aJay, BKJIOYas IBPUCTHUECKHH
aHaJM3 M JIOKAJIbHbIH MOUCK.

HaBbliku, KOTOpbLIE Bbl NpUoOpeTeTe

OcBoeHHE alropHTMOB TpebyeT BpeMeHH U ycunuil. Pagu uero Bce 310?

Bo3moxHoOCTb cTaTh GoJiee 3P PeKTHBHLIM NIPOrpamMmMucToM. Bol n3yuure He-
CKOJIbKO HEBEPOATHO ObICTPLIX NOANPOrpamMM A1t 06paboTKHM JaHHbIX U HECKOJIbKO
NONEe3HbIX CTPYKTYP AN OPraHU3alMHy JaHHbIX, KOTOpbIE MOXKETE MPUMEHSATD He-
NOCPEACTBEHHO B BalIMX COOCTBEHHBIX MporpammMax. Peanu3sauus u npuMeHeHue
3THX aINOPHTMOB PAaCLIMPHT M YJIyULIUT BALIKY HaBbIKK MPOrpaMMHUpOBaHus. Bbl
TaKOKE Y3HAETE OCHOBHBIE NPHEMBI pa3paboTKH aJITOPUTMOB, KOTOPbIE AKTYaJIbHbI
U1 peLlieHusi pa3HoOOpa3sHbIX 3a1a4 B LIMPOKHX 00NACTAX, MOTYYHTE HHCTPYMEHTDI
JUTSt TPOrHO3HPOBAHHUS MPOM3BOAUTENLHOCTH 3TUX ATOPUTMOB. Takue «11abnoHbI»
MOTYT ObITh BaM MOJIE3HBI Ul pa3pabOTKH HOBBIX AJINOPMTMOB PELUEHHS 3a/auy,
KOTOpbI€ BO3HUKAIOT B Ballell coOCTBEHHOI pabore.

Pa3BHTHE aHAJIHTHYECKHX CTI0COOHOCTEH. ANMOPUTMHUYECKUE ONTUCAHUS], MBICIH-
TeNbHas paboTa HaJl AITOPUTMaMHK JaloT 6onboii onsIT. [TocpeacTBom MareMary-
4eCKOro aHaInM3a Bbl MOMY4UTe YNTyOJIeHHOE NOHUMaHHEe KOHKPETHBIX aJlTOPMTMOB
M CTPYKTYP J@HHbIX, ONIMCAHHBIX B 3TO KHUTE. Bbl npuobpeTeTe HaBbIKK paboThl
C HECKOJIbLKUMH MaTeMaTHYECKUMHU METOAAMH, KOTOPble LIMPOKO MPHUMEHSIOTCS
JUJIS aHaJIM3a arOPUTMOB.

AJTopHTMHYecKoe MbllienHe. HayuuBluuce pa3ouparbcs B alropuTMax,
TPYAHO He 3aMETHTb, YTO OHHM OKPY’KAalOT Bac MOBCIOAY: efeTe N1 Bbl B NudTe,
HabJofaeTe K 3a CTaeil NTUL, yNPaBsSETe I Bbl CBOUM UHBECTHLHOHHBIM
noprdenem wiu gaxe Habnroaaere 3a TeM, kak yUUTCS pe6EHOK. ATrOpUTMHYe-
CKOE MBILIIEHHE CTAHOBUTCS BCe Golee MoJie3HbIM M PaclpoCTPaHEeHHbIM B IUC-
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LUMNJMHAX, HE CBA3aHHBIX ¢ HHGOPMATHKOM, BKIrO4Yas OHUONOTHIO, CTATUCTHKY
U SKOHOMHUKY.

3HaKOMCTBO ¢ BeIHYANHIIMMH JOCTHXKEHHAMH HHPpopmaTuku. HU3ydeHue
a/IrOPUTMOB HANMOMHHAET MPOCMOTP 3(PPEKTHOrO KJIHMMNA C MHOTOYUCIEHHBIMH
CynepXuTaMyd MHHYBIIMX LIECTUAECATH JIET pa3BUTHA HHYOPMATHKHU. Bbl Gonblue
He OyaeTe uyBCTBOBaTb ce0s OTCTPaHEHHBIM Ha ¢ypLIeTe AN CNeLHaNUCTOB
B 0061acTH HH(OPMATUKHU, KOTA KTO-TO OTIYCTHUT ILYTKY MO MOBOIY alropuTMa
HeitkcTpel. [Tpo4HTaB 3TH KHUTH, Bbl OyeTe TOYHO 3HATh, YTO OH HMEET B BUAY.

YcnemHocTs B coGecegoBanusix. Ha mpoTsykeHMM MHOIMMX JIET CTYAEHTBI pas-
BJIEKAIHM MEHsS pPaccKa3aMH O TOM, KaK 3HaHWs, MOYEPIHYThIE U3 ITHX KHHUT, No-
3BOJISIM UM YCIIELLHO CMPABIATHCS C IIOObIM TEXHUYECKUM BONPOCOM, KOTOpPbIH
MM 3aJ1aBajii BO Bpems cobecenoBaHusl.

B yemM 0COOEHHOCTb 3TON KHUMU

JTa KHHUra npe€aHa3sHa4€Ha TOJIbKO 4Jid OAHOI'0: nocmapamuvbCa Hay4umb OCHO8AM
AI2Opummu3ayuu MaKkCUManbHo Oocmynnbw cnocobom. BOCI’IPP[HHMaﬁTe €€ KaK
KOHCMEKT JICKUHUH, KOTOpBbIE OMbITHbIA HACTABHHK MO ajropyutMam 6y11e'r JAaBaTb
BaM Ha NMpOTAXKECHHHU CEPUNU UHAUBUAYAUTbHBIX YPOKOB.

CyecTByeT psj MpeKpacHbIX, ropa3ao 6osee TpagHLHMOHHBIX U SHUMKIIONEAHYE-
CKM BbIBEpEHHbIX Y4eOHUKOB Mo anropurMam. JIto6oii U3 HUX € MONb30H yKpacuT
3Ty CEpUIO KHUT JAOMOJHUTENbHBIMU JETANAMH, 33a4aMi U TeMaMH. X0Tel0Ch
©Ob1, yTOOBI BbI MOUCKAIK U HALIK YTO-TO M30PaHHOE CPEAU ITUX KHUT AJis cebs.
KpoMme Toro, ectb KHUTH, KOTOpPbIE OPUEHTUPYIOTCS Ha POrpaMMHUCTOB, HLIYILIHX
rOTOBbIE peau3allK aJirOPUTMOB HA KOHKPETHOM A3BIKE MPOrpaMMHPOBaHUSI.
MHOXECTBO COOTBETCTBYIOILMX MPUMEPOB TAKXE HAXOAATCA B CBOOOAHOM J0-
CTyIe B HHTEpHETE.
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Ansa koro ara kHura?

Beck cMBICH 3TOM KHUMM, KaK U OHNAfH-KypPCOB, Ha OCHOBE KOTOPBIX OHa CO3/a-
Ha, — ObITh LIKPOKO M JIErKO AOCTYNHOM HAaCTONBKO, HACKOBKO 3TO BO3MOXHO.
Ha Moux oHnaiiH-Kypcax LIMPOKO NMPEeACTaBIeHb JIOAX BceX BO3pacToB, npodec-
CHOHAJILHOTO OMbITA U CJIOEB OOLIECTBA, ECTb HEMAJIO y4allMXCA M CTYIEHTOB,
pa3paboTuMKOB MporpaMMHOro obecneveHms (Kak COCTOSBLUMXCS, Tak U HaYUHa-
IOLIMX), YUEHBIX U NMPO(ECCHOHAOB CO BCEX YTONKOB MUpa.

DTa KHHUra He SBNAETCSA BBEACHMEM B NPOrpaMMHUPOBAHME, U ObL10 Obl MPOCTO
MJealbHO, €Clv Obl BbI Yrke 0071a1any OCHOBHBIMU HaBbIKaMH NPOrpaMMHUPOBAHUS
Ha KakoM-1100 pacrpocTpaHeHHOM fi3bike (Hampumep, Java, Python, C, Scala,
Haskell). YTo6b! npoiiTu «J1akMycoBbii» TecT, obpaTruTech k pasaeny 1.4 —eciu
TaM BCE MOHATHO, 3HAYUT, B OCTaIbHON YacTU KHUIM Y Bac Bce OyAeT B MOpsKe.
Ecnu Bam TpebyeTcst pa3BUTb CBOM HAaBbIKM NPOrpaMMHpPOBaHUs, TO ANS 3THX
uenel ecTb HECKOJBbKO MpeKpacHbIX OeCnaTHbIX OHNAH-KypcoB, 00yUaloLmx
OCHOBaM MpPOrpaMMHUpOBaHHUs.

[To Mepe HEOOXOIMMOCTH MbI TaKXke HCNOMbL3YyEM MaTeMaTHYECKHi aHaN3, 4TOObI
pa3obparbcs B TOM, Kak 1 NIOYEMY alnrOpHTMbI AeHcTBUTENbHO paboTatoT. CBOOOAHO
JIOCTYITHbIE KOHCIEKThI Nekuunii «Maremaruka s Computer Science» nog asrop-
ctBoM DpHka Jlemana n Toma JlefiToHa SIBAAIOTCS MPEBOCXOAHBIM H OCBEXAIOLINM
namaTh Noco0KeM Mo CUCTEMe MaTeMaTuieckux obo3HaueHuii (Hanpumep, y U V),
OCHOBaM TEOPUH JI0Ka3aTeNbCTB (METOA WHIYKLWH, JOKA3aTeNbCTBO OT MPOTHUB-
HOTO U JIp.), AMCKPETHOMY pacrpeieieH1IO BEPOITHOCTEH 1 MHOrOMY ApyroMy'.
Kparkue 0630pbl METOAA MHAYKLMH U AMCKPETHOIO pacnpe/ie/eHUs BEpOATHOCTEH
M3N10%KeHbI B MpUIoxeHusx A u b coorBercTBeHHo. Hanbonee maremarnuecku Ha-
rpy>eHHbIE pa3fieNbl TOMEUEHBI 3Be3104KaMH. Ecin y Bac «cTpax MaTeMaTHKN»
WJTH BbI OrpaHU4EHbl BO BpEMEHH, MOXKHO MPOIYCTUTb UX NPH NEpBOM YTEHUH 6e3
MOTEPU HEMPEPLIBHOCTH B U3JIOXKEHUH MaTepuana.

! Cm. Mathematics for Computer Science, Eric Lehman, Tom Leighton: http://www.
boazbarak.org/cs121/LehmanLeighton.pdf
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JAononHurenbHbie pecypcChbl

3Ta KHUra OCHoBaHa Ha OHJIaiiH-Kypcax, KOTOpble B HACTOALLEE BPeMs 3aImyLIeHbl
B pamkax npoekToB Coursera u Stanford Lagunita. MMeeTcs Takoke psan pecypcos
B MOMOLLUB BaM 1S MTOBTOPEHHS U 3aKpeIUIeHUs ONbITa, KOTOPbIH MOXHO U3BIEeYb
13 OHJIaiiH-KypCOB.

Bupaeo. Ecnu Bbl 60JiblLE HACTPOEHBI CMOTPETD U CITyLLATh, Y€M YHTaTh, 0OPATUTECH
Kk Matepranam ¢ «KOTy6a», A0CTYNHbIM Ha caiiTe www.algorithmsilluminated.org. Otu
BHJIEO 3aTParvBalOT BCE TEMbI 3TOH cepuH KHHMI. Hazaetoch, YTO OHM MpPONMMTaHbI
TEM e 3apa3UTeNbHbIM 3HTY3Ua3MOM B OTHOLLUEHHH alNrOPHTMOB, KOTOPbIH, YBbl,
HEBO3MOXKHO MOJHOCTbIO BOCIIPOM3BECTH Ha NEYATHON CTPAHHMLE.

TectoBble 3aaaHus. Kak y3HaTh, YTO Bbl A€HCTBUTENbHO YCBAaUBaeTe MOHATHS,
npeacTaBieHHbIe B 3TOH kHUTe? TecToBbIE 3a1aHUs C PELUEHHAMH U OOBACHEHHAMH
pa3bpocaHbl O BCeMy TEKCTY; KOT/a Bbl CTAIKMBAETECH C OIHUM H3 HUX, MPH3bIBAIO
Bac OCTAHOBHUTBLCS M MOLYMaTh 00 OTBETE, NpeXJe 4eM YUTaTh Jaiee.

3apaun B KoHUe MIaBbl. B KOHLE kX0l r1aBbl Bbl Hal1€TE HECKONBLKO OT-
HOCHUTEJIbHO NPOCTBIX BONPOCOB 1N MPOBEPKH YCBOGHUS Marepuaia, a 3aTeM
Oonee TpyaHbIE U MEHEE OrpaHNUUYEHHbIE M0 BPEMEHH CIIOXHbIE 33auu. PelueHus
3THX 3a/lay B KHUI'Y He BKJIOYEHbBI, HO [l 3TOTO YUTATE]N MOTYT OOpPaTUTLCS KO
MHeE UM B3aMMOAeHCTBOBATH Mexy cO00M uepe3 AUCKYCCHOHHBINH GOpyM KHUTH
(CM. HHXeE).

3agaun mo nporpaMmupoBaHHio. B koHue G0NbLUMHCTBA [MaB npeajaraercs
peasin30BaTh MPOrpaMMHBIH NPOEKT, LENbI0O KOTOPOro SABAAETCS 3aKpenseHue
JeTalbHOrO MOHMMaHUS aNropuTMa NnyTeM co3laHus ero pabodel peanusauuy.
HaGopbl aHHbIX, a Takke TECTOBbIE MPUMEPbI U UX PELUEHUS MOXHO HaHTH Ha
www.algorithmsilluminated.org.

JuckyccuonHbie popymbl. CyliecTBEHHOW NPUYMHON ycnexa OHMaifH-KypcoB
SABIISIIOTCA peali30BaHHbIE Yepe3 AUCKYCCHOHHBIE OPYMbI BO3MOXKHOCTH OOLIEHHS
NS cnylareneil. 3To MO3BOASET UM MOMOraTh Apyr ApYyry B JyyllleM YCBOEHUHU
marepuana Kypca, a Taloke OTJIaKMBATh CBOM NMporpamMMbl. YuTarenu 3TuX KHUTD
MMEIOT TaKYI0 e BO3MOXXHOCTb Oarofaps ¢GopyMaM, JOCTYHBIM Ha caiite www.
algorithmsilluminated.org.
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BnarogapHocTu

OTa KHHra He NosABUNAch Obl 6€3 TOro 3HTy3Ma3Ma H MHTENNEKTYaIbHOIO rojo/a,
KOTOPBIE AEMOHCTPHPYIOT ThICAHH CiyLaTeseil MOMX KypcoB MO alropuTMaM Ha
NpOTAXKEHUN MHOTUX NET Kak Ha kamnyce B CTaHdopae, Tak H Ha OHNaHH-M1aT-
¢dopmax. 51 ocobeHHO GnaronapeH TeM, KTO NPeLOCTaRAN MOAPOOHBIE OT3bIBbI
Ha 6onee paHHUIi MPOEKT 3TO# KHUIHU, cpean HUX: Tous baact, K0aub L{ao, [xum
Xbtomencaiin, bailipam Kynues, [Tarpuk Monken6an, Kaiin LWunnep, Huccanka
Bukepmazunr v [IsHuen 3udrapo.

KoHeuHo e, Bceraa NpusTHO Noyyarb 3aMe4aHus U NpeJioKeHus OT uhTarenei,
KOTOpbI€ HaUy4IMM 00pa3oM JOXOIAT Yepe3 YIOMAHYThIE BhiLe JUCKYCCHOHHbBIE
thopyMsi.

Cmasnghopockuii ynugepcumem
Tum Pagpeapoen

Cmsngpopo, Kanugpoprus
Cenmsbpy 2017
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Llesb 3TOMH rnaBel — 3apoAUTh B BAC HHTEPEC K U3YUYEHUIO anropuTMoB. Hayas
C paCCMOTPEHHUS AJITOPUTMOB B LIEJIOM, Mbl IOCTAPaeMCsl BBIICHUTD, TOYEMY OHH
Tak BaxcHbl. 3aTeM Mbl BOCMONb3yeMCs 3aiaueii YMHOXKEHHUS BYX LieJIbIX Uucen,
4TOObI NPOUIITIIOCTPUPOBATH, KaK AITOPUTMUUYECKAs H300peTaTeIbHOCTh MOXKET
yayuiuTs 6onee MpocThbie WK, Kazanoch Obl, OYEBUAHbIE HA MEpBbli B3N
pewieHus. Jlanee Mbl nogpo6HO pacCMOTPUM aJIFOPUTM COPTUPOBKH CIAUSHHUEM
MergeSort, 4TO BaKHO NO HECKOJILKUM NMPHUHHaM. Bo-nepBbix, 3TO LIMPOKO NpH-
MEHsAEMbIH Ha MPAaKTHKE U 3HAMEHUTBIH aNropUTM, KOTOPBIH HEOOXOAWMO 3HATh.
Bo-BTOpbIX, €ro 0030p CTaHeT HemiIoXoi pa3MUHKOW NMPH MOATOTOBKE K U3Y-
4YeHHu1o 6osiee U3OLLPEHHBIX ANrOpuTMOB. M HakoHel, STOT aNropuTM ABNSETCS
KJIJACCHYECKHM BBEACHUEM B METOZONIOMHIO NPOEKTHPOBAHUS AJITOPUTMOB THUMA
«pasaensii ¥ BnacTByi». [ 1aBy 3aBepliaer onucaHue psaaa pyKOBOASLIMX PHH-
LIMMOB Halllero Nojxoja K aHalu3y alropuTMOB, KOTOpble OyAyT MpHMEHATbHCS
B OCTaBLIEHCS YaCTH KHUTH.

1.1. 3auyem usyuartb anropuTmoi?

[To3BosbTE MHE CHavala 000CHOBATh AKTYaIbHOCTB 3TOM KHHUI'H, YKa3aB HECKOJIBKO
MPUYMH, TOYEMY TaK BKHO ObITh MOTUBUPOBAHHBIM B M3yYeHHUH anropuT™MoB. Tak
YTO e TAKOE AJITOPUTM, B KOHLIE KOHLIOB? 3TO HabOp ueTKO CHOPMYIHPOBAHHBIX
NpaBuJl, B CYLUHOCTH, PELIENT AJ1s pelleHHs HEKOTOPOi BHIYMCIIMTENLHOM 3a1a4H.
MooxeT ObITh, Y BaC MMEETCs Ky4a YHCEJ U Bbi XOTUTE MepepacnpeaeiuTb Ux Tak,
4T00b! PacnoNnoXKUTh UX B OTCOPTUPOBAHHOM nopsjke. Bo3MoxHO, y Bac ecTb
JIOpOXHas KapTa U HeoOXOAMMO BBIYMCIAMTH KpaTyailuii myTh OT HEKOTOPO#
HCXOJHOH TOUKH 10 ONMpeAENEHHON0 MecTa Ha3HayeHus. BnonHe BeposiTHO, BaM
TpeOyeTcs BbIMOJIHUTbL HECKONBKO 33/1a4 JI0 HACTYTUIEHHS YCTAHOBIEHHbIX CPOKOB,
B TAKOM Cllyuae Bbl 3aMHTEPECOBaHbI B YNOPSOYEHNH BbINOJHEHHUs 3THX 3a1a4,
JU1s TOrO YTOObI BOBPEMS BCE MX 3aBEpLINTD.

HTak, 3a4eM e u3y4arb aliropuTMbi?

BakHocTb 17151 Bcex oTpacJiei computer science. Bo-nepBbix, NOHMMaHHe OCHOB
AITOPUTMH3ALMH H TECHO C Heil B3aWMOCBS3aHHOM Cepbl OpraHu3aluu CTPYKTyp
JIAHHBIX HEOOXOIMMO 151 BBINOJIHEHHS Cepbe3HOli paboThl NpakTH4ECKHU B J1t000ii
orpacnu MHpopmarukd. Hanpumep, B CT3H(OPACKOM yHUBepcUTETE LIS NOJY-
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ueHus noboit crenenu no Computer Science (Oynb To OGakanaBp, MarucTp Hayk
M Jlaxe I0KTOp Hayk) 00s3aTebHO TpedyeTcs npoiiT Kypc anroputMoB. [1puseny
BCEro HECKOJIbKO NPUMEPOB:

1. TTpoTokonbl MapLIpyTH3aUW¥ B KOMMYHHKALMOHHBIX CETAX 3a€HCTBYIOT
KJTaCCHYeCKUe aJlrOPUTMBI MOUCKA KpaT4yailiero myTH.

2. Kpunrorpadus ¢ OTKpbITHIM KJIIOYOM OnUpaeTcs Ha 3¢ dekTuBHbIE Teope-
THKO-YHCJIOBbIE AITOPUTMBI.

3. KomnblotepHas rpaduka TpeGyeT BbIYMCIUTENbHBIX NPUMHTHBOB, NPeao-
CTaBJIsleMbIX FEOMETPUYECKUMH AJITOPUTMAMHU.

4. WHpekcauus B 6a3ax NaHHBIX ONUPAETCA HA CTPYKTYPbI NaHHBIX cOanaHcu-
POBaHHbIX JepeBbEB MOUCKA.

5. BoluucnurenbHas Guonorus UCMOJIB3YET aJINOPUTMbI IHWHAMHAYECKOIO MNpo-
rpaMMHApPOBaHHUA AJi1 USMEPEHHUA CXOACTBAa FCHOMOB.

TIpuBeneHHbIN CTMCOK MOXCHO NPOAOIIXKATD.

ABurarenb TeXHOJOTHYEOKHEHBHOBIMMIN Bl BTOpLIX, aNIropuTMbl UrpatoT
KJIIOUEBYIO POJIb B COBPEMEHHbIX TEXHONOrMueckux MHHOBaLusx. [Ipuseny Tons-
KO OIMH OYEBUAHBIA NPUMEP: NOMCKOBbIE CHCTEMbI HCMOJL3YIOT LIEJTYHO MO3aUKY
anropuTMoB 411 3¢¢GEKTUBHOIO BHIYUCIEHUS PEJIEBAHTHOCTH Pa3JIMYHbIX BEO-
CTpaHHL| 3aJaHHOMY TNOUCKOBOMY 3anpocy. Haubonee u3BecTHbIM NOJOOHBIM
aJITOPUTMOM SIBIISIETCS anropuT™ PageRank, MCMONb3yeMblii B HaCTOsLIEE BpeMs
Google. B camom aene, B noknane 3a nexadbps 2010 ropa ans Benoro noma
CHIA npe3nIeHTCKUil KOHCY/bTaTUBHBIA COBET Ha HayKe M TEXHHKE Hamucal
crenyouee:

«Bce snaiom 3akon Mypa — npeockasanue, coenannoe 6 1965 2. coyupe-
Oumenem Intel T'opoonom Mypom o mom, ymo niomHocme mpanzucmopos
8 uHmezpanvHeix cxemax byoem yosaugamucs kaxcovie 1-2 2ooa... Bo mnozux
obracmsx npupocm npouU3BOOUMENbHOCIMU 3A CHEM YIIYYUEHUS. QI20PUMMO8
3HAYUMENLHO NPEBbICUN 0adice BREYAMASIOWULE POC NPOU3B0OUMENLHOCTU
3a cuem ygenudeHus CKOpoCmu npoyeccoposy'.

' Bbiaepikka W3 Jokiaja npe3uaeHTy W koHrpeccy: [poekTupoBaHue uudposoro 6yay-

uiero, aekabpp 2010 . (¢c. 71).
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HoBblii B3MISIA HA JOCTHXKEHHUN APYTHX HayK. B-TpeTbux (XOTS 3TO BbIXOAHUT
3a paMKH 3TOH KHUTH), AITOPUTMBI Bce Oonlee U Goniee UCNONb3YIOTCS B Ka4ecTBe
«YBEJIMUUTENBHOTO CTEKJIA», YTOOBI 10-HOBOMY B3MIISIHYTh Ha HAay4YHBIE NPoOJembl
3a npeaenamu computer science u IT. Hanpumep, ccnenoBanne KBaHTOBBIX Bbl-
qyycneHuH o6ecneynno HoBbIN BHIYMCIUTENbHBIA B3I HA KBAHTOBYIO MEXaHHUKY.
LleHoBble konebaH1s Ha SKOHOMHUECKUX PHIHKaX MOTYT IIOAOTBOPHO paccMaTpu-
BaThCA KaK aJITOPUTMHYECKHUiT npoLecc. Jlaxke 3BOMOLHNIO MOXKHO pacCMaTpuBaTh
KaK YAUBHUTEIbHO 3¢ deKTHBHbINA aIrOPUTM MOHCKA.

I'mmHacTuka AJs Mo3ra. Bo Bpe€MEHa CTyAeH4YeCTBa MOUMH no6UMBIMH Bceraa
ObLIM CJOXHbIE NpEeaAMETBI. Ilocne ux 0cBOEHHs Bceraa oCTaBajloCh Oy LICHHE,
4YTO 51 CTAHOBUJICA HA HECKOJIBKO IMTYHKTOB IQ YMHEE€, UEM B Ha4aJi€ U3yUCHHUA. Ha-
JCK0Ch, MO KHHMra Mo3BOJIUT BaM MOJNYYHUTH AHAJIOTMYHbIA OMbIT.

YnoBoancTBHe! S HAEIOCh, YTO K KOHLY 3TOH KHUTH Bbl NOMMETE, MOYEMy paspa-
00TKa ¥ aHaJIH3 aJITOPUTMOB MPOCTO MPUHOCHUT YAOBOILCTBHE! 3TO yBlEKaTeIbHOE
3aHATHE, KOTOpOE TPebyeT peaxoro COYETaHUsA TOYHOCTH M KpeaTMBHOCTH. Pa3-
yMeeTcsl, BpeMEHaMM 3Ta paboTa MOXKET pa30ouapoBbIBaTb, HO OHA TAKKE OYEHb
sarsrvBaet. M naealite He Oyaem 3a0bIBaTh O TOM, 4TO 00y4YEHHE aNropuTMaM, Mo
CyTH, CONPOBOXIAET BaC C CaMOro JAETCTBaA.

1.2. LlenouncneHHoe yMHOXeHune

1.2.1. 3apauu u peweHus

Korna Bbl yunnuch B HauaslbHO# 1LIKOJNE, Bbl, CKOPEE BCEr0, U3yYalll yMHOXEHUE
JIByX YUCeN B CTONOHK, YTO, 1O CYTH, ABISETCA AITOPUTMOM — UYETKO CHOPMYTH-
poBaHHbIM HaOOPOM NpaBHJI J7ist TPeoOpa3oBaHUA BXO/a (1Ba YMCIa) B BLIXOA (MX
npousBeneHUe). Beerna BaykHO NOHUMATh pasHULY Mex 1y NOCTAaHOBKOH (onuca-
HUEM) pewiaemoi 3a0ayu i ONTUCAHUEM Memoda ee peuierus (TO €CTh AITOPUTMA
ITOM 3ana4u). B 3T0# KHMre MBI OyIeM CHCTEMAaTUYEeCKH NTPUAEPKUBATLCS CXEMBI,
B KOTOpOH CHa4asa NpoU3BOAMTCS NOCTAHOBKA BBIYUCIUTENbHO 3a0auu (HaHHbIE
Ha BXoJie ¥ TpeOyeMblii pe3ysbTaT Ha BbIXOAE), a 3aTeM JaeTCs ON1UCaHue OJHOro
MJIM HECKOJIbKUX aNrOPUTMOB €€ pelLUeHHs.
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1.2.2. 3apaya uenoYMCNEeHHOro YMHOXEeHUs

B 3agaye uenouncieHHOro yMHOXXEHHS BXOAHBIMH JaHHBIMU ABJAKOTCA JBa
n-pa3pAAHbIX YKcsia, 0003HaYUM UX X M y. PazpsaaHocts (JUIMHA) n YKcen X U y
MOXeT ObITb JIOOLIM MONOKUTENbHBIM LEAbIM YHcIoM. OHAKO 5 NPU3bIBAIO BaC
onepupoBaTh OOJBLIMMH 3HaYEHUAMHU n, B Thica4ax unm Gonee'. (ITpeacrasbre,
YTO Bbl pa3pabarbiBaeTe Hekoe kKpunTorpaduueckoe NpuioKkeHue, Belib OHU Ma-
HUMYNUPYIOT O4eHb OONBLIMMH YMcnamu.) B 3ana4e uenoyrciIeHHOro yMHOXKEHHUA
TpeOyeMbIM BbIXOOM ABJIAETCS Pe3y/bTaT MPOU3BECHUS X X ).

3AJAYA. HEJIOYUCJIEHHOE YMHOXEHHE
Bxoa: nBa 7-3Ha4YHbIX HEOTPHLIATENbHBIX LENIbIX YHCNA, X H ).

Boixoa: npousBeneHHe x X y.

1.2.3. AA/ropuTMm HauasibHOM LWKOJbl

ToyHO onpeaenuB BbIYMCIUTENbHYIO 3a/1auy, Mbl OTMIIEM AIMOPUTM, KOTOPBIH
€€ peLlaeT, — TOT CaMblii aIrTOPUTM, KOTOPbIH Bbl H3y4Yalld B HaYaIbHOMN LUKOJE.
MbI OUEHHUM NPOU3BOAUTENBHOCTb 3TOMO AIrOPUTMA YHCIOM «TIPUMUTHBHBIX
ofnepauuiiy, KOTOpbIe OH BbINOJNHAET, B BUAe GYHKLMH OT KOJIUYECTBA 3HAKOB 1
B KaX0M BXoAHOM uucie. Iloka e naBaiiTe npeACTaBHM NPUMUTHBHYIO one-
pauuio kak 100yt U3 cnepyrowux: (i) croxeHue ABYX onHOpa3pAaHbIX (n = 1)
yucen; (ii) yMHOXEHUE NBYX OQHOpa3paAHbIX uKcen v (iii) nobGaBneHne Hys
K Hauany MM KOHLY YHCIa.

YT00bl OCBEXHUTD Ballly NAMATh, PACCMOTPHM KOHKPETHbIH MPUMEP YMHOXEHHS
x=5678 Hay = 1234 (30ecb n =4) B cTon6uK, cM. puc. 1.1. CHayana aropuT™ Bbl-

! Ecnu Bbl XOTHTE NEPEMHOXHTB YHCAA C Pa3HBIMU JUTHHaMH (Hanpumep, 1234 1 56), npo-
cTO 100aBbTE HECKONBKO HyJIel B Ha4ao MEHbLLEro YKcia (HanpuMep, paccMarpuBaiTe
56 kak 0056). C npyroii CTOPOHBI, AITOPHTMBI, KOTOPbIE MBI 00CYIMM, MOTYT GbITh NMpH-
cnocobIeHbl U1 YHCE C pa3HOH AJTMHOM.
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YUCISET «4aCTUYHOE NPOM3BECHHE» MIEPBOTO YHCIIA M MOCHeAHEH LUpbl BTOPOro
yucna: 5678 x 4 =22 712. BeluuceHre 3TOro 4aCTUUHOIO NPOU3BEAEHUS CBOAUTCS
K YMHOXEHHIO KaX0# LM}phl MepBOro 4ucia Ha 4, 3anucy Maallero paspsia
pe3ynbsTara, 3aHoMUHaHUIO («TIepeHOCY» Ha CeyoLHi JTal) cTapllero pa3psia
1 100aBJIEHUIO 3THX «TNIEPEHOCOBY (€CITH OHU €CTh) Ha CEAYIOILEM YMHOKEHHH .
[Mpu BLIUKMCIEHUY ClEAYIOLIETO YaCTHYHOIO npou3BeaeHus (5678 x 3 = 17 034)
MBI JlelaeM TO e caMoe, CABUrasl pe3yJbTaT Ha OJMH 3Hak BneBo ((axTuuecku
nob6aenss «0» B koHle). Y Tak nanee ans ocTaBLUMXCS ABYX YaCTHYHBIX NMPOMU3-
BeJIeHHH. 3aKJTIOYNTENbHBIN L1ar COCTOUT B TOM, YTOOBI CIOXKUTh BCE YaCTHYHbIE
NpOU3BEAEHHUS.

Torpa B TPETHEM KJ1aCCE Bbl, BEPOSATHO, COMNIACHIIACDH, YTO 3TOT AJITOPUTM ABIIACTCA
NMpaBUJIbHBIM, UMEs B BUAY, YTO HEBAXKHO, C KaKUX YHUCEN X H y HAYHUHATD. l'lpu
YCJIOBHH, YTO BCE€ MPOMEXYTOUYHBIC BbIMHCJIEHHA BbITIOJIHAIOTCS MPaBUJILHO, aJiro-
PUTM B KOHEYHOM UTOre 3aKaH4MBaCTCA MOJyUCHUEM peE3ysibTaTa NPOU3BEACHUS
X X y IBYX UCXOJHbLIX YUCEJI.

5678
1234
n CTPOK 17034 ‘\ < 2n onepauui
11356

5678
7006652

(Ha cTpoky)

Puc. 1.1. ANroput™ LIENOYUCNIEHHOrO YMHOXEHUS B CTONBMK

TaxuM 00pa3oM, BbI HUKOIA He MOJTy4YHTe HEMPABUILHBINA OTBET, H AITOPUTM He
MOXET 3aLUKIIUTBCA.

I 8 x 4 =32, 2 nuuwemM, 3 «nepeHocuM», 7 x 4 = 28, nntoc 3 paBHsercd 31, 1 nuwewm,
3 nepeHOCHM, H TaK aalee...
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1.2.4. AHanu3 yucna onepauui

Bauw lkobHbIA y4HTENb, BOSMOXHO, HEe 00CYKAa 4ACII0 MPUMUTUBHLIX Onepa-
LM, HeoOXOAUMBIX 1J1s 3aBepILeHUs IIPOLEeNYPbl YMHOXEHHUS B CTOJOHK. B Ha-
LIeM npUMepe, ISt TOro 4ToObl BBIYUCIUTL NMEPBOE YAaCTHYHOE MpPOU3BEJECHHUE,
Mbl YMHOXUIH 4 pa3za kaxaylo u3 uudp S, 6, 7, 8 nepsoro yucna. ITo yeThipe
TIPUMUTHUBHBIE OnepaLyi. Mbl Takoke BBINOTHUIIM HECKONBKO CIOKEHUH H3-3a nepe-
HocoB. B o0uiem cityyae BbIUMC/IEHHE YaCTHYHOTO NPOU3BEAECHUS BIIEYET 3a OO0
n yMHOXeHHUH (OAHO YMHOXKEHHE Ha OIIMH 3HaK) U He Oonee n cinoxeHuid (He Gonee
OZIHOTO Ha OZIH 3HakK). Bcero monyyaercs He 6onee 27 MPUMUTHBHBIX ONepalyii.
[lepBoe yacTHUHOE NMPOU3BEACHUE HUUYEM HE OTIIMYAETCS OT APYTHX, U KaXKJI0€ U3
HUX TpeOyeT He Gonee 2n onepauuii. [lockonbky UMeeTCs 1 YaCTUUHBIX TIPOU3-
BEJECHH — N0 OJHOMY Ha KKIblH 3HaK BTOPOIO YUC/Ia, — BBIYKHCIIEHHE BCEX U3
HuX TpeOyeT He Gonee # X 2n = 2n? NPUMHUTUBHBIX Orepanii. YTOOb! BLIYUCIUTD
OKOHYaTeNbHbIH OTBET, HaM BCE e1le HY>KHO BCE YaCTUYHbIE MPOU3BEACHHUS CIOKHTh
BMECTE, HO JU1 3TOro TpedyeTcs COnocTaBUMOe YKMCII0 onepauuii (He Gosee ueM
eie 2n?). [ogBeaem UTOTH:

obwee konuuecmeo onepayuii < KOHcmanmax n’
%,—J .
=4

Paccyxnas o Tom, kakuM 00pa3oM o6beM paboThl, KOTOPBIi 3TOT AITOPHTM Bbi-
TIOJIHAET, 603pacmaem 1O Mepe TOro, KaK UCXOJHbIe MHOXKHUTENIN CTAHOBATCA BCE
JUIMHHEE U JJIMHHEE, Mbl BUIUM, YTO 0ObEM BBLIMONHAEMEIX ONepalLyii pacTeT
KBaJpaTH4YeCcKH, Clefys 3a yBeauieHneM paspsaHocti. Eciau yaBouTs AnuHy uc-
XOIHBIX MHOXHTENEH, To TpebyeMblii 00beM omnepauuii MoaCKaKMBaeT B 4 pasa.
VYBenuubTe UX JJIMHY B 4 pa3a, U OHAa NOACKOYHUT B 16 pa3, v Tak aanee.

1.2.5. MoxHo nu no6uTtbca nyywero?

B 3aBHCHMOCTH OT TOro, KAKMM TPETHEKIACCHUKOM BbI ObLIH, Bbl BIOJHE MOTIIH
NPUHATL 3Ty NpoleAypy KaK YHUKANbHBIN MK, N0 KpaiiHell Mepe, ONTHMaJlb-
Hbl# cnoco6 yMHOXeHHs ABYX 4ucell. Eclii BBl 3aXOTUTE CTaTh CEPhE3HBIM
MPOEKTHPOBLUMKOM AJITOPUTMOB, TO HYXKHO OyleT MpeoaoneTh 3Ty poGOCTb.
Knaccuueckas kHura no anroputMam Axo, Xonkpodra u YiabMaHa, nocie
MTEPaTHBHOIO PaCCMOTPEHHS LIENOro psila METOAMK Pa3paboTKH airOpuTMOB,
rOBODHT CllefyloLlee:
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«/Ins xopowe2o paspabomyuka anzopummos, ROXCAYH, Camblli BANCHbLH NPUH-
Yun cocmoum 8 mom, Ymobvl OMKA3aMbCA OM CONAUAMENLCMEAN'.

Wnu kak g mo6i0 roBOPHTb, YTO KaKAblH pa3paboTYUK airOPUTMOB JOJDKEH
NPHHATH KaK JOMKHOe:

Moosicno au dobumecs nyvwezo?

OTOT Bonmpoc OCOGEHHO aKTyalleH, KOraa Bbl CTaJKHBAeTeCh C OYEBMAHBIM WK
NIPSIMBIM PELIEHHEM BbIUMCIUTENLHOM 3a1a4i. B TpeTheM Kiiacce Bbl, BO3MOXHO,
He 33]1aBaJINCh BONIPOCOM O TOM, MOXKHO JIM BBICTPOUTh MY Th PELUEHUS JlyULle, YeM
3TO AeNlaeT MPOCTOH KJacCHYeCKUii alropuTM yMHOXKeHUs B cTonbuk. Hacrano
BpeMs 3aaTh ITOT BONPOC M AaTh Ha HEroO OTBET.

1.3. YMHOXeHue KapauyoObi

Pa3paboTka aJIroOpiTMOB — YIMBHTENBHO Pa3HOCTOPOHHSIA ctepa. BesycnosHo,
CYLIECTBYIOT IpyTHe HHTEPECHBIE METOIbI YMHOXKEHHS BY X LENbIX YUCEJ, TOMHMO
TOTO, YTO BbI U3yuasld B TPEThEM Kilacce. B 3TOM pa3zene onuchiBaeTCs OAWH U3
TaKHX METOZOB, NOJ Ha3BaHUEM ymHoxceHue Kapayybwi®.

1.3.1. KOHKpeTHbIW npuMmep

YT06b!1 NO4YBCTBOBATH, YTO TaKOE YMHOXeHHUE KapallyObl, 1aBaliTe CHOBa BOCMONb-
3yeMCsl HalUMM NpeblAy UMM NPpUMEpPOM ¢ x = 5678 1 y = 1234. Mbl BbINOITHUM NO-
CJIeI0BATENBHOCTD L1aroB, COBEPLIEHHO OTMYAIOLLYIOCS OT ArOpUTMAa HaualbHOM
LIKOJIBI (YMHOX(€HHS B CTONIOHK), pE3y/IETaTOM KOTOPOTO SIRISETCS MPOU3BEAEHUE X
X 3. DTOT HOBBIii AITOPUTM AOJKEH NOKA3aThCS BaM OY€Hb 3arajouHbIM, MOX0KUM
Ha (okyc BbIHUIMaHUS KpoJKKa 13 wusnsl. [Tlodke B 3TOM paszaene Mbl JaUM TOY-
Hoe 0ObACHEHHUE TOro, YTO Takoe yMHoxeHue Kapaiy6bl 1 nouemMy oHo paboraert.

CMm.: A. Axo, Ix. Xonkpoodt, [lx. YnbMaH. [TocTpoeHHe M aHanU3 BHIYUCIUTENBHBIX
anroput™MoB. M.: Mup, 1979 (Alfred V. Aho, John E. Hopcroft, and Jeffrey D. Ullman,
The Design and Analysis of Computer Algorithms, Addison-Wesley, 1974, page 70).
2 O6HapyxeH B 1960 rony Anaronuem Kapaity60oii, KoTopblii B TO BpeMs Gbu1 23-neTHUM
CTYZIEHTOM.
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Ceifyac 1aBHOE — Ha 3TOM NPUMEpPE OLEHUTD, YTO CYILECTBYET NOTPACAIOLLUH
BOOOpaXKeHHe MacCHB pa3/iMuHbIX BAPUAHTOB PELIEHHS BRIYMCIUTENbHBIX 331y,
B YaCTHOCTH LIEJIOUUCIIEHHOTO YMHOXKEHHS.

Jins Hayana 0603Ha4YMM NepBYyIO U BTOPYIO MOJOBHHBI YHCHA X KaK a U b, YTOObI
paccMarpuBath UX OTAENbHO. 1 Hallero npuMepa nonyvaem a =56 u b =78.
AHaNorv4HeIM 06pa3oM NMOCTYMHM C J, 3A€Ch MYCTh ¢ U d COOTBETCTBEHHO 000-
3Ha4aloT NEepBYIO U BTOPYIO MONOBHHBI YHCNA Y, TO eCTb ¢ = 12 u d =34 (puc. 1.2).

<"

d

Puc. 1.2. NpeacTtasneHue YeTblpexaHadHbix YUCeN Kak nap ABY3HaYHbIX YUCEN

\

3aTeM Mbl BBEIMOJHUM MOCIEJOBATEIbHOCTh ONEpPaLUil ¢ y4aCTHEM TOJIbKO
JIBy3Ha4HBIX Yucen a, b, ¢ u d U, HakoHell, BoiweOHbIM 00pa3om cobepeM Bce
3JIEMEHTBI BMECTE. YBUIMM, YTO B UTOre 3TO MPHUBEAET HAC K pe3yJbTary Nnpo-
M3BEJCHUA X U ).

Ilar 1: BeludcnuTe npou3BeAeHue a X ¢ = 56 x 12, koTopoe cocTaBiseT 672
(MOXeTe NpOBEpUTH CaMH).

Hlar 2: Beruvcautb b X d =78 x 34 =2652.
Cnenytowume aga uiara ewe 6osiee HeMOCTUKUMBIE.
Ilar 3: Beiuucauts (a + b) x (¢ +d) = 134 x 46 = 6164.

Ilar 4: BoiyecTs pe3y/bTaThl NEpPBbIX ABYX LLIAr0OB U3 pe3ysbTara TPEThero Luara:
6164 — 672 — 2652 = 2840.

HakoHeu, Mbl cyMMHUpyeM pe3ynbTaThl Wwaros 1, 2 U 4, HO ToJbkO nociie Ao6as-
JIEHUs YeTbipeX KOHEUHbIX HyJeil k OTBETy Ha wiare | ¥ ABYX KOHEYHbIX HyJeil
K OTBETY Ha Luare 4.

Iar 5: Boiyvcauts 672 < 10* + 2840 x 102+2652 =6 720 000 +284 000 + 2652 =
=70 066 552.
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Yro Mbl BUAMM? DTO TOYHO TaKoii ke (MpaBUIIbHbIHA) pe3yabTaT, KOTOpbIH nony-
4UJICA Y HAC NpY MPUMEHEHHH anropuTMa yMHOXKEHUS B cToN0OMK B pazaene 1.2!

51 He Tpebyto OT Bac cpa3y HHTYUTHBHO MOHATH TO, YTO TOJBLKO YTO MPOU3OLLIO.
Ckopee, 5 HalelOCh, YTO BbI OLIYILIAETe HEKOE COUETaHHE 03adaYeHHOCTH U HH-
TPUTH, U OLEHWJIH TOT (aKT, 4TO, MOXOXKE, ACHCTBUTENBLHO CYLIECTBYIOT ajiro-
PUTMBI LEJIOYHCIIEHHOTO YMHOXKEHUSA, MTPUHLMITHAILHO OTJIMYAIOLINECS OT TOrO,
€ KOTOPBIM Bbl MO3HAKOMIJIUCH elle B IKoe. Kak ToNbKO Bbl MoitMeTe, HACKOIBKO
cdepa anropuTMH3aLKAKM pa3HOOOpa3Ha, Bbl HAMHETE 330yMbIBAThCS Ha/l BOMPOCOM:
MOXeT ObITh, CyLIIECTBYET YTO-TO Gojiee HHTEPECHOE, YEM AJITOPUTM YMHOXKEHUS
B cTon6Kk? Pa3Be npuBeaeHHbIH BbILLIE AITOPUTM He NO3BOJUIT BAM NPOABUHY ThCS
B 3TOM NOHHUMaHUKU?

1.3.2. PekypCHBHbI anropmTtMm

[pexxae ueM BIUIOTHYIO 3aHATLCA yMHOeHHeM KapailyObl, naBaiite HEeMHOro
noapoOHee pacCMOTPUM, B YEM CYTh MPOCTON0 PEKypPCHBHOIO MOAX0JA K LeNo-
4UCIIEHHOMY YMHOXEHHUIO' . PEeKypCUBHBII aITOPUTM LIENOYHCIIEHHOTO YMHOMXKEHHS,
O4YEBUHO, CBA3AH C YMHOKEHUEM UUCEJI C MEHBLIMM, Y€M Y MCXOAHBIX, KONUe-
CTBOM 3HaKOB (Hanpumep, 12, 34, 56 u 78 B npuBeIEcHHOM BbILLE MPUMEpE).

B o611em cryyae 4ucio X ¢ YETHBIM KOJIMYECTBOM 3HAKOB /2 MOXKET ObITb BLIPOKEHO
B BUJE JBYX n/2-3Ha4HbIX YKcen (ero nepBoii U BTOPOi MONOBHHBI, KOTOPbIE Mbl
0003HaYMIIH KakK a u b):

x=10"xqa+b.
AHanoru4Ho uig uucna y:

y=10"xc+d.

! 51 MCXOXKyY M3 TOTO, YTO BbI CNIBILIATH O PEKYPCHH B PaAMKaXx BaLLEro OnbiTa NporpaMMu-
poBanus. PekypcuBHas npoueaypa — 3TO NpOLEAypa, KOTopas BbI3bIBAET camy cels
KaK MOANpPOrpaMMYy C MEHbLIMMH 10 00bEMY BXOAHBIMH JAHHBIMH 10 TEX NOP, NOKA HE
6yner nocTUrHyT 6a30BbIH cryydaii.
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YTo0b! BHIUMCITUTH MPOU3BEAEHUE X U Y, BOCMONb3YeMCs IByMS MPUBEACHHbIMH
BbILLE NPEACTABIEHUAMM YUCEN X U Y U MPOCTO NMepeMHOXUM UX. [Tonyyaem

xxy=(10"xa+b)x (10" xc+d)=
=10"x(axc)+ 10" x (@ xd+b xc)+bxd. (1.1)

O6paruTe BHUMaHHe Ha TO, YTO Bce yMHOXKeHH B (1.1) n1ubo nmpoucxoasar Mexay
napamu n/2-3HauHbIX YKcen, TM00 CBI3aHbI C BO3BEEHUEM B cTeneHb yncia 10'.

BeipaxkeHue (1.1) no3BosseT Nydlle NOHATh PEKYPCUBHbBIN MOAXO0A K YMHOXEHHUIO
IBYX yHcen. YToObl MOMyYUTh NPOM3BENEHHE X X ¥, Mbl IPOM3BOANM pacyeT pop-
mysnsl (1.1). Bo Bcex yeTbipex MpUCYTCTBYIOWMX B Heil npousBeaeHusx (a X c,
axd,bxcubxd)3aneficTByroTcs Yucia ¢ KOJMYECTBOM 3HAKOB MEHBLIE 71,
MO3TOMY Mbl MOXKEM BBIYMCIIUTb KAXKA0€ U3 HUX peKypcUBHO. Kak Tonbko Hauin
YeThIpe peKypPCUBHbBIX BbI30Ba BO3BPALLAIOTCS K HAM CO CBOMMH PE3Y/IbTaTaMH, Mbl
MOXKEeM BbIUMCIUTL BhipaxkeHHe (1.1) B sBHOM Buzje. [IpuctaBnsieM n KOHEUHBIX
HyJ1€ K IPOU3BEAEHHUIO a X ¢, CYMMHpYeM Nnpou3BeieHust a X d u b x ¢ (06bI4HOe
apudMeTHUecKoe CIOKEHHE) U NMPUCTaBNAeM /2 KOHEUHBIX HyNel K ITOi CymMMe,
M, HaKOHeLll, npubaBiseM 3T JBa BhIpOKEHHs K npousBeneHHto b x 4. Tenepb
naBaiite 0000LUMUM 3TOT aNropuTM, KOTOpPbI Mbl Ha30BeM RecIntMult, B creny-
IoLIeM NceBRoKoae’.

Jinst IpoCTOTHI Mbl MPHHMMaEM JOITy LLIEHHE, UTO 1 ABJISETCA CTENeHbio uncna 2. [pocroit
MpHEM, KOTOPBIH MO3BOJAET UCMOb30BATh 3TO AOMYLICHHE, — J00aBICHUE COOTBET-
CTBYIOLUETO KOJTHYECTBA HyJEH K X U Y, UTO HE 6OJIEE YEM YIBAUBAET Pa3paAHOCTb 3THX
uncen. C apyroit CTOpPOHBI, KOTAA # — HEYETHO, BCEraa MOXKHO TaKxKe pa3OHTh X H y Ha
[Ba YMCIIa C MIOYTH PaBHBIMHU JUTHHAMH.

PexypcuBHbIE aITOPUTMBI, ECTECTBEHHO, HY ’KIAIOTCA B OHOM HJTH HECKOTBKUX 6a30BbIX
Cy4asix Ui TOro, 4YToObl OHH HE 3aLMKIMBATIHCE A0 GECKOHEYHOCTH. 3ech 6a30Bblit
CIIy4ail: €C/i X U y ABJAIOTCA OJHO3HAYHBIMH YMCIIAMH, TO HEOOXOAHMO NPOCTO nepe-
MHOXHTb UX OHOI MPUMHUTHUBHOM OTIEpaLMUel H BbidaTh pe3y/bTar, 3aKOHUMB aJiITOPUTM.
B nceBnokone Mbl HCMob3yeM CUMBOJ = U1 0003HaUEHHA NPOBEPKU Ha 3KBUBAICHT-
HOCTb M CUMBOJIbI := Ul 0003HAYE€HUs NPUCBAHBAHHS MIEPEMEHHOM.
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RECINTMULT
Bxoa: nBa 7-3Ha4YHbIX NONOXKHTENBHBIX LENbIX YHCNIA, X U V.
BbIxoa: MPOH3BENEHHE X X ).

Jonyuenne: n sBNSETCA CTENEHBIO yucaa 2.

if n = 1 then // 6a3o0Bbit Cnydah
BBLIYHCJIHTb X X y 32 OJHH LUAr U BblAATh pe3ysibTar
else // peKypCuBHbIA Cny4an

a, b := nepBas 1 BTopas MOJIOBUHbBI X

¢, d := nepBas W BTopas MoJIOBUHbI y
PEKYPCHUBHO BBIMHCIIUTb ac '=a X ¢, ad := a X d,
bc=bxcubd:=bxd

BbIUMCAHTL 10" X ac + 1072 % (ad + bc) + bd,

HCMOJIb3yA apmbmem%cxoe CJIOXKCHHE, H BblAATb PE3yJbTarT.

A T e R R T AP T T P T LT R 00 S P T e L S T

SiBnsercs N1 anropuT™ RecIntMult 6osee ObICTPbIM, YEM ATOPHTM YMHOXEHHUS
B cToN6uk? KoHeuHo, MOXXHO 00paTHTBCS K CBOEH MHTYHMUMH, HO JIy4LLE BCE e
NoA0XAATh A0 rnaBbl 4, TaM Bbl HAHETE TOYHBIA OTBET Ha 3TOT BONPOC.

1.3.3. YMmHoXxeHune KapauyObi

YMmHoxeHnue Kapaiy6bl sBnsercs onTUMH3WPOBAaHHON BepcHel anropuTMa
RecIntMult. Mbl CHOBa HauyMHaeM C pa3nioxeHus, cornacHo dopmyne (1.1),
MHOXXHTEIEH NPoM3BeeHus X X y Ha cocTaBnsowme a, b, ¢ u d. B anroputme
RecIntMult HCMONB3YETCs YETHIPE PEKyPCHBHBIX BbI30Ba, OAAMH /151 KOKAOrO Mpo-
n3seaenns B (1.1) Mexxay n/2-3Ha4yHbIMK YMcaMd. Ho Hac coBceM He MHTepecyloT
a % dunm b X ¢ o OTAENbHOCTH, HaC HHTEpecyeT ux cymma a x d + b x ¢. Ipu
HaJIMYUH BCEro TPeX MPOMEXKYTOUHBIX BHIYUCIIEHUH, B KOTOPbIX Mbl 3aHHTEPECO-
BaHbl —a X c,ax d+ b x cu b x d, — cMoxeM 14 Mbl 060HTHCH BCEro Tpems
PEKYPCHBHBIMH BbI30BaMH?
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YtoObl yOEAUTHCA B 3TOM, CHauaa, Kak M npexie, ClieayeT NPUMEHUTb J1Ba pe-
KYPCHBHBIX BbI30Ba, YTOObI BBIYUCIUTb @ X c U b X d.

Ilar 1: PekypCUBHO BBIUMCIUTDb d X C.
Illar 2: PekypCHBHO BBIMMCIUTD b X d.

BMmecTo TOro 4ToObl peKypCHBHO BBIYUCIATL @ X d WK b X ¢, Mbl peKypCUBHO
BBIYMC/ISiEM MTPOU3BEeHHE MeXIy a +buc +d".

Ilar 3: Beraucnutb a + b u ¢ + d (06b14HOE aprpMeTHUYECKOE CIIOKEHNE), U Pe-
KYPCUBHO BBIYMCIHTh NpoU3BeneHue (a + b) x (c + d).

KutoueBoit npuem ymHoxenus KapaiyOel 00s3an maremaruky XIX Beka Kapny
Opuapuxy [ayccy, KOTOpbIi U3yual yMHOXKEHHE KOMIUTEKCHBIX Yicell. BbiunTanue
pe3y/bTaToB MepBbIX JBYX LIAroB U3 pe3yibTara TPEThero Lara 1aeT MMEHHO To,
YTO MbI XOTHUM: CpeAUHHbIN Ko3(duumneHT B (1.1) — BbipaxeHue a X d + b X c:

(a+b)x(c+d) —axc-bxd =axd+bxc.
[N . —

=axc+axd +bxc+bxd

LIar 4: BoivecTs pe3ynbTaThl NEpPBbIX JBYX LLIAr0OB U3 Pe3y/bTaTa TPEThEro Lara,
4TOOBI MONY4YUTh a X d + b X C.

3aiwrounTenbHbIi War npeacrasnset coboit Gopmyny (1.1), kak ¥ B anroputme
RecIntMult.

Iar 5: Beruucnuts popmyny (1.1), cnoxus pesynsTarsl waros 1, 2 u 4, nocine
noGasnenus 10" xoHeyHbIX HyNell K oTBeTy Ha ware 1 U 10”2 koHeuHbIX Hynei
K OTBETY Ha Luare 4.

! Yucna a + b u ¢ + d MoryT uMeTh 10 (n/2) + 1 3HAKOB, HO AJITOPHTM MO-NIPEKHEMY pa-
60TaeT OTIHUHO.
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Takum o6pazom, yMHoxeHHe KapalyObl HCMONb3yeT BCEro TPH peKy pCHBHbIX Bbl-
30Ba! JKOHOMHS Ha OAHOM PEKYpPCHBHOM BbI30BE JA0/DKHA COKOHOMHTb Ha 00LLEM
BPEMEHH HCMOHEHUS, HO Ha CKOJIbKO? ANIMOPHUTM Karatsuba ObicTpee LIKOIbHOIO
anropuTMa YMHOXeHHS B cToIOWK? OTBET Ha 3TOT BONPOC AANEKO HE OYEBHEH.
OnHako Ha ero npumepe OyAeT JIErko NPOUINOCTPHPOBATL TPUMEHEHHE UHCTPY-
MEHTOB aHaJIW3a BPEMEHH UCMONHEHNS aITOPUTMOB THNA «pa3fiesisi 1 BlacTByiiy,

R T 5 AT T g S M P M o S AL S N 2 S R S ST LS AR L B T MR 2 IS

KARATSUBA

Bxona: ABa 7-3HaYHBIX MOJOXHUTENBbHBIX LEMbIX YHCAA, X U y.
Boixoa: MPOU3BEACHHUE X X ).

llonymelme: n ABNSETCA CTENEHBIO YKCaa 2.

if n = 1 then // 6a308Bbit cnyyan
BBIYMCIIUTB X X y 3a OOMH LUAr U BblAATh pe3ynbrar

else // pexypcCuBHbi# Cnyyan
a, b ;= nepas ¥ BTOpast MONOBHHBI X

¢, d '= nepBas ¥ BTOpas NONOBHHBI ¥

BBIYUCIUTD p :=a + b U q :=c + d, ucnonb3ys
apudMeTHIECKOE CIIOKEHHE,

PEKYPCUBHO BbIYUCIIUTB ac :=a X ¢, bd :=b - dn
pq=p*q

BBIYUCITIUTE adbc = pq — ac — bd, ucnonb3ys
apu(MeTHUECKOE CIOKEHHE,

BbIUCAUTB 107 X ac + 10"2 x adbc + bd, ucnonb3ys

apudmemqecxoe CJIOXKCHHUE, U BblAATb PE3YybTar.

T L L e e T A T M T LT S e s o BT TS S e S

KOTOPbIEC Mbl pACCMOTPUM B IT1aBe 4,
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O NCEBAOKOAE

B 3aTOi KHUre anropuTMbl ONUCHLIBAIOTCA C UCMOb30BaHUEM KOMBUHaUMK
BbICOKOYPOBHEBOIO NCEBAOKOAA U OOLIYHOIrO YenoBEe4EeCKOro A3blka (Kak
B 3TOM pasaene).

91 UCXOXY U3 TOro, 4TO Y BaC €CTb HaBblkKW TPAHCNALMMW TaKUX BbICOKOYPOBHE-
BbIX (06LMX) onucaHuii B pabounii koa Ha Balem NiobrumMoM si3bike Nporpam-
MUpPOBaHUA. Heckonbko APYrux KHAr U pecypcoB B MHTEPHETE NpegnaraoT
KOHKpETHbIE peann3aumnm PasnyHbiX anropuTMOB Ha ONPeAENeHHbIX A3biKax
NPOrpaMMuUpPOBaHUA.

Bo-nepebix, NPEMMyLWECTBO B NPEANOYTEHNN BLICOKOYPOBHEBbLIX OMUCAHWUN
Haj peanuaaumaMmn, CneundrUHbIMU 41 KOHKPETHOT O A3bika NPOrpaMMmpo-
BaHWSA, 3aK/NIOMAETCA B X MMBKOCTU: XOTS f UCXOXY U3 Baleli 0CBeAOMIEH-
HOCTM B KAKOM-TO A3bIKe NPOrPaMMMPOBAHMNS, MEHSt HE UHTEPECYET, YTO 3TO
3a A3biK. Bo-BTOPLIX, 3TOT NOAXOA CMOCOGCTBYET MOHUMAHUIO AIrOPUTMOB
Ha rny6oKOM 1 KOHUENTyanbLHOM YPOBHE, He 0BpeMEHEHHOM AeTaNsIMN HNU3-
KOro ypoBHsA. OnbiTHbIE NPOrPaMMUCTLL U CRELMannCTL computer science
06bIYHO MBLICAAT U 06MeHUBaITCA MHpOopMaumen 06 anropuTMax Ha CTonb
Xe BbICOKOM YpOBHe.

TeM He MeHee HUUTO HE MOXET 3aMEHUTb AETANIbHOrO NOHUMAHWUA aNropuT-
Ma, KOTopoe BbiTeKaeT u3 pa3paboTtkn ceoei cobCcTBEHHON paboyei npo-
rpamMmbl. HacTosiTeNlbHO pekOMeHAYI0 BaM peann3osartb Ha NIOOMMOM s3bike
NPOrpPaMMNPOBaHUS CTONBKO anrOPUTMOB U3 3TOM KHUMM, HACKONbKO Y Bac
XBaTUT BpemeHu. (ITo Takke ByaeT OTANYHLIM NOBOAOM YNYHLWWUTL CBOU Ha-
BbIKWM NPOrpaMMnpoBaHns!)

[ns pa3snTns CBOMX HaBLIKOB NPOrPaMMUPOBaHWS BOCNONbL3YITECH 3aaavamu
MO NPOrpaMMMPOBAHUIO B KOHUE MaBbl U COOTBETCTBYIOLMMMN TECTOBLIMU
npumepamum.
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1.4. Anroput™m MergeSort

10T naparpad 1aeT BO3MOXKHOCTb BOUTH BO BKYC aHAJIM3a BPEMEHH UCTIONHEHHS
HETPUBHAJIBHONO aJrOPUTMa — U3BECTHOTO AJITOPUTMA COPTUPOBKHU CIUSTHUEM
MergeSort.

1.4.1. AKTyansHOCTb

ANITOPUTM COPTHPOBKH CIIMSHUEM MergeSort — 3TO AOCTATOYHO CTapblii
ajqropuT™, U, 6e3yciioBHO, OH Obln u3BecTeH JIxoHy ¢oH Heiimany eue
B 1945 roay. 3auemM HauMHaTbL COBPEMEHHBIH Kypc 006 alropurmax ¢ Takoro
craporo npumepa?

Crapoe, HO no-npexkHeMy HyHoe. HecMOTps Ha To UTo anropuT™My MergeSort
yxe 6oiee 70 neT, OH Mo-MpeXKHEMY ABNAETCS OAHUM M3 MPEANOYTHTENLHBIX METO-
A0B COPTUPOBKH. OH IIKPOKO UCTIONB3YETCH Ha MPAKTHKE U ABNSETCH CTaHIapPTHBIM
aNropuTMOM COPTUPOBKH B pAZi€ IPOrpaMMHbIX OMOIHOTEK.

ITO KJIACCHYECKHI aJITOPHTM THIA «Pa3fe/siil u BIacTBYii». Metononorus
pa3paboTKH aqropMTMOB «pas3iensii U BnacTByi» mnpeactaBiusieT coGoil obumii
NOAXOJ K PELICHHUIO 3a/1a4, KOTOPbIA HAXOAUT MPUJIOKEHHE B PA3IMYHBIX 00Ja-
cTsX. Ee OCHOBHasd Maes COCTOUT B TOM, 4TOObI pa3OuTh Bally 3aaady Ha Gonee
MEJNIKHE NMOA3aJauH, PeLiUTh MOA3aAa4yl PEKYPCUBHO M, HaKOHElW, OObEANHUTH
PELIEHUS B UTOMOBOE PELLEHUE UCXOJHOM 3aaa4u. AITOPHTM MergeSort ABISeTCS
HAeabHBIM CNOCOOOM MO3HAKOMHTLCA C METOAOJIOrUEH «pa3aensii U BnacTByiy,
C YYETOM TeX NPEUMYLIECTB, KOTOpPbIE OH MpEAJaraeT, U BOSHUKAIOLWIUX NPH €ro
aHa/IM3€e CINOXKHOCTEH.

B03MOKHOCTB yAY4IIHTh TEXHHYECKYI0 NOAroToBKY. [1peacTosiiee usydyeHue
aropuT™Ma MergeSort MO3BOJUT BaM COCTaBHTb SICHOE MpPEJCTaBICHHE O TOM,
HACKO/IbKO XOPOLUO MMEIOILHECS y Bac HaBbIKA COOTBETCTBYIOT MaTepHaily 3Toi
KHUTH. Sl UCX0XKY M3 TOIO, YTO Y BaC €CTh JOCTATOUHbIH OMBIT B IPOrPAMMHPOBa-
HUM ¥ MaTeMaTH4eckoM aHau3e, uToObl (C HEKOTOpO# AopaboTkoit) nepeBecTH
BbICOKOYPOBHEBOE ONHUCaHKE alropuT™Ma MergeSort B pabouyio nporpammy Ha
BalleM J106GMMOM A3blke MPOrpaMMUPOBaHUS M OLEHHTH Halll aHANN3 BpEMEHH
UCTIONHEHHUs anroputMa. Ecau atoT v cnenyrowmii pazaenst OyayT BaM MOHATHBI,
TO y BaC OTJIMYHbIE LIAHCHI JJ1 MOHUMAaHUS OCTaNbHOM YaCTH KHUTH.
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BBeaenue B pyKoBoAsiliMEe NPUHUMNBI aHAAN3a aAropuT™oB. Haw ananus
BpeMeHH WCTIONHEHHUs alrOpHTMa MergeSort packpbiBaeT psa Gonee o6WMX py-
KOBOISALMX NPHUHUMNOB. TakuX, KaK MOMCK OFPAHUYEHHUM HA BPEMS UCTONHEHHS
aJINOPUTMa, KOTOPbIE aKTYaNIbHbI 115 JII0GbIX BXOJHBIX IaHHbIX 33JaHHOIO pa3mepa,
a Tak)ke BOKHOCTb OLEHKH TEMIOB POCTa BpeMeHH HCMOIHEHHS alrOpUT™Ma B 3a-
BHCMMOCTH OT 00bEMa BXOAHBIX JaHHbIX.

Pa3mMuHKa JJisi OCHOBHOIO MeToa. Mbl IpoaHanu3upyeM ajlroputM MergeSort
C UCMOJIb30BAaHUEM «METOZA JEpeBa PEKYpPCHUU», KOTOPbIH npeacrasnser coboii
cnoco6 noacuera onepauui, BbINOIHAEMbIX PEKyPCHUBHBIM aJlropuTMoM. [naBa 4
OMMpaeTCs Ha 3TH UJEHU U 3aBEPLUAETCA OCHOBHBIM METOAOMY», MOLIHBIM H Npo-
CTbIM B MCMOJNBL30BAHUH MHCTPYMEHTOM AJIS BBIYMCIIEHHUS TPAaHUL, BPEMEHH UC-
NOJIHEHUA Pa3HOOOPa3HbIX ANNOPUTMOB THNA «pa3fensaii U BNacTByi», BKtoYas
anropuTMbl RecIntMult M Karatsuba u3 pazaena 1.3.

1.4.2. CopTmposka

Bbl, BEpoATHO, y>Ke 3HaKOMbI C 3aJa4€il COPTHPOBKY U HEKOTOPLIMH aJINOpPUT-
MaMu Ans ee pellenuns. Ho Bce xe, 4yToObl yOeAUTLCH, YTO Mbl B OJHO# JO1Ke,
PaccMOTpHUM:

3AJAYA: COPTUPOBKA
Bxon: MaccHB U3 7 YKCEN B IPOU3BONILHOM MOPAAKE.

Bbi%o1: MaccHB TeX e CaMbiX YHCEJl, OTCOPTUPOBAHHBIX OT Hau-
MEHBLLIENo A0 HanOOJBbLLIETO.

Hanpumep, NpH HATUWYHHK BXOAHOI'0O MaccuBa

51 4 1 8§ | 712 ]|6 |3

TpeOyeMbli BLIXOAHOH MacCHB OyZneT cleayrouM:

1 2 (34| S5S|6]| 7|8
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B npuBeIcHHOM BhlllIE PUMEPE BCE BOCEMb YUCES BO BXOIHOM MaccHBe padiiMyHbl.
CopTupoBKa Ha caMOM Jiefie He OyAeT Kak-To C/IoXKHEe, Koraa ecTb 1y0uKaTsl, oHa
BIIOJTHE MOXET 6bITh npoiue. Ho 414 Toro utobbl 06cyskaeHne ObU10 MaKCMMANLHO
NpOCTbIM, AaBaHTE 10rOBOPUMCS — M10-APY>KECKH — O TOM, YTO YHCNA BO BXOAHOM
MacCHBE BCETa pa3NvyHbl. 51 HACTOATENBLHO PEKOMEHIYIO BaM MOAYMaTh O TOM,
KaK HallK anropuTMbl COPTUPOBKH JOJDKHBI ObITh M3MEHEHbI (€CM 3TO BooOLLe
norpedyercs), yToObl CNpaBnAThCA ¢ AyOaukaramu'.

Ecnau Bbl He 3a00THTECH 00 ONTUMU3ALIUY BPEMEHHU HCMOJHEHHUS, TO HE OU€Hb-TO
CJIOKHO HalTH NPaBUJIbHbIH AJIFOPUTM COPTHPOBKH. Bo3MoXHO, camblii mpocToi
Cnoco6 — cHavyana MpoCkaHUpPOBaTh BXOAHON MaccUB, YTOOBI ONpeaeNuTh MUHH-
MaJIbHbIi 3JIEMEHT H CKOMUPOBATH €r0 B NEPBbIH 31€MEHT BbIXOJHOTO MacCHBa;
3aTeM NPOCKaHUPOBAaTh OCTABLUHECS NEMEHTb! MacCCUBA, YTOObI UAEHTHHLMPO-
BaTh U CKOMMPOBATh BTOPOH HAMMEHBLIU JIEMEHT, U TaK Aajiee. DTOT alNroOpuT™M
Ha3bIBAETCS COPTUPOBKOI BbIOOPOM SelectionSort. Bbl, BO3MOXHO, CbILIAIY
O COPTHPOBKE BCTaBKaMH InsertionSort, KOTOpas MOXET paccMaTrpHBaThCcs
B KauecTBe OoJsiee NpoAyMaHHOM peau3aluy TOM e caMoii UleH UTepaTHBHOIO
HapallMBanus npedukca ETEOPRFPOBAKNHTTD-BHINCIRTTO MaccuBba. BeposTHo, Bbl
TakXe 3HaeTe My3blpbKOBYIO COPTHPOBKY BubbleSort, B KOTOPOii Bbl BbISBIIsSETE
napbl COCEIHUX 3JIEMEHTOB, KOTOPbIE €€ HE YMOpALOUYEHbl, U BbIMOIHAETE
MHOTrOKpaTHble 0OMEHBI [I0 TEX T0p, NI0Ka BECh MacCUB He OyJeT OTCOPTHPOBAH.
Bce aTH anropuTMbl HMEIOT KBaipaTHYHOE BPEMS MCMOTHEHHS. DTO 03HAYaET,
4TO YMCIIO ONepaLi, BLIMONHAEMbIX HA MAaCCUBAX UTHHOM 1, sBiseTcs GyHKUuen
OT 1%, KBajipaTa JJIMHbI BXOAHBIX JaHHbBIX. MOXHO /i1 100UTHCS Nyuwero? [pu
NOMOLUHY METOIUKHU «pa3lesisi M BIacTBYH» alrOPUTM COPTHPOBKH CIUSHHEM
MergeSort 3HaUMTENBHO ynyuluaer 6onee NpocThlie aITOPUTMbI COPTHPOBKHUZ.

Ha npakrhke oueHb 4acTo 006pabarbiBaeMble NaHHbIE (HMEHYEMbIE 3HAYeHUeM) CBA3AHDI
C HEKHM YHCIIOM (KOTOpOE HMEHyeTcs xriovom). HanpruMep, Bbl MOXKeTe OTCOPTHPOBATh
3aMMCH O NepcoHane (C HMEHEM, OKJIAIOM H Tak Aanee), HCMoab30BaB HOMEPA COLMaNb-
HOTO CTpaxOBaHHA B KauecTBe Kmoded. Mbl GOoKycHpPyeMCs Ha COPTHPOBKE KJlOYeH,
MOHHMMasi, OTHAKO, YTO 3a KXKAbIM KITIOYOM 3aKperieHbl COOTBETCTBYIOIUHE AaHHbIE.
HecMoTpa Ha To YTO COPTHPOBKA CITHAHHEM MergeSort JOMHHHPYET, COPTHPOBKA BCTaB-
KaMH InsertionSort YaCTEHBKO MO-MPEXHEMY LIUPOKO MPHUMEHSAETCS Ha NMPAKTHKE,
B OCOOEHHOCTH KOTZla pa3Mepbl BXOAHbIX JAHHbIX HEOOMbLIHE.
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1.4.3. Npumep

Haun6onee npocroii cnocod noHATb anroput™M MergeSort — 3TO B3MISHYTb Ha
PHUCYHOK KOHKpeTHOro npumepa (puc. 1.3). Mbi OyaeM Mcnonb30BaTh BXOAHO#M
maccuB U3 naparpada 1.4.2.

pasaenuts

€ PEKYPCHBHBIE —— —>
BBI30BBI

00BEAMHUTD

1123 (4|5[6]|7]|8

Puc. 1.3. Bua ¢ BbICOTbI NTNYLErO NONETa Ha COPTUPOBKY CausiHnem MergeSort
' Ha KOHKPETHOM Npumepe

B kauecTBe peKypCMBHOIO allrOPHTMA «pa3ZieNAil U BNacTBy i) airoputm MergeSort
onepupyer 6onee menkumu mMaccuBamu. CaMblii NpocToii cnocod paznoxuTh
3ajayy COPTHPOBKM Ha Gonee Menkve — pa3OHMTh BXOJHOH MacCHB MONOJNaM.
[epBast 1 BTOpast MOJOBUHBI COPTUPYIOTCS peKypcuBHO. Hanpumep, Ha puc. 1.3
NepBOi ¥ BTOPOH MOJOBMHAMM BXOAHOro maccusa ssnstorces {5, 4,1 .8} u {7,
2, 6, 3}. baarogaps BonweOCTBY pekypcHH (MM MHIYKUUM, €CIH XOTUTE), nep-
Bblil pEKYPCHBHbIH BbI30B NPaBUJIbHO COPTUPYET MEPBYIO MOJOBHHY, BO3BpalLas
maccuB {1, 4, 5, 8}. Bropoii pekypcuBHbIii BbI30B BO3BpallaeT Maccus {2, 3, 6,
7}. 3aKkmouNTENbHbIHA 1A «CIUAHUA» OObENUHSET 3TU JBa OTCOPTUPOBAHHBIX
MaccuBa AJMHON 4 B ONWH-€MHCTBEHHbIH OTCOPTUPOBAHHbIH MacCUB U3 Bcex
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8 uucen. l'loupo6Hocm 3TOro uara NpuBEACHbI HUXE, HO €A COCTOUT B TOM,
4YTOOBI HpOﬁTMCb 10 HHAEKCaM KaXXKA0ro OTCOPTUPOBAHHOIO nNoaMacCHBa CBEPXY
BHMU3, 3aM0JHUB BLIXOAHOI MacCHB CJieBa HanpaBo B OTCOPTHUPOBAHHOM NOPALKE.

1.4.4. Ncespoxop,

PucyHok 1.3 MoxeT ObiTh MpeoOpa3oBaH B ClieLy IOLLMI HidKe MCEBAOKOA C ABYMs
PEKYpPCUBHBIMHM BbI30BaMH W LUArOM CIMSHHUS I/ PEeLUEHUs! UCXOAHOW 3ajauu.
Kak 00bIuHO, Hallle OMMCcaHie BLICOKOYPOBHEBOE U He 00S13aTe/IbHO MOXKET ObITb
nepeBeAeHO MOCTPOUHO B pabouuii MpOrpaMMHBIA Koa (XOTS OHO AOCTATOYHO
Onu3K0 K peanusaluu).

e T S P B S S S Y g R S N R T S L

MERGESORT
Bxoa: MaccuB 4 M3 n pa3HbIX LETBIX YHUCE.

Bbixoa: MaccHB ¢ TEMH Xe CaMbIMU LieJIbIMA YUCIIAMM, OTCOpPTHPO-
BaHHbIMM OT HaMMEHbIIIEero 10 HaubonbLiero.

// 6a3oBble Cnyyan NPOUrHOPUPOBAHDI

C = pekypCHBHO OTCOPTUPOBATL NIEPBYIO MOJOBUHY A
D := pekypCcHBHO OTCOPTHPOBATb BTOPYO MONOBUHY A

BepHyTb Merge (C, D)

I R S T L e R A : ' WAL, TR

B nceBnokoae nponyLueHo HECKONbKO AeTasnei, KOTopble 3aCyXUBalOT KOMMEH-
Tapus. PekypCcHUBHBIH aNropuT™ Kak TakOBO# JOKEH UMETb OIMH HITK HECKOJILKO
6a30BbIX cllyyaeB, koraa 6osblue HeT JanbHeliLeil peKypCHH U pe3yNbTaT Bo3Bpa-
waercs HanpsMmyto. [1oaToMy, ecni BXOOHON MaccuB A COAEPXHT TOJbKO 0 WiH
1 37IEMEHT, aIrOPUTM MergeSort BO3BpALLaeT ero e (OH ye OTCOpTUpoBaH). Halu
NCeBIOKO/ He AETANH3NPYET, Kak ONpeAeNAIoTCs «NepBas NOJIOBHHA» U «BTOpas
NOJIOBHHAY», KOTZA 1 HEYETHO, HO OYEBHAHAS MHTEpNpeTaLus (KOoraa oqHa «nono-
BMHA» UMEET Ha OIMH 3MeMeHT Ooablue apyroi) paboraer HopmanbHo. Hakonel,
NICEeBAOKOA UTHOPHPYET J€Talli pealn3allii B OTHOLUIEHWH TOro, KaK Ha CaMOM
JleNne nepeaBaTh /1Ba 0IMacCHBa B COOTBETCTBYIOLLHE HM PEKYyPCHBHbIE BbI3OBbI.
DTH AeTanu B HEKOTOPOH CTENEHH 3aBUCAT OT A3blKa nporpaMMupoBaHus. CyTb
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BbICOKOYpPOBHEBOIO N1C€BA0KOAA COCTOMUT B TOM, YTOOBI UrHOPUPOBATb TAKHE ACTANTH
U COCpE€AOTOYHUBATLCS HA 0OOLLKX MOHATHAX, KOTOpPbLIC BbIXOAAT 3@ paMKH moboro
KOHKPETHOIO 3blka MPOrpaMMHPOBAHHUA.

1.4.5. Noanporpamma Merge

Uro npeacrariser coboii war cnusHus Merge? OH npuMeHseTca Noce Toro, kak
[1Ba PeKYPCUBHBIX BbI30Ba clie1alu CBOO paboTy M y Hac MMeeTcs JBa OTCOPTH-
poBaHHbIX noamaccua, C u D, nnuHoii n/2. Mnes cocTouT B TOM, 4T06bI NpOiiTH
00a OTCOPTHPOBaHHBIX MOAMACCHBA NO NMOPAIKY M 3aMOJHHTH BHIXOAHON MacCHB
C/leBa HafpaBo Takxke B OTCOPTHPOBAHHOM Mopske'.

MERGE
Bxoa: orcopTupoBaHHbie MaccuBbl C U D (3J1HHOH n/2 KaKAbIA).
Bbixoa: OTCOPTUPOBaHHbIH MaccuB B (anuHo# n).

anomaloluee AONYIUEHHE: n — YETHOC.

11:=1

23 :=1

3 for k :=1 to n do

4 if Cc[i] < D[Jj] then

) B[k] := C[1] // 3anonHWUTb BLIXOAHOW MacCHB
6 1:=1+1 // npupactutb i
7 else // D[J] < C[i]
8 B[R] := D[j]

9 ji=3j+1

MBI ckaHupyeM BbIXOJHOM MaccHB, UCMIONb3Ys MHAEKC k, U OTCOPTUPOBAHHbIE MOJ-
MaccHUBbI C UHJEKCaMHU i M j. Bce Tpu MaccuBa npoxomsiTcs ciesa Hanpaso. Llukn
for B cTpoke 3 pealu3yeT NMPOXOA MO BbIXOAHOMY MaccHBY. B nepBoii utepaunu
noAnporpamMma onpezesiieT MUHMMalbHbIH anemeHT B C 1160 B D u konupyeT ero

! Mbl HyMepyeM 3/1eMeHThl MacCHBa, HauMHas ¢ 1 (a He ¢ 0), ¥ UCcnob3yeM CHHTaKCHYe-
CKYI0 KOHCTPYKUHIO «A[i]» nnd i-ro anemeHTa MaccuBa A. B pasHbIX s3blkax nporpam-
MHMPOBAHHA ITH AETAIH Pa3IUYalOTCA.
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B MEPBYIO MO3ULHIO BBIXOAHOTO MaccuBa B. MUHHMMalbHbIi 3IEMEHT HaXOMUTCS
1160 B C (B 310M citydae 310 C[1], nockonbky C orcopTpoBaH), 1160 B D (B 3TOM
cnyuae 310 D[1], nockoneky D orcoptpoBaH). [1pupaliieHre COOTBETCTBYIOLIENO
MHJeKca (I UnH j), O CYTH, UCKIIIOYAET TONBKO YTO CKOMMPOBAHHBIN 3EMEHT U3
JlabHeliLIero paccMOTpeHuUs, M 3aTeM MpoLiecC MOBTOPAETCS, YTOObI ONpeenuTh
HauMEeHbLIWH 3neMeHT, octalowmiica B C unud D (BTOpoii HAWMEHbLUWI B ABYX
noamaccuax). B obliem cnyyae, HAaMMEHbIIHH 3NIEMEHT, elle He CKOMUPOBaH-
HbIY B B, Haxoautcs nubo B C[i], nu6o B D[/]; noanporpamMma siBHbIM 06pa3zoM
npoBepseT, Kakoli U3 HUX MeHblIe, U AeHCTBYET COOTBETCTBYIOLIUM 00Opa3oM.
INockonbky kaxJas UTepaLus KOMUPYeT HAMMEHbBLIUH 3IeMEHT, KOTOPbIi Bee elie
paccMarpuBaercs B C unu D, BBIXOAHOH MacCUB AEHCTBUTENIbHO 3anoJIHAETCS
B OTCOPTUPOBAHHOM MOPAIKE.

Kak 06b14HO, Halll CeBAOKO/ NPeAHaAMEPEHHO CllerKa HeakKypateH, YTo0bl moxuep-
KHYTb, YTO HaC UHTEPECYET JIEC, a He AepeBbs. Pabouas nporpamma, ecTecTBEHHO,
JOJIXKHA OTCIIeXUBATh, koraa npoxoxaeHue C unu D BbIXOAUT 3a nepeaens! (B npo-
Lecce MPUPALLEHHUs HHAEKCOB i U ), U TONa B 3TOR TOYKE OCTAIOLUECS NIEMEHTbI
JpYroro MacCMBa KOMUPYHOTCS B OKOHYATE/bHbIE 31IeMEHTbI B (Mo nopsaaky). Tak
4TO A7 Bac ceifyac camoe BpeMs pa3paboTaTh CBOK COOCTBEHHYIO POrpaMMHYIO
peanu3anuio anroputMa MergeSort.

1.5. AHanu3 anropuntma MergeSort

KakoBo BpeMs HUCMOJHEHUS alropuTMa COPTHPOBKU CITHSHHEM MergeSort (kak
(GyHKUMH AJIMHBI 1 BXOAHOTO MaccuBa)? PabortaeT in oH ObicTpee, uem Gonee
NpOCTble METObI COPTUPOBKH, TakKe KaK COPTUPOBKA BbIOOPOM SelectionSort,
COpPTHPOBKA BCTaBKaMHU InsertionSort ¥ ny3blpbKOBasi COPTUPOBKA BubbleSort?
[Ton «BpeMeHEM UCMONHEHHUSN» Mbl IOHUMAEM KOJIMYECTBO CTPOK KOAa, UCMOJ-
HAEMBIX B KOHKPETHOH peanu3auuu anroputMa. [IpoaHanusupyiTe nocTpoyHo
CBOIO pealn3all|Io, HCIIONb30BaB OTNIAAYMK, 10 OJHOM KIPUMUTHUBHOI onepauun»
3a oAMH pa3. Hac nHTepecyeT KonM4ecTBO LAroB, KOTOPbIE OTIIAAYUKY MPUAETCS
CZeNnarh 10 3aBEPLICHHUS MPOrPaMMBl.
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1.5.1. Bpems ucnonHeHusa nognporpammsl Merge

AHanu3 BpeMeHU UCNOJHEHUs arOpUTMa MergeSort npeacrasiser coboii 3a-
Jlaqy, KOTopasi Ha NMepBbli B3NS UMEET YCTpallaloLUil BUll, NOCKOIbKY MEpen
HaMH peKypCUBHBIN alropuTM, KOTOPBIHi HEOZHOKPATHO BBHI3BIBAET caM ceOs.
[ToaToMy naBaiiTe pa3oMHeMcst Ha Gonee MpocToi 3ajaye NOHMMaHHUA YHUCia
orepauuii, BbINOIHAEMBIX B pe3ynbTaTe OJHOIO BbI30Ba NOANPOrpaMMbl Merge
¢ JBYMsI OTCOPTUPOBaHHbBIMM MACCUBaMH JJIMHOM £/2 kaxablii. Mbl MOXeM
c/ienaTh 3T0 HanpsAMy1o, MpoaHanM3upoBaB KoA U3 pa3nena 1.4.5 (rae £ cooTBert-
cTBYeT n). [lepBble CTpOKH 1 U 2 BBIMOJIHAIOT HHULIUAIN3ALUIO, U Mbl 3a4TEM UX
Kak J1Be onepawluu. 3aTeM y Hac eCTb UMK for, KOTOpbIH UCNOHAETCs B o0wei
cnoxHocTH £ pa3. Kaxkaas utepalus LMKIA BbIMOIHAET CPAaBHEHHE B CTPOKE
4, npucBauBaHUe B CTpoke S n16O B CTpoke 8 M npupallleHue B CTPOKe 6 Niau
B cTpoke 9. MHaekc k uukiia Toxe JOJDKEH YBETUYNBATECS NPU KaXKA0# nTepa-
UMM LKKNa. ITO 03HAYaeT, YTo AJs KaxaA0# u3 £ utepauuii UMKIIa BbITIONHAOTCS
4 NpUMHUTUBHBIX onepauun’. Pe3toMupys, Mbl IPUXOAUM K 3aK/IIOYEHHIO, YTO
JUIS TOTO, 4TOOBI 00BEIMHUTD ABa OTCOPTUPOBAHHBIX MaccHBa ANMHOMN £/2 kax-
Ibli, moanmporpaMma Merge BbINONHAET He Oonee 4€ + 2 onepauuid. B kauectse
yNpOLLEHHs NMO3BOJIbTE MHE JONONHUTENbHO 310yNOTpeOUTh Hawel apyx06oi
ciierka HeOpeXXHbIM, HO Ha CaMOM JieJle BEPHBIM JIOIYLIEHUEM, UCTIONB30BaB He-
PaBEHCTBO, KOTOPOE CAENAeT HalllM XU3HU npolue: g £> 1, 4€ + 2 < 6£. Takum
obpa3oM, 6¢ Takxe sBIsAETCS NONYCTUMON BepxHeil rpaHuLiel Ykcna onepauuii,
BbINOJIHAEMBIX NOANPOrpaMmoii Merge.

Jlemma 1.1 (BpeMsi HCTIOTHEHHS NOANPOrpamMMbl Merge). s kasxcooti napel
omcopmupoeannvix 6xo0Hvix maccusos C, D onunoti £/2 noonpospamma Merge
svinonnaem He bonee 6€ onepayuil.

' MO>HO npuapaThes K TOMY, YTO MBI HACUMTAJIH 4 ONepaLiy B LHKII€E. 3aCUMTBIBACTCA JIU
CpaBHEHHE MHIEKCA LMKIIA k C ero BepXHel rpaHHLIeH KaK AONOHHTENbHAS OnepaLys
B KOXKIOM MTEpalUHy, YTO MPHUBOAMT B OOLLIEH CNOXHOCTH K MATH onepauuim? B pas-
aene 1.6 oObACHAETCA, MOYEMY TaKHe pasfiMuug B BEJCHHH MONCYETa HA caMoM Jeje
HE UMeEIOT 3HayeHus. [TosToMy JaBaiTe JOrOBOPHMCS — MO-APYIKECKH, — YTO Y Hac
4 NPUMUTHBHBIX OMEPALIUM HA UTEPALHIO.
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O IEMMAX, TEOPEMAX U NPOYEM

B MaTemMaTuyeckoi npakTuke camblie BaXHble TEXHUYECKUE YTBEPXAEHUA
UMEIOT CTaTyC TeopeM. JleMMa — 3TO TEXHUHECKOE YyTBEPXAEHUE, KOTOPOEe
nomoraeT C A0Ka3aTeNnbCTBOM TEOPEMBl (BO MHOMOM Kak noanporpamma
Merge nomoraeT ¢ peanu3auuen anroputma MergeSort). Cnegcreme — 310
BbIiCKa3blBaHNE, KOTOPOE HENOCPEACTBEHHO BbiTEKAET U3 YXE A0KA3aHHOIO
pes3ynbraTa, Hanpumep YacTHOr o CNy4an TeopeMbl. TEPMUH yTBEpXAEHNE Mbl
UCNONbIYEM )11 aBTOHOMHbIX TEXHUYECKMX BbICKa3blBaHWUI, KOTOPbLIE CaMu NO
cebe He uMetoT 0co60ro 3HaYeHUs.

1.5.2. Bpems ucnonHexnus anropurma MergeSort

Kak nepeiiti oT mpocToro aHan13a noanporpamMMsl Merge K aHau3y BCEro peKyp-
CHBHOIO alropuTMa MergeSort, KOTOPBIi MOPOXAAET AanbHEHLLINE BbI30BbI CAMONO
ce6s? B ocobeHHOCTH MmyraeT GbICTpoe HapacTaHUe peKypPCHBHbBIX BbI3OBOB, KOJIU-
4ECTBO KOTOPBIX OYKBalbHO B3pbIBAa€TCSA SKCMOHEHLHATBLHO, BMECTE € ITyOMHOM
pexypcuu. EAUHCTBEHHOE, UTO HAC yCHOKauBaeT, — 3TO TOT (aKT, 4TO KaKAOMY
PEKYPCHBHOMY BBI30BY MepeaaloTcsi BXOAHbIE JaHHble, 3HAYUTENbHO MeHbLIne
1o oObeMY, YeM Te, C KOTOPbIX Mbl Hauyalu. 31ech UrpaeT pojib NPOTUBOOOPCTBO
JBYX KOHKYPUPYIOLLMX CHJI: C OAHOM CTOPOHBI, 3KCIIOHEHIHAIbHBIH POCT KonUye-
CTBa pasHbIX M0/3a/1a4, KOTOpble HEOOXOAMMO peLlaTh; ¥ ¢ APYroii — NOCTOAHHO
yMeHbLUAIOLIKeC UCXOHEIE JaHHble, 32 KOTOpble OTBEYaloT 3TU noasaaayu. To, uto
3TH [Be CHIbI IPYT ApYra 6anaHCHpYIOT, CTUMYIUPYET Halllk YCUJIUS 1O aHaIu3y
anropuTMa MergeSort. B uTore Mbl 10kaxeM HUXKeCIIeLyOLLY IO NOJIE3HYI0 Teope-
My O KOHKPETHOM MakCUMyMe KOJIH4eCTBa ONepaLHii, BbINOJHIEMbIX alTOPUTMOM
MergeSort (B LIENIOM, BO BCEX CBOUX PEKYPCUBHBIX BbI30BaX).

Teopema 1.2 (mpeaen BpeMeHH UCTIOIHEHHS a1TOPUTMA MergeSort). s kaorc-
0020 8X00H020 Maccuda OnuHol n> 1 arzopumm MergeSort guinonxsiem ne bonee

6n log, n+6n

onepayuii, 20e log, obosnawaem nozapugm no ochosanuio 2.
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O IOTAPUOMAX

HexoTopbix o4eHb nyraeT Bug norapudma, KOTopblit Ha CaMOM aene ABNS-
€TCS OY4eHb NPU3EeMNEHHbIM NOHATMEM. [NS NONOXUTENbHOro Uenoro n,
log, n nonpocTy o3na4aet cneayowee. Habepute n Ha kanbKynsitope v noa-
CYMTanTe KONMYECTBO pa3, koTopoe Bam notpebyeTcs, 4ToObI OCYLWECTBUTL
nocneanoBaTenbHOE AeNeHue Ha 2, Npexae YeM pe3ynbrart OyaeT paBHATLCS
1 nnn MeHbwe?. Hanpumep, ons Toro, 4tobbl goBectn 32 ao 1, TpebyeTcs
NATb AeNeHni Ha ABa, No3aTomy log, 32 = 5. [lecsaTb AeneHni Ha ABa CBOAAT
1024 k 1, noaTtomy log, 1024 = 10. 3T1 npUMepbl AENAIOT UHTYUTUBHO NOHAT-
HbIM, 4TO log, N ropa3ao MeHbiwe n (cpasrute 10 ¢ 1024). B ocobeHHoCTH 3TO
aKkTyanbHo, koraa n cTaHoBUTCH 6onblwinM. Mpaduk (puc. 1.4) noareepxanaeT
3TY UHTYUTUBHYIO AOraaKy.

2 ina 0co60 WeneTunbHbIX CoobLIaem, 4To 10g, N He ABNSETCS LENbIM YNCIOM,
€CNN N He AIBNAETCH CTENEHbLIO 2, U TO, 4TO Mbl ONUcanu, B AeACTBUTENIbHOCTU
ABNSIETCH OKpyrneHuem log, n Ao Gnuxanwiero Uenoro Yncna. ATo HeaHaum-
TeNlbHOe pPa3nuyme Mbl MOXEM NPOUrHOPUPOBaTh.

Teopema 1.2 cTaBUT aJiIrOpUTM MergeSort B BHIMIPBILIHOE MONOXKEHUE U JEMOH-
CTPHpYET MPEUMYLLIECTBA METOLOJIOTUHU MPOESKTUPOBAHUS AITOPUTMOB «pasaensil
M BNacTByi». Mbl paHee OTMeualy, YTO BpeMs UCIOMHeHHs 6ojee NpocThiX al-
rOpHTMOB COPTHPOBKH, HAarmpuMep, COPTHPOBKU BbIGOpOM SelectionSort, co-
PTUPOBKHM BCTaBKaMH InsertionSort W My3bIpbKOBOH COPTUPOBKH BubbleSort,
K8aOpamuyHo 3aBUCUT OT Pa3MEPHOCTU 1 BXOAHBIX JAHHBIX, 8 3TO O3HAYAET, YTO
4UCII0 onepaluii, TpeOyeMbIX AN UCTIONTHEHUS 3TUX aJITOPUTMOB, ABSETCS QyHK-
e, onrcbiBaeMoii Kak KOHCTaHTa, MOMHOXeHHas Ha n?. J[ns MergeSort, cornac-
HO TeopeMe 1.2, OAMH U3 3TUX MHOXKUTEJNEH 1 3aMEeHSETCs Ha ropa3fo MeHbLIMH
log, n. PucyHok 1.4 noka3biBaert, 4To, Onarogaps cBoiictBam norapugma, alnroput™
MergeSort, kak NpaBuio, paboTaeT HaMHOro ObIcTpee, YeM OoJee NMPOCThIE ANro-
PUTMBI COpTHPOBKH. OCOOEHHO 3TO CpaBeTMBO, KO #7 CTAHOBUTCS GOMbIIMM' .

! Cwm. pazpen 1.6.3 ans nansHeiwero noscHeHUs 3T0ro Bompoca.
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Puc. 1.4. OyHkuma norapudma pacteT HaMHOro MenJieHHee, YeM UCxoaHas
dyHKUMA. 3aeCb NOKasaH Norapupm C OCHOBaHWEM 2; APYrUe OCHOBaHMS
NPUBOAAT K KAYECTBEHHO NOXOXNUM M306paxeHnsIm

1.5.3. [lokasaTennCTBO TEOpemMbl 1.2

Teneps MbI caienaeM NOMHbIA aHATH3 BpeMEHH UCTIONIHEHNS alnropuT™a MergeSort
U B pesynbTaTe 000CHYeM YTBEPXKIEHHE O TOM, YTO PeKypPCUBHBIN MOAX0] «pa3-
Jensi v BaacTByit» Mo3BoJIeT Nony4arb 6onee ObICTPbIit aNTOPUTM COPTHPOBKH,
HEeXeNN MpsiMble MeToabl. {1 MPOCTOTHI MBI MPUMEM JOMYILUEHHE, YTO JNIMHA 1
BXOJIHOTO MacCHBa ABJISIETCS CTENEHBIO YHca 2. BnpoyueM, 3To 10onyLLEHHE MOXET
1 He UCMOJIb30BATbCA NMOCIIE HE3HAYMTENBHON JOpaboTKH.

[nan noka3arenbCTBa yTBEPHACHHUS O Npeelie BpeMEHU UCTIOHEHUS allrOpUTMa
MergeSort B TeopeMe 1.2 COCTOUT B TOM, YTOOBI HCMONBL30BATh OePe6o peKypcuu,
UK IEPEBO PEKY PCHBHBIX BbI30BOB; cM. puc. 1.5'. Ues MmeTona nepesa pekypcuu

! Cyns no BceMy, N0 KakoH-TO MPHYKHHE CNIELMATMCTBI IO COMputer SCience CYMTAIOT, 4TO
JepeBbA PacTyT BHU3.
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3aKJIl0YaeTcs B TOM, YTOObI W300pa3uTh Bech 00beM onepauui, BHIMOTHAEMbIX
PEKYPCHBHBIM alrOPUTMOM, B BUJE JPEBOBUAHOM CTPYKTYpbl, B KOTOPOH Y3JIbl
AepeBa COOTBETCTBYIOT PEKYPCHBHBIM BbI30BaM, a JOYEPHHE JIEMEHTHI y3na
COOTBETCTBYIOT PEKYPCHBHbBIM BbI30BaM, BbIIONHAEMbIM 3THM Y3710M. JTa APeBO-
BU/IHaA CTPYKTypa NPeAOCTABNSET HaM MPUHUKNUATBHBIH crocod MOACYUTATh BCe
onepaLyi, MHbIMH CJIOBaMH, BCIO paboTy, NpoeaHHYIo alropuTMOM MergeSort
BO BCEX €0 PEKYPCUBHBIX BbI30BaX.

ypogeus 0
(camouii teceaceemaeemceemacecanans H
GHEWHUI 8b1306)

ypogers | pGmemememeeeieeees N rmesememem e
(nepsote N A .o ...
peKypcugHble
6b1306b1)

.
.
.

OOOOOOOOOOOOOOOO

—/

Y
y3nbl (00HOI1eMeHMHble MACCUBbL)

Puc. 1.5. lepeBo pekypcum gnsa anroputma MergeSort. ¥3nw cooTBeTCTBYIOT
peKypCMBHbLIM BbI30BaM. YpoBeHb 0 COOTBETCTBYET CaMOMY NepBOMY Bbl30BY
MergeSort, ypoBeHb 1 — cneaylowmnm pekypcuBHbLIM BbI3OBaM, N Tak aanee

KopeHb JiepeBa pekypciuu COOTBETCTBYET CaMOMy MEepBOMY BbI30BY MergeSort,
r1€ BXOAHBIMU TaHHBIMH ABJSETCSA MCXOQHBINA MacCHB. Mbl Ha30BeM €ro ypoBHEM
0 nepeBa. [ockonbKy KaXkaas akTHBaLUs AJITOpPHUTMA MergeSort MOpPOXaaeT ABa
PeKYPCHBHBIX BbI30Ba, JepeBO OyAeT ABOUYHBIM (TO €CTh C ABYMS JOYEPHUMH
aneMeHTaMM Ha y3e). YpoBeHb | JepeBa UMeeT [Ba y371a, KOTOPbIE COOTBETCTBY-
FOT 3THM JIByM PeKypPCHBHBIM BbI30BaM, C/1eJlaHHbIM CaMbIM MEPBbIM BbI30BOM,
OZIUH J1J1s1 JIEBOM MOJOBHHBI BXO/JHOTO MAacCHBA U OAMH IJIst MPABOM MONMOBHHbI.
Kaxxaplif pekypcuBHbIii BbI30B ypoBHs 1 caMm OymeT AesaTh JBa peKypCHBHbBIX
BbI30Ba, M KaX bl U3 HUX OyaeT onepupoBaTh ¢ KOHKPETHOI YETBEPTHIO NEPBO-
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HaYaibHOro BXOJHOIO MacCHBa. JTOT MpoLecc Mpooikaercs A0 Tex nop, noka
B KOHEYHOM HMTOre PeKypCHs He 3aKOHYMTCS MaccHBamu pasmepom 0 uiu 1
(6a3oBbie ciryyawn).

TECTOBOE 3AJIAHME 1.1

CKONIBbKO MPUONU3UTENBHO YPOBHEH MMEET 3TO JEpPEBO PEKYPCHH,
kaK (yHKUHS JUTMHBI 71 BXOTHOTO MacchBa?

a) MOCTOSHHOE YUCIO (HE3aBUCHMO OT A).
6) log, n.

B) Jn.

r) n.

(OtBeT 1 aHanu3 pelleHus cM. B pasaene 1.5.4.)

Mcnonb3oBaHKe JepeBa peKypCHU HABOAMT Ha MBICIb O Ype3BbI4aifHO yNOOHOM
cniocobe yuera onepauuii, BbIMONHIAEMbIX aJlTOPUTMOM MergeSort, a UMEHHO
CrycKasch BHM3 ypOBeHb 3a ypoBHEM. UTOObI peasiu30BaTh 3Ty HAEH0, HAM HY)KHO
TNOHATH /IBE BELLU: KOMHUECTBO Pa3HbIX MOA3a/1a4 Ha 3aJaHHOM YPOBHE PEKYPCUH j
Y AHHY BXOJHBIX JAHHbIX ANs KOKAOH U3 3TUX MOoA3azaY.

TECTOBOE 3AJ/IAHME 1.2

BbisBHTE 3aKOHOMEPHOCTD: 3aMOJHUTE NPONYCKU B CIELYIOLLEM Bbl-
CKa3bIBAHMHU: HA KaXAOM ypoBHe j = 0, 1, 2, ... aepeBa pekypcuu
umeetcs [nponyck)] noazanay, kaxaas U3 KOTOPbIX ONEPHUPYET C NOA-
MacCHBOM AJUHOH [nponyck].

a) 2 4 2/ COOTBETCTBEHHO.
6) n/2’ u n/2/ COOTBETCTBEHHO.
B) 2/ ¥ n/2’ COOTBETCTBEHHO.

r) n/2’ 2’ COOTBETCTBEHHO.

(OTBeT ¥ aHa/IU3 pelleHus cM. B pasaene 1.5.4.)
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Tenepb faBaiTe MPUMEHUM MOJYYEHHYIO 3aKOHOMEPHOCTD Ha MPAKTHKE U MOACYH-
TaeM BCe oNnepaLuu, KOTOpbIE BbINONHAET AITOPUTM MergeSort. Mbl MpoxoauM ot
YPOBHS K YPOBHIO, IO3TOMY AaBaiite 3adKCHUpYeM j-i YPOBEHB ACPEBA PEKYPCUH.
Ckonbko onepauuii BbIMOIHIETCA Ha j-M YPOBHE PEKYpPCHUH, HE CUUTAs ONepaLuii,
BBIMOJIHAEMBIX MOCIEAYIOUMMH PEKYPCUBHBIMU UTEPALMAMH, BbI3bIBAEMbIMH
¢ atoro yposHs? [IpocMarpuBas kox anroputma MergeSort, Mbl BUUM, YTO OH
JENaeT TONbKO TPU BELIM: BBIMOJIHACT ABA PEKYPCUBHBIX BbI30BAa U BbI3bIBACT
noanporpaMmy Merge Ha oObeiMHEHHE pe3yabsTaroB. TakuM oOpa3om, eciiu, kak
YCIOBUUCH, UTHOPHPOBATh ONEPALIMH, BHINOIHAEMbIE O0Jiee MO3MHUMH PEKypPCHB-
HBIMU BbI30BaMH, [IeJIaeM BBIBOZ O TOM, YTO paboTa, BbIMONHAEMast oA3afauei Ha
YPOBHE j, — 3T0 NpOCTO paboTa, BbIMONHAEMAs MOANPOrpaMMoii Merge.

3TO 1 Tak yxe ObL10 MOHATHO U3 eMMbI 1.1: He Gonee 6 onepauuii, rae £ — 310
JUIMHA BXOZHOIO MacCHBa Ajid 3TOH noa3afayu.

CBons Bce BOEUHO, Mbl MOXXEM BbIPa3HTh 001K 00beM OonepaLmii, BLINOTHAEMbIX
peKypCHBHBIMH BbI30BaMH Ha YPOBHE j (HE yUUTbIBast 6osee no3AHHE peKypPCHBHbIE
BbI30BBI), KaK

KonmuaectBo mog3anau YPOBHA j X paGOTa B pac4eTe Ha NoA3anaqdy YpoBHA Jj
=;/ _Zn
o

PewieHue TecToBoro 3aganus 1.2 (CM. HUXKe) MOKA3bIBAET, YTO NEPBbIA UJIEH
paBHs€TCA 2/, M INHA BXOAHBIX JaHHBIX B KAKIYIO TaKylO MoA3aAayy paBHAETCS
n/2/. Tlpuaumas £ = n/2/, cornacto nemMe 1.1, nonyyaem, 4yTo Kaxaas noasazadya
YPOBH# j BbINONHSAET He Oonee 6n/2/ onepaunii. TakuM 06pa3oM, BO BCEX PeKyp-
CHBHBIX BbI30BaX Ha j-M YPOBHE PEKYpPCHH BBITIOJHAETCS He bonee

2/ x6—'.t=6n
2]

onepauui.

[TopasuTenbHO, HO Halla BepXHss rpaHULIa 0GbeMa BbIMOJHAEMBIX ONepaLnii a-
ropuTMa Ha 3alaHHOM ypOBHe j He 3aBUCHT OTj! To eCThb KaX/blii ypOBEHD epeBa
PEKYpCHHU NPOM3BOAMT OQMHAKOBOE YHMCIIO ONepaLuii. ITo 00yCOBIEHO Uaeallb-
HbIM PaBHOBECHEM MEXIY JBYMS KOHKYPHUPYIOLIMMH CHJIaMH — KOJIUYECTBO
noasajiay yaBauBaeTCA ¢ KaKIbIM YPOBHEM, B TO BpeMsi Kak 00beM BbIYHC/IEHHUIA,
BbIMOJIHAEMBbIii B pacueTe Ha Noa3aa4y, C KKAbIM YPOBHEM COKPAILAETCs BABOE.



50 FnaBa 1. Bsepexve

Hac nHrepecyer nonHoe 4ykcio onepauui, BLINMOIHAEMBIX Ha BCEX YPOBHSX AepeBa
peKypcHu anroput™a MergeSort. PelleHue TecroBoro 3aaanus 1.1 (cM. H1xe) no-
Ka3bIBaeT, YTO B AepeBe peKypcun umeercs log, n + 1 ypoHeii (ypoBHu oT 0 10
log, n BkounTENbHO). Mcnonb3ys HaliaeHHY0 HaAMH rpaHully, COCTARMSAIOLILYIO
6n onepauuii Ha ypoBeHb, NoJlyyaeM, YyTo o0LLee YHCI0 onepaluii Ha Bech anro-
PUTM, COCTaBIAET

KOJIMYECTBO YPOBHEH x paboTa B pacuere Ha ypoBeHb < 6nlog, n+6n.

=log, n+1 <6n

[Mony4yeHHoe 3HauYeHHe COOTBETCTBYET yTBEpXkAeHHUIO TeopeMsl 1.2. Y. m. 0.!

O NPUMUTUBHDBIX ONEPALINAX

Mol U3MepaeM BPEMSA UCMONHEHUA anropuTMOB, B YaCTHOCTU MergeSort,
B TEPMUHAX KONINYECTBA BbINONHAEMbIX «<MPUMUTUBHBIX ONepaunn». AHTynTue-
HO NOHATHO, 4TO NPUMUTUBHARA Oonepauns NpeaHa3HavyeHa oNNA BLINOHEHNA
NPOCTOM 3aaa4u (HaNpUMep, CNOXeHUe, CpaBHEHUE UM KONUPOBaHUe), 3a-
Tparueasn HebonbLIOe KONMYECTBO NPOCTLIX NepeMeHHbIX (Hanpumep, 32-paa-
psaHbie uensble yucna)?. Ho nmeiite B BUAY: B HEKOTOPbIX BbICOKOYPOBHEBBIX
A3bikax NPOrpamMMUPOBaHUS 0OAHA CTPOKa Koaa MOXET CKpblBaTh 60NbLIOE YUC-
N0 NPUMUTUBHLIX onNepaunin. Hanpumep, CTpoka Kkoaa, KoTopan 3arparmsaeT
KaxabliA aNeMeHT ASIMHHOro MaccuBa, TPaHCANPYETCA B YUCNIO NPUMUTUBHbBIX
onepauui, NponopunoHanbHoe ANnHe Maccuea.

1.5.4. OTBeTbl HA TecTOBbIe 3agaHua 1.1-1.2

OTBeT Ha TecTOBOE 3apaHue 1.1

IIpaBuabHblii oTBeT: (6). [IpaBunbHBIH OTBET: = log,n. DT0 0OBACHIETCS TEM,
YTO pa3Mep BXOAHBIX JaHHBIX yMEHbLIAETCA B 1Ba pa3a pH Mepexoie Ha Kaxabli
nocneayloLHii ypoBeHb pekypcur. Eciiv anuHa BXOAHBIX JaHHBIX Ha ypoBHe 0
paBHa 1, TO peKypPCUBHbBIE BbI30BbI HA YPOBHE | OMepHpyOT C MaCCHBAMU JIMHON

' «Y. 1. i.» — 310 a6OpeBUaTypa BLIPRKEHHA «YTO M TPeGOBAIIOCH A0KA3aTh) OT JIATHH-
ckoro quod erat demonstrandum (Q.E.D.). B matemaTike OHO ynoTpebnseTca B KOHLE
J10Ka3aTeNIbCTBA, YTOObI OTMETHTH €r0 3aBEPLUIEHHUE.

2 MoryT uMeTbcs Oonee TOUHbIE ONPENENEHHS, HO HaM OHU HE HYIKHBI.
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n/2, pexypcUBHBIE BbI30BbI Ha YPOBHE 2 — C MACCUBAMH JUIMHOM n/4, U Tak Janee.
Pekypcus oTcyTcTBYET B 6a30BbIX ClyYasX, C BXOAHbIMM MAacCHBaMH JUIMHOMH He
Ooblie eAWHNLBI, TAE HET HY)KAbl B PEKYPCHBHBIX BbI30BaX. B MHBIX cilyyasx
CKONbKO TpebyeTcs ypoBHEi pexypcun? KonMuecTBO ypOBHEH paBHAETCS KO-
YecTBY AeeHHi 7 Ha 2, YTOObI MOY4YUTh YMCIIO He Gonee 1. [[ns n kak crenexu 2
3TO Kak pa3 M ecTb onpezeneHue jorapudma log,n. (B 6onee obiuem cinyyae oHo
paBHseTcs log,n, OKpyreHHOMY A0 OnuakaiiLiero 1enoro y4cna.)

OTBeT Ha TecTOBOe 3aaaHue 1.2

IIpaBuabHblil oTBeT: (B). [IpaBUbHBIH OTBET 3aKIOYAETCS B TOM, YTO HA
YPOBHE j PeKypcHUM UMeeTcs 2/ pasHble NoA3aayy, H Kakaas U3 HUX onepupyeT
C MOJAMACCHBOM JJIUHOM n/2/. [N Hauana Ha4YHUTeE ¢ ypoBHs 0, rae HMeeTcs O4UH
peKypcHBHBbIii BbI30B. Ha ypoBHe 1 MeeTcs ABa peKypCHBHBIX BBI30Ba, U B Oonee
00uieM naHe (MOCKONBKY allrOpUTM MergeSort BbI3bIBAET ce0s JBXABI) KOMHUE-
CTBO PeKYPCHUBHbBIX BbI30BOB Ha K&KAOM YPOBHE BJIBOE IIPEBbILIAET HX KOJIMYECTBO
Ha npeblAyLLEM YPOBHE. ITO MOCIEA0BATENBHOE YABOCHHE NMOAPA3yMEBAET, YTO
Ha KaXJOM YPOBHE j JepeBa peKypcHUH UMeeTcs 2/ moa3ajadd. AHalOrHYHbIM
006pa3oM, MOCKOJIbKY KaXblii peKypCHBHBIN BbI30B MOJMY4aeT TONbKO MOJOBHHY
BXOAHBIX JaHHbIX NpeAbIAYLIEro, Nocie j ypOBHEH peKypcHH, JJIMHA BXOAHBIX
JaHHbIX Majgaer 10 n/2/. Hy W HakoHeLl, MOCKOIBKY Mbl YK€ 3HaeM, UTO Ha YPOBHE
j iMeeTcs 2/ noA3aaaun u nepBoHayalbHbIA BXOAHOM MaccHB (JUIMHOH 1) pasaeneH
MeXIy HUMH MOPOBHY, — MOJMY4aeTCs POBHO n/2 371eMEHTOB Ha Moj3ajauy.

1.6. OCHOBHbIE NPUHLMUNLI aHaNu3a
anropmMTtmMoB

Mbl yxe npuoOGpeny nepsblil ONBIT aHaIM3a AIrOPUTMa Ha NpUMeEpe MergeSort
(cM. TeopeMy 1.2). Tenepb camMoe BpeMs cliearh 1uar Ha3al U JaTb UCYEPNbIBA-
toliee 00bsACHEHUE TPeX AONYIIEHUH, KOTOPble NPUHUMANTMCh HAMH [IPU aHAIN3e
BPEMEHH UCMOJHEHHUA aAropuTMa U MHTEpNnpeTauuM pe3yiabsraroB. Mel 6yaeM
MCMOb30BaTh 3TH TPH JAOMYILEHHS B KAYE€CTBE OCHOBHBIX PYKOBOAAIIMX NPHHLH-
noB, KOTOPbIC 06’1>ﬂCHﬂlOfT, KakK pacCyxaarb 00 ajilropyurMax, U NpUuMEHUM UX Uil
onpeesieH|s TOro, YTO e Ha CaMOM JIefie NoApa3yMeBaeTCss HAMH MO TEPMUHOM
«ObICTPbIH aNropUT™Y.
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Lleab 3TUX MPUHLKMIIOB COCTOUT B TOM, YTOOBI ONPEAEIUTD «30JIOTYIO CEPEAUHY»
NOAXOAA K aHalu3y alropMuTMOB, KOTOPbIi ypaBHOBELIMBAET TOYHOCTb C He-
NMPOTUBOPEYUBOCTLIO. TOUHAA OLEHKA BPEMEHHU MCTONHEHHS BO3MOXKHA TONbKO
JUIS caMblX NPOCTEHILNX aNrOpUTMOB; B Oonee obeM cityyae Bceraa TpebyoTes
KkoMrpoMucchbl. C APyTroii CTOPOHBI, Mbl HE XOTHM BbIMJIECKMBATh peOeHKa BMECTE
¢ BoaoN. Mbl XOTUM, 4TOObI HallM MaTeMaTHYecKhe BBIKIAJKH MO-NpPexXHEMY
MMeJTH Npe/icka3are/ibHY 0 CUly Ha MpakTHKe, B OTHOLIEHWH Toro, Oy/eT JiH anro-
pUTM OBICTPbLIM UK MeANeHHBIM. [Tocne Toro kak Mbl Halllynaem ONTUMANbHbIHA
6ananc, HaM ynactcs 060CHOBATh NMONEe3HbIe OLEHKH TIPEeleNIoB BpEMEHH HCMON-
HEeHUs JeCATKOB (yHAaMeHTabHbIX alrOPUTMOB, M 3TH OLIEHKH AaflyT BO3MOX-
HOCTb YBHJETb TOUHYIO KAPTHHY TOTO, KAKHE aJlTOPHTMBI, Kak MPaBUJIo, padoTaloT
ObICTpee ApyTHX.

1.6.1. NMNpuHunn N2 1: aHann3 HauxyaLwero cnyvas

®opmyna npesaena BpeMEHH UCNOJHEHHUS alropuTMa MergeSort, 6n log? n + 6n,
JloKa3zaHHas B Teopeme 1.2, BepHa ) Kax#c0020 BXOJHOIO MacCHBa JJIMHOM A,
HE3aBUCUMO OT TOTO, YTO OH COAEPXKMT. Mbl HE IPUHUMAJIH HUKAKUX JAOMYILEHNH
0 NpHpOJE BXOAHBbIX AaHHBIX, 33 HCKJIIOUEHUEM PaMOK UX JUTHHBI n. [MnoreTuye-
CKH, Jaxe ecnu 6bl CyLLeCTBOBaN 3JI0YMbILUIEHHUK, EAMHCTBEHHAs LieNb JKU3HHU
KOTOpOro cocTosNa Obl B TOM, YTOObI YTO-THOO HATBOPUTD C BXOAHBIMHU JAHHBIMH,
C LLeJIbIO 3aCTaBUTh aJITOPUTM MergeSort BbIMONHATLCS MAKCUMAJIbHO MEAJIEHHO,
TO Mpe/ieN BPEMEHH UCTOIHEHHS 3TON0 aliropuTMa, 61 log? n + 6n, no-npexHeMy
ocTaBajics Obl BEPHBIM W HU MPH KAKKX YCIOBUAX HE MOT Obl OBbITb MpPEBBILLCH.
DTOT TN aHATM3a HA3bIBACTCA AHANUZ0M HAUXYOWE2O CIy4ast, NOCKONbKY OH AaeT
OrpaHU4Y€eHHUE BPEMEHU UCTIONTHEHHUS, KOTOPOE ACHCTBUTENBHO AKE VIS «XYALLIMX)
BXOJIHbIX JaHHbIX.

C y4eToM TOro, Kak JIerko NpUHLIMI aHanu3a HauXyALIero cilyyas CleLyeT U3 Bbl-
TNOJHEHHOIO HaMU aHaTM3a aJIrOpUTMa MergeSort, BOJIHE PE30HHO 3a/1aTh BONPOC,
YTO elle Mbl MOXeM caenarb. OOUH U3 albTePHATHBHbIX MOAXON0B — «aHaNM3
CPEHETO Cllyyas», KOTOpbIi aHAIH3UPYET CpeaHee BpeMst HCTIONHEHHS anropuT™a
MpHY ONPEAENEHHOM AONYLIEHHH 00 OTHOCHTENBHBIX 4aCTOTax Pa3IMYHbIX BXOA-
HbIX JaHHbIX. Hanpumep, B 3a1aue COPTHPOBKH Mbl MOXKEM JOMYCTHUTb, YTO BCE
BXOJHbIE MACCHBbI PABHOBEPOATHbI, U 3aTEM U3y4aTh CPEAHEE BPEMS HCIIOTHEHHUS
pa3N{yHbIX ajlrOPUTMOB COPTUPOBKU. BTOpas ankrepHatBa — paccmarpuBaTb
MPOHU3BOANTENBLHOCTb AJITOPUTMA TOJbKO Ha HEOONbLION KOJLIEKLMH «3TaJIOHHBIX
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3K3EMIUIAPOB», KOTOPbI€ CHHTAIOTCA PENPE3CHTATUBHBIMUA AJI «THTHUHBIX» HIJIU
«peaibHblX» BXOAHBIX JaHHbIX.

Kak ananu3 cpeaHero ciyyas, Tak ¥ aHalli3 3TaIOHHBIX 3K3eMIUIAPOB MOTYT ObITh
MoJIe3Hbl, KOrJa y Bac ecTb fpeaMeTHble 3HaHUA O Ballleil 3ajaye U HEKOTOpOoe
MOHUMaHHUE TOTO, KaKMe BXOJHbIE JaHHbIE pPerpe3eHTaTUBHEEe APYruX. AHanu3
HaMXyALLEro cilly4as, KOTOPbIH OTIHYAETCS TEM, YTO Bbl He JenaeTe abCoNOTHO
HUKaKMX JONYLUEHHH O BXOAHBIX AaHHBIX, B OCOOEHHOCTH MOAXOAMUT N1 YHHBEP-
Ca/IbHBIX MOANPOrpaMM, NpeJHa3HauYeHHBbIX A paboTbl B pa3iMuHbIX 001acTiX
npuMeHeHHs. YToOb! GbITh MONE3HBIMM Kak MOXHO GONbLIEMY KONMUECTBY Jtoaei,
B 3TOH KHHre OCHOBHOE BHHMaHHWe yZAeNseTcsi TaKUM NoanporpamMMam o6Liero
Ha3HAYEHHUs, W, COOTBETCTBEHHO, UCMONb3YETC MPUHLUMI aHANN3a HauXyaLero
ciy4qas, 4ToObl CyqUTh O MPOU3BOANTENBLHOCTH JITOPUTMA.

JIONOMHNTENBHBIM NPEHMYLIECTBOM ABISAETCS TO, YTO aHA/IU3 HAUXYALLErO Ciyyast
00bIYHO HamHoro 6onee opMann3oBaH MareMaTHYeCKH, HEXeNH ero ajibTep-
HaTUBbl. DTO OHA U3 MPUYMH, MOYEMY MPUHLMI aHANM3a HAUXYILIEro ciyyas
€CTECTBEHHBIM 00pa3oM OYEBHAEH M3 BLINMOJHEHHOrO HaMU aHanu3a alropuTMa
MergeSort, HECMOTPS Ha TO YTO Y Hac anpuopH He GbLIO OpHeHTalUWH Ha Hau-
XYALUKE BXOAHbIE JaHHBIE.

1.6.2. NpuvHuun N2 2: aHann3 3HaYMMbIX feTaneun

Bropoii u TpeTHit py KOBOAALLME IPUHLIMITLI TECHO B3aUMOCBs3aHbl. HazoBeM Bropoii
M3 HUX GHQIU30M 3HAYUMbIX Oemanei (MpeaynpexaeHHe: 3T0 He O0LIeNPUHATLINA
TEPMHH). 3TOT NPUHLIMI KOHCTATHPYET, UTO Mbl He A0JIXKHbI H3NTULLIHE OeCTIOKOUTBLCS
0 MaTbIX K03 pHLMEHTAX UM HleHAX HU3LLUKX MOPSAAKOB PH BLIYMCIEHUH Npesie-
JIOB BPEMEHH UCTOIHEHHS AITOPUTMOB. MBI yoke BCTPEUTUCh € 3TUM KOHLIENTyallb-
HbIM MOAXOOM Ha MPAKTHKE B HAlLlEM aHallk3e anrop1uTMa Merée’Sort: aHau3upys
BpEMsl UCMIOJTHEHUS NOANporpamMMsbl Merge (Jiemma 1.1). Mbl cHavyana 060cHOBaNM
BEpXHHii npefen uMcna onepaunii kak 4¢ + 2 (roe £ — 3TO ANKUHA BBLIXOAHOTO
MaccUBa), a 3aTeM NepeLin k bonee npocToil hopMye BepXHero npeaena kak 6¢,
HECMOTPs Ha TO YTO €€ HEOCTATKOM sABnseTcs Oonee KpynHbli ko3 duuueHt. Uro
MO3BOJIAET HaM TakK JIErKO UrpaTh ¢ ko3pduuneHTamu?

MaremaTHuyeckas MnmpocToTA. l'lepBuM NnpeuMyLIECTBOM aHalin3a 3HAYUMbIX
Aetaneid ABIAETCA €ro O0nbluas MaTeMaTuyeckas MNpocCTOTa, Y€M ajlbTEpHATHBaA
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C UCTONb30BaHHEM 0oJjiee TOYHBIX K03q)(bHuHeHTOB WJIH Y4JICHOB HHU3LIHX Nopsa-
KOB. DTOT MOMEHT OblL YK€ O4EBHACH, Koraa UCrnoJjib30BaJicsi HaMH NpH aHaJIU3e
BpPEMEHHU UCMOJIHEHUS AIrOPUTMA MergeSort.

ITocTosinnbie k03PPHIHEHTHI 3aBUCAT OT peaaunsanud. Bropoe o6ocHoBa-
HHE MEHee OYEBHAHO, HO Upe3BbIYaiiHO BaskHO. Ha TOM ypoBHe rpaHyaspHOCTH,
KOTOpbIH MbI OyieM MCNONB30BaTh JUIA ONUCAHUS alTOPUTMOB, Kak M B cily4yae
C aIrOpUTMOM MergeSort, ObiJ10 Obl COBEpLUEHHO HENMpPaBHIbHO 3aLMKJIMBATHCA
Ha TOM, YTO CO0OM MpPeACTaBNAOT NOCTOsAHHBIE KO3(duumenTsl. Hanpumep, Bo
BpEMsi HALLIEro aHanu3a NoANporpaMMbl Merge paHee yke NpUCyTCTBOBaJIa JByC-
MBICTIEHHOCTb OTHOCHTENILHO TOIO, CKOJIbKO HMEHHO «IPMMHTHBHBIX Oonepawuii»
BbINOJIHAETCSA Ha KXXA0# uTepauuu uukna (4, S nnu yro-to apyroe?). Orcioaa no-
HATHO, YTO pa3Hbie NPOrpaMMHbIE HHTEPNPETALIMU OAHOTO H TOTO XKE NCEBAOKOAA
MOTYT NPUBECTH K Pa3HBIM MOCTOAHHBIM k03 duLeHTaM. J[BYCMBICIIEHHOCTh
TOJIbKO YBEJIMYMBAETCA, KaK TOJILKO NMCEBAOKOA TPAHCAUPYETCS B KOHKPETHYIO
peanu3auuio Ha J1lo60M BbICOKOYPOBHEBOM s3bike NMPOrpaMMHUpPOBaHHs, U 3aTeM
Jlanee TpaHCIMpYETCs B MaLIMHHbIA KO — MOCTOSAHHble Ko3(dHULHEHTb OyayT
HeU36e)XHO MEHATHCA B 3aBUCUMOCTH OT UCTIONb3YEMOro A3bIka IPOrpaMMHpOBa-
HHUs, KOHKPETHO# peann3auuu 1 AeTaiei komnuasTopa u npoueccopa. [ockonbky
Halla Lelb COCTOUT B TOM, YTOObl COCPEAOTOYUTLCS HAa CBOHCTBAX alrOpUTMOB,
KOTOPbIE BBIXOJAT 332 PAMKU OCOOEHHOCTEH A3blka IPOrpaMMHUPOBaHUS U MALLMH-
HOI apXMTEKTYpbl, TO O4EBUIHO, YTO TH CBOMCTBA JOMKHbI ObITh HE3aBUCHUMBI
OT HeOOMbIIUX H3MEHEHHNH NOCTOSHHOrO ko3 dHLMEeHTa Npy pacueTe BpeMeHH
UCIMOJIHEHHUs aJIFOpPUTMA.

MbI He pHCKYeM NOTEPATH B TOYHOCTH [POrHo3a o pesyiabrare. TpeTbe onpas-
JlaHKe — MbI NI0JTy4aeM BO3MOXHOCTb U30exarh HenpusTHoCTel. Bo3MoxHO, Bbl
Oynere 00ecnokoeHbl T€M, YTO UTHOPUPOBaHHE TOYHOCTH MOCTOSIHHBIX KOA(pULIK-
€HTOB COOLET Hac C NPAaBUIILHOIO MyTH, 0OMaHOM 3aCTaBUB yMaTh, UTO AJITOPUTM
ABNsETC ObICTPBIM, TOTA KAK Ha PAKTUKE OH Ha CaMOM Jiesie paboTaeT MeAjIeHHO,
unu Hao6opoT. K cyacTblo, 3TOro He Npou30iiaeT 11 ATrOPUTMOB, 00CYXKIAaeMbIX
B 9THUX KHUrax'. Jlaxxe Npu TOM, YTO Mbl He OyaeM OTC/eKHBATh 4IeHbl HU3LIUX
NOPAAKOB U 3alMK/IUBATLCA HA 3HAYEHHMSAX MOCTOSHHBIX KO ULMEHTOB, Kave-
CTBEHHbIE NPeACKa3aHUs HaLlero MaTeMaTH4eckoro aHanu3a OyayT OYeHb TOUHBI.

! C 0OHMM BO3MOXHBIM HCKJIIOYEHHEM: JETEPMHHHUPOBAHHBIN JIMHEHHBIHA ANrOPUTM BbI-
6opa, cM. B paKynbTaTHBHOM paszene 6.3.
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Korzaa aHanu3 NpUBOIMT K BbIBOY, YTO aJITOPUTM sIBISIETCS OBICTPHIM, OH Ha CAMOM
nene GyaeT ObICTPbIM Ha MpakTUKe, H Ha000poT. Takum 00pa3oM, B TO BpeMs Kak
aHaNM3 3HaYMMBIX AeTasell 1eHCTBUTENbHO NpeHebperaeT HEKOTOPBIMHU IETANISMY,
OH J1aeT HaM TO, B YEM Mbl JEHCTBUTENBHO 3aMHTEPECOBAHbI: B TOYHOH OLIEHKE
TOr0, KaKue aJIrOPHTMbI JEMOHCTPUPYIOT TEHASHLIMIO paboTaTh ObicTpee Apyrux'.

1.6.3. MpuHuun N2 3: acumnToTUYECKUA aHaANU3

Haw TpeTuii n 3aKmoduTeNIbHBIA PYKOBOAALMH PUHLIUI COCTOMT B HCIIOJIL30BA-
HUW ACUMNMOMUYECKO20 AHANU3A Y AKLIEHTE Ha TEMITE POCTa BPEMEHH UCTIONHEHUS
JIrOPUTMA N0 Mepe TOT0, KaK pa3Mep # BXOJHBIX JaHHbIX CTAHOBHTCS GOJIbLINM.
370 cMelleHHe B CTOPOHY OOJbUIMX BXOAHBIX JAHHBIX ObIJIO YK€ OYEBHIHbLIM,
KOT/1a Mbl OLEHMBAIIY NPEeZie]1 BPEMEHH HCTIONHEHUS allrop1iT™Ma MergeSort (Teope-
ma 1.2), 6n log, n + 6n onepauuii. Mbl TOra A0BOJILHO CaMOYBEPEHHO OOBABHIIH,
YTO AJIrOPUTM MergeSort «Jyulue», 4eM Oosee NpoCTble METOJbl COPTHPOBKH
C KBaJpaTUYHbIM BPEMEHEM HCTIOJIHEHHS MO OTHOLICHUIO K pa3sMepy BXOIHbBIX
JIAHHBIX, KaK, HanpyMep, COPTUPOBKa BCcTaBkaMH InsertionSort. Ho Tak i1 310
Ha caMoM aene?

PaccMOTpUM KOHKpeTHbIH nipumep. [TycTb HMeeTCs anropuT™ COPTHPOBKH, KOTO-
pblit BhIMONHSAET He Oonee Enz onepauuii, COpTUpYs MaccuB ANUHOM n. CpaBHUM

BpeMs MCIOJIHEHMS 3TOr0 ajiropuTMa ¢ TakoBbIM H3BECTHOrO HaM aJirOpUTMa
MergeSort, npoaHanuM3vMpoBaB

1.
6nlog, n+6n B CONOCTaBICHUHU C En .

[najs Ha noBeaeHue 3TUX ABYX GyHKUHMI Ha puc. 1.6, a, Mbl BUIIMM, YTO 3Ha4YEHHUE
1
2 n’ MeHblLEe CBOEro BU3aBH NpH MasloM 7 (He 6otee 90 UM OKOJI0 TOO), B TO BpeMs

KaK 3HaueHue 6n log? n + 6n MeHbLIe 1115 6onee kpynHoro ». [ToaTomy, korna Mel
FOBOPHM, 4TO alITOPUTM MergeSort ObicTpee, YeM Goliee NpOCThie METOABI COPTH-

! OpHako no-npexxHeMy MONE3HO HMETh 001Iee NPEACTABIEHHE O PEIEBAHTHBIX MOCTOAH-
HbIX MHOXKUTENAX. Hanpumep, B CHIIbHO A0pabOTaHHbIX BEPCUAX AINOPHTMA MergeSort,
KOTOpbI€ Bbl HaiiieTe BO MHOTMX GMOIHOTEKaX MPOrpaMMHUPOBAHUS, 3TOT AITOPUTM
niepekoyaeTcs ¢ MergeSort Ha COPTUPOBKY BCTaBKaMu InsertionSort (M3-3a ero Jyy-
LIEero MOCTOAHHOro K03¢GHUUHEHTa), KaK TOJNBKO [UIMHA BXOJIHOTO MacCHBA CTAHOBHTCH
HebonbILO# (HampuMep, He Gonee CeMH dNIEMEHTOB).
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POBKH, Mbl B A€HICTBUTEILHOCTY UMEEM B BUJLY, YTO OH OBLICTpEE MPH 00CMAamouHO
OONbLULUX 3HAYEHUAX PAZMEPA MACCUBA BXOOHBIX OAHHbIX.

[Touemy Hac Gonblue JOMKHBI MHTEPECOBATh Clly4Yan ¢ OOJILIIMMKH MacCHBaMHU
BXOIHbIX JaHHbIX? [ToTOMY 4TO anroputTMuiecKoii H300peTaTeibHOCTH Ha CAaMOM
nene TpeOyIoT TONbKO KpyIHbie 3a1a4u. [1py coBpeMeHHOM OBICTPOAEHCTBUM KOM-
NbIOTEPOB MOYTH JItOOON METO COPTUPOBKH, O KOTOPOM MOXKHO MOAYyMarh, Oyaet
MOMEHTAaJIbHO COPTUPOBaTh MaccuB AHHON 1000 — HeT HUKakoii HeOOXOMMMOCTH
U3yyarb aJrOpUTMbI «pa3lensii u BIacTByii».

C y4eToM TOro, YTo KOMMBIOTEPHI MOCTOSIHHO CTaHOBATCS ObICTpee, BaM, BO3-
MOXKHO, TI0OOMBITHO, HE CTAHET U pelLIeHHEe BCEX BBHIYUCIUTENbHBIX 3aJay
B KOHEYHOM HTOre TpuBHaJIbHbIM. Ha camoM nene, ueM ObICTpee CTaHOBATCA
KOMIBIOTEPBI, TEM aKTyalbHEe CTAHOBHTCH ACHUMNTOTHYECKWH aHanu3. Haiuu
BBIYUCIIUTENbHbIE AMOMLIUM BCETAA POCIH BMECTE C Hallleil BBIYHCIHTENbHON
MOLLbIO, IO3TOMY C T€YE€HUEM BpeMEHW Mbl OyleM paccMaTpuBaTh 3a7auyu CO
Bce Oonee KpyMHBIMH pa3MepaMH BXOOHBIX JAaHHbIX. M nponacte B mpou3Bo-
JUTENBHOCTH MEXIy aITOPUTMAMH C Pa3THYHBIM aCHMIITOTHYECKMM BpEMEHEM
paboThbl OyIET CTAHOBUTBCS TOJBKO LIMPE O MEpe YBeUUEHHs] pa3MePOB BXOI-
HbIX JaHHbIX. Hanpumep, puc. 1.6, 6 noka3sbiBaeT pasHuly Mexay QYHKUUAMH

1
6nlog,n+6nu 5”2 JUISi OTHOCUTENBHO 00JbIUMX (HO MO-TIPEXXHEMY CKPOMHBIX)
3HayeHui n. M1 Bce paBHO, K MOMEHTY BpeMeHH, koraa n = 1500, pazHuua Mexay

3HaueHUAMH QyHKLMHA cTaHOBUTCS 10-kpaTHoii. Ecii OBl Mbl yBETMUMIM LLKATY
neue B 10, 100 unu 1000 pa3 ans Toro, 4ToOb! MONyUarsk 3aAa41 C HHTEPECHLIMU
pasmepamu, pasHHLA Mexay JByMs (GyHKUMAMHU cTana 6bl MPOCTO OrPOMHOIA.

HMmeercs ewe oaHO 060CHOBaHHE MONE3HOCTH NMPHHLUMNA aCHMITOTHYECKOrO
aHanu3a. JlomycTuM, YTO y Bac UMeeTcs (MKCHPOBaHHBIA GIOIKET BpeMeHH,
HampuMep yac UM JeHb. KakuM 06pa3oM npuBiedeHue AONOTHUTENBHBIX Bbl-
YHUCJIUTENbHBIX MOLIHOCTEH MO3BOJIUT BaM BJIMATH Ha MOABIACTHBIN pa3sMep
BbIYUCITMTENBHO pa3peluuMoii 3anaun? C anropuTMoM, KOTOPbIi BbINOIHAETCA
CO BpeMeHeM, MpPONOPLUOHANBHBIM 3HAYEHUIO pa3Mepa BXOAHbBIX AAHHbIX, Ye-
ThIPEXKPATHOE YBCIUYCHUEC BbIYMCJIMTENBHONH MOLHOCTH NMO3BOJISET peuarb
3aJa41 C pa3MEPHOCTBIO B YeThIpe pa3a Goubliie, YeM paHblue. C alropuTMoM,
KOTODBIi BBIMONHAETCSA CO BPEMEHEM, NPONOPLUMOHANBHBIM KBaIpary pasMepa
BXOJHbIX NAaHHBIX, Bbl CMOXETE pe€lIaTh 3a4a4H, pa3MEPHOCTh KOTOPBIX TOJIBKO
B [1Ba pa3a 0osblie, YeM paHbLIE.
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1.6.4. Y70 TaKkoe «ObICTPbLIA» aNropuTmM?

[puHHMas BO BHUMaHHe HalUM TPU PYKOBOAALUMX NPHHUMMA, cHOpMYTHpyeM
clieiytoliee onpeaeneHue «ObICTPOro ajiropuTMan:

«Bvicmpuiii anzopummy» — 3mo ancopumm, 01 KOMoOpo2o ¢ y8eauyeHuem
paszmepa 6x00HbIX OGHHBIX HAUXYOulee 8pems UCNOTHEHUSA pacnem MeONEHHO.

Llenecoo6pasHOCTb HCMONB30BAHUS KATETOPUH «HAUXYALLEE BPEMS UCTIONHEHHS)
cllefyeT W3 Hallero MepBoro PyKOBOASLUErO NPUHLKNA, OMUCHIBAsA KOTOPBIA Mbl
060CHOBANIM, YTO BaXHO OPMEHTUPOBATHCS HA BPEMs MCTIONHEHHUS, KOTOPOE He
MCXOIMT U3 HAJIMYUS KAKMX-THOO NMpEAMETHBIX 3HAHUH, JOMYILEHWH, yNpoLUeHu#
NPUMEHUTENBHO K BXOAHBIM JaHHbIM. Hati BTopoii 1 TpeTuii pyKkoBoAsLIKe NPUH-
LIMMIBI, UCXOASLIME U3 TIOHUMAHHS TOTO, YTO 3HA4YEHUs KOIP(PULIMEHTOB 3aBUCAT OT
0COBEHHOCTEH A3bIKA U MALUMHHOM apXUTEKTYPbI M BBUILY 3TOTO HaM HAZIO YKPYHSTh
K03(QUUHEHTBI U OTMETaTh JETaNH, SBISIOTCS MPUUAHAMH, TIOYEMY HaM BAXKHO
COCPEOTOYUBATLCA HMEHHO Ha TEMITEe POCTa BPEMEHH UCTIONHEHHUS alINOpUTM.
Ckauano ¢ open-hide.biz

NEFKOBECHbIE NMPUMATUBDI

ANropuTM C IMHENHLIM MW NONTW IMHENHBIM BPEMEHEM UCTIONHEHUS MOXHO
NpeacTaBuUTb Kak NPUMWUTUB-3aroTOBKY, KOTOPbIA Mbl MOXEM UCNONbL30BAaTb,
no cyuiecTay, «6e33aTpaTHO» C TOHYKU 3PEHUSA BLIMMCIIMTENBLHOM Harpy3aku, no-
CKONbKy 06beM TpeGyeMbIX 4NA ero UCNoNHeHUs onepauni easa nu 6onblue,
yem TpebyeTca oNsa Toro, YTo6bl NPOYNTATL BXOAHbIE AaHHbIe. Knaccuieckum
NPUMMEPOM TaKoro NerkoBecHoOro NPUMMTMBA ABNSETCS COPTUPOBKA, U Mbi
TakKxKe U3y4nM elle HeCKONLKO Apyrux. Koraa y Bac eCTh HEBEPOSTHO BbICTPbIiA
NPUMWUTUB, OTHOCSLLMIICA K BaleMn 3anade, noyemy 6bl UM He BOCNONL3O-
BaTbCcsi? Hanpumep, Bbl BCeraa MoxeTe OTCOPTUPOBaThL AaHHbIe Ha aTane
npensaputensHoin 06paboTkun, gaxe ecnn Bbl He COBCEM NpeacTasnsere,
Kak aTo npuroanTcs noaxe. OaHa Ma uenen aTol KHArM — NonosHATL Ball
anropuTMUYECKUIA apceHasn Kak MOXHO 60NbLINM KONIMHECTBOM 1IErKOBECHBIX
NPUMUTUBOB, FOTOBbIX K MPUMEHEHUIO MO BaleMy YCMOTPEHMIO.

Yrto Mbl UMEEM B BULY, FOBOPS, YTO BPEMS MCIIONIHEHUS allTOPUTMA «pacTeT Mell-
JeHHo»? Jleno B TOM, YTO MOYTH /IS BCeX 3a/ia4, paccMarpuBaeMblX HaMU, HEaIoM
(3raknm CaaTbiM [paaneM, k KOTOPOMY Haa0 CTPEMUTLCS) ARIAETCS TUHEUHO-8pe-
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MeHHOU anzopumm — TOT, U1l KOTOPOro BpeMs UCMIOJHEHHUs MPSAMO NPONOpLMO-
HaJIbHO 3aBUCHUT OT pa3Mepa BXOAHBIX JaHHbIX. 3HAYEHUE YCTAHOBIEHHOTO HAMH
paHee npeziesia BPEMEHH UCTIONTHEHHS allrOpUTMa MergeSort, MPONopLHYOHAIbHOE
n log n, ABNAETCS HE3HAYUTENLHO CBEPXJIMHEHHBIM U TO3TOMY BCE XKE XyXKe, YeM
nuHelHoe Bpems paboTel. Ham yaacTes cnpoekTHpoBaTh THWHEHHO-BPEMEHHbIE
aNrOpPUTMBI U1 HEKOTOPBIX 33/1a4, HO He AN Bcex. B moboM ciryyae, muHeliHO-3a-
BHCHMOE BpeMs — 3TO HaWTy4Luui cueHapuii, K KOTOpOMY Mbl OyJIeM CTPEMUTHCH.

BbIBO/bI

* ANropuTM — 3TO Habop 4eTKo cHopMyIUPOBAHHAIX MpaBUNl ANs
pelleHust HeKOTOPO BEIYHCIUTENLHOM 3anayH.

* Yucno npMMUTHBHLIX ONepaLnii, BbINONHIEMbIX aNTOPUTMOM
YMHOXEHHUA ABYX H-3HauUHbIX YHcel B CTONOMK, KOTOPOMY Bbl
00y4HAUCh B HauallbHOIl LLIKONE, ONUCKIBAETCS KaK KBaapaTHUHas
$yHKUNA Yucha k.

* YmuoxeHie Kapauydbl — 310 peky pcHBHbIH aNTOpUTM LENouHCIeH-
HOTO YMHOKEHUSI, B KOTOPOM, B OTIIMYHE OT 0OBIYHOIO PEKY PCUBHOTO
anropuTMa, ucronb3yercs Metoa [aycca ¢ uensro 3kOHOMUM Ha OHOM
PeKYpPCUBHOM BbI30BE.

* OnbiTHble NPOrpaMMUCTbI U CMIEUUATHCTBl B 0061acTH computer
science 0ObIYHO MbLICAAT U 0OMEeHMBatOTCA UHpopMmalmeil 00 anro-
pUTMax, UCTIONb3YA JOBOJIBLHO abCTPaKTHLIE OMUCAHMA BbICOKOIO
YPOBHS, a He IOAPOOHbIE pean3allii.

¥ ANTOpPHTM COPTUPOBKH CAMSHUEM MergeSort — 3TO aITOPUTM TUNA
«pasfensii n BNacTeyi», KOTopslii pa3buBaeT BXOAHOH MACCUR Ha 1B
NOJIOBUHbI, PEKYPCUBHO COPTHPYET KXY MOJOBUHY U 00beANHSAET
pe3ynbsTaThi, UCNONb3Ys NOANPOrpaMMy ClNusHNs Merge.

* [Ipy UIrHOPMPOBAHUM NOCTOAHHBIX KOAPHNIIUEHTOB U UIEHOB HU3-
WHX NOPSAKOB NPY pacyeTe BpeMeHH UCTONHERUS YUCIIO ONIEPALIUH,
BbIMONHAEMbIX ATTOPUTMOM MergeSort /Ui COPTHPOBKH 1 3/IEMEHTOB,
pacteT kak (yHkumns n log, n. B anannse ncnoss3yeTcs 1epeBo pe-
KypcHH, 4ToOb! y106HO OpraHu30BaTh paboTy, BLINOAHAEMYIO BCEMH
PEKYpPCHBHBIMH BbI30BaMH.
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* [lockonbky pyHkuMA log, n pacTeT MeNIEHHO B 3aBUCHMOCTH OT A1,
TO AITOPHTM MergeSort, kak npaBuio, ObicTpee, YeM Gonee npocTble
anropuTMbl COPTUPOBKHM, KOTOPbIE XapaKTepu3ylOTCs KBaapaThy-
HbIM POCTOM uKcna onepauuid. [ns Gonabiworo » ynyuimenune 6yaer
paauKanbHbIM.

% Tpu pyKOBOAALUMX NPUHUMIIA aHANU3a AIFOPUTMOB: (i) aHATN3 Hau-
XYZLUEFO Ci1y4ast, KOTOPbIH AaeT Ham alfOPUTMBI, XOpoLLo paboTaroLuue
Oe3 AonyLUeHNnii 0 NpUpoae BXOAHBIX JaHHbIX; (i1) aHANKU3 3HAUYUMBbIX
neTaned, KOTOpblii ypaBHOBEWMBAET MPEACKA3ATENBHYIO CHUIlY C Ma-
TeMaTH4eckon NpPOCTOTON, KTHOPUPYS NMOCTOAHHbIE KOOhDULHEHTbI
M YieHbl HU3LWKUX NopAaKoB; U (iil) acuMITOTHYECKNI aHanu3, npea-
CTaBRNAIOLLMHA COOOM CMeLLLEHHE B CTOPOHY O0MBbLUUX BXOAHBIX AAHHbIX,
TO €CTH JaHHbIX, TPEOYIOLLMX ANTOPUTMHUECKOH H30OPETATENbHOCTH.

X «BbICTpbIHA aNropuTM» — 3TO ANrOPUTM, BpeMs paboTbl KOTOPOro
B XyALUEM CNY4ae pacTeT MeAJEHHO, B 3aBUCUMOCTH OT pocTa pas-
Mepa BXOAHbIX JaHHbIX.

¥ «JlerkoBeCHbIVi NPUMUTHBY — 3TO AJITOPHUTM, KOTOPbiH BbINONHAETCS
3a IMHelHOe MY NOYTH JIMHEHHOe BpeMs, KOTOPOE eBa v Oonbiie
TOro, 4To TpebyeTcs AN NPOUTEHHA BXOAHBIX AaHHbIX.

3aaauv Ha 3aKpensieHue martepuvana

3apaua 1.1. JlonycTuM, Mbl BbIMOJHSAEM AIrOPUTM MergeSort ¢ NPUBEIEHHLIM
HIXKE BXOIHbIM MacCUBOM:

[NepeiineM cpa3y K Liary nocjie 3aBepLUeHUs ABYX CaMbIX BHELUHUX PEKYpPCHBHbIX
BbI30OBOB, HO Nepejl 3aK/IIOUUTENbHBIM LLIATOM ClIMAHUS Merge. Bo3bMeM fiBa Bbl-
XOHbIX MAaCCHBA C S 3JIEMEHTaMH MOCIE PEKyPCUBHbIX BbI30BOB, NPEACTaBUM UX
Kak ckjieeHHbli 10-31eMeHThIi MaccuB. Kakoe 4Kiciio HaxoauTes B 7-i no3uuuu?

3aaaua 1.2. PaccMoTpuM clieayrolyto MOOUQHKaLHKIO anroputMa MergeSort:
pa3aenuTh BXOAHON MAacCHB Ha TPH 4acTH (He Ha NMOJIOBUHbI), PEKYPCUBHO OTCOp-
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THPOBATh KaX/YIO TPETb U, HAKOHEL, OObEANHUTL Pe3yNbTaThbl, UCTIO/b3YS TPEX-
apryMeHTHY!0 MOANpOrpamMMy ciusHus Merge. KakuM Oynet BpeMs UCTIONHEHUS
3TOro AIropuT™Ma Kak (yHKUMH JJIMHBI # BXOJHOTO MacCHBa NpU HTHOPHUPOBAaHUH
NOCTOSIHHBIX KO3 HULUEHTOB U UleHOB HU3LIKMX nopsaakos? [[Toackaska: oOparute
BHHMaHHe, 4TO MOANpOrpaMma Merge MOXeT ObITh peali30BaHa Tak, YTo0bl KO-
4eCTBO OrnepaLuii Ob1IO0 TMHEHHBIM Kak (yHKLH CyMMbI AJIHH BXOJHBIX MacCHBOB. |

a) n.
6) nlogn.
B) n (log n)>

r) n?logn.

3apaya 1.3. [TycTb AaHO k OTCOPTHPOBAHHBIX MACCHBOB, K&X/BIH C # JIEMEHTaMH,
1 Bbl XOTUTE UX OOBEAMHHUTb B OIWH MAaCCUB U3 k7 dreMeHTOB. OIWH U3 MOAX00B
COCTOHMT B TOM, 4TOObI HCNONB30BaTh MOANPOrpaMMy CIUAHUA Merge U3 pasie-
na 1.4.5 MHOroKpaTHo, cHayana o0beJ1Hss epBbie 1Ba MACCHBA, 3aTEM OOBEAUHAS
pe3ynbTar ¢ TPETbUM MacCHBOM, 3aT€M C YETBEPTHIM MacCHBOM, M Tak Jajiee 10
TEX MOop, MOKa Bbl HE BbINOIHUTE CIMSAHUE pe3yNbTara Ha k-M ILLare ¢ nocieaHum
BXOAHbIM MacchBoM. Kakum Oyaer BpeMs HCIONHEHHs 3TOro airopuTMa rnoce-
JIOBaTeIbHOMO CIIMAHUA Kak QYHKLHH OT k U n P MTHOPUPOBAHMHK NOCTOAHHBIX
K03 GULHUEHTOB U UNEHOB HU3LIUX MOPSIAKOB?

a) nlogk.
6) nk.
B) nklogk.
r) nklogn.
n) nk>.
e) n.

3apay4a 1.4. Euie pa3 paccMOTpUM 3a/1auy CUSHUSA kK OTCOPTUPOBAHHBIX MaCCUBOB
JUIMHOMH # B OMH OTCOPTUPOBaHHBI MacCUB AJIMHOMN kn. PAaCCMOTPUM alroputM,
KOTOPBIH CHayana AeUT Ipynmny u3 k MacCHBOB Ha k/2 map MacCHBOB U HCMOJIb3yeT
noanporpaMmy Merge, 4toObl 00bEAUHUTD KOXKIYIO Mapy, B pe3yJsrare nosiydas
k/2 OTCOpPTHPOBaHHbBIX MacCHBOB ANHHOM 2n. [TyCTb aIropuT™M MOBTOPSET 3TOT
LIar 0 Tex nop, noka He OCTaHETCs BCEro OAUMH OTCOPTUPOBaHHBIH MAacCHB JUTH-
_ Hol kn. KakuM OyzeT BpeMs HCTIONHEHHA 3TOro alropuT™a Kak GyHKUMH OT k U n
NpH UTHOPUPOBAHMH MOCTOSHHBIX KOIPPULMEHTOB M WIEHOB HU3LUMX NOPAAKOB?
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a) nlogk.
6) nk.
B) nklog k.
r) nklogn.
n) nk?
e) n.

3apada NnOBbILLEHHON CNOXHOCTHU

3agaya 1.5. B kauecTBe BXOAHBIX JaHHBIX HMEETCS HEOTCOPTUPOBAHHBIH MaccHB
U3 1 pa3HbIX YKCEN, [e 71 — CTeneHb Yucna 2. [1peanoxure anropuT™, KOTOpbIi
omnpezensieT BTOPOe Mo BENUYUHE YHCIIO B MAaCCUBE, PH 3TOM aJITOPUTM MCIIONb3YyeT
He Gonee n + log, n — 2 cpaBHeHwuid. [[Tonckaska: kakoii uH(opMmauueit Bbl Oynere
obnanarb nocne BEIMUCICHUS HaubonbLiero uncia?)

3apava no nporpaMmmMupoBaHUIO

3amaua 1.6. Peanusyiite anroput™ LeaourcieHHOro yMHOXeHUs KapaiyOsl Ha
CBOEM NFOOMMOM si3blKe NMPOrpaMMHUpoBaHus’. UToObl MONYyYHTH OT 3TOM 3afayuu
MaKCHMaJbHYIO OTAauy, c/iesaiite Tak, 4yToObl Balla nMporpaMMa Ha BbIOpaHHOM
BaMH A3bIKE BbI3bIBAJIa CBO ONEpaTop YMHOXXEHHS TOJIBKO Ha ONEpaLusX ¢ napamu
OJIHOPa3pAAHbIX YHCEI.

B kauecTBe KOHKPETHOIO NpUMEpa BEIYMCIINTE, KaKUM OYyZIET Pe3y/IbTaT YMHOKEHHS
NpHUBEAEHHBIX HHKE ABYX 64-pa3psaaHbIX Yucen??

3141592653589793238462643383279502884197169399375105820974944592

2718281828459045235360287471352662497757247093699959574966967627

!' TMomymaifTe: caenaet M Bally >KU3Hb MPOLLIE TOT (GaKT, CIIU KOTHYECTBO 3HAKOB KAKAOTO
LIEIOr0 YKCIa ABJIAETCA CTENEHBIO 27

2 Ecnun BaM Hy>XHa NMOMOLUB HJTH JK€ BBl XOTUTE CPABHHUTb CBOM PE3yJIbTaThl C APYTHMH
YUTATENAMH, TOCETHTE AUCKY CCHOHHBI GopyM Ha www.algorithmsilluminated.org.
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JlaHHas rmaBa NoCBsLIEHA JaJlbHERILEMY Pa3BUTUIO MaTeMaTH4eCcKoi abcTpakLiuy,
KoTOpas popManu3yeT pykoBOASALINE MPUHLUHMIIBI aHAJIN3a AITOPUTMOB, BbIBE/IEH-
Hble HaMH B pebLIy1Lei rmase (pa3aen 1.6). Haweii uensto 6yaet nouck «3o0n0toi
CepeIMHLD) rPaHyIAPHOCTH HALUMX AOMYIUEHUH (paccy KIeHHii) B HCCIelOBAHUN
aJIrOPUTMOB. MBI CTPEMHMMCS HE YUUTBIBATh AT BTOPOIO MOPAAKA, B YaCTHOCTH
MOCTOSHHBIE KO(PGHLIMEHTDI ¥ YJIeHbl HU3LLKMX MOPSIKOB, U NPU 3TOM UMETb BO3-
MOXXHOCTb COCPEOTOYMTL BHUMAHHE Ha TOM, KaKytO 3aBUCMMOCTb IEMOHCTPUPYET
BpEMs MCIONHEHUS AJITOPUTMA MO MEPE YBEJIMUEHUS pa3Mepa BXOJAHBIX JAHHbIX.
DopMaIbHO 3TO eaeTcs ¢ MOMOLIBIO MaTeMaTHyeckoro odo3HaueHns O-6onbLioe
U COOTHOCHTENIbHBIX C HUM MOHATHI — KaTeropuajibHoOro MHCTpYMEHTapHs, KOTO-
PbIM OJDKEH BAAETh J1000# cepbe3Hblii MPOrpaMMUCT U CIELIMATUCT B 061acTh
computer science.

2.1. OTnpaBHas To4uka

[Mpexne yeM yrnyonatbcs B MaTeMaTuyeckuit popMasin3M aCHMNTOTHYECKHX 000-
3Ha4YeHU, JaBaiTe ybeaumes, 4To [ 3TOiH TeMbI eCTh JOCTaTouHas 6a3a, y Bac
€CTb YETKOE MOHMMAHHE TOr0, YEro OHa MbITAETCS AOCTUYb, U YTO Bbl MO3HA-
KOMHJIMCh € HECKOJIbLKUMH NPOCTBIMH U UHTYUTHUBHO NOHATHBIMH NPUMEPAMH.

2.1.1. AKTyanbHOCTb

AcumnToTHYeckHe 0003HaueHHs obecrneynBaloT 6a30BbIii KaTeropHalbHbIi an-
napar (Habop MOHATHI) ANA PacCMOTPEHHs MPOLECCOB pa3pabOTKH U aHANIN3a
aJIropuT™MOB. BaxkHO NOHMMAaTb, YTO UMEHHO NPOrPaMMHUCThI UMEIOT B BUJY, KOraa
OHHU TOBOPAT, YTO OJIHA YACThb KOJA BBIMOMHAETCS 3a BpeMs «O-60mbLuoe 1y, B TO
BpeMs Kak Jpyras BbINONHAETCS 3a BpeMsi «O-60bLuoe n-KBaapar.

DTOT annapar MOy4WJl TAKOE MOBCEMECTHOE PacnpoCTPaHEHUE MOTOMY, UTO
OH NO3BOJIAET AOCTHIHYTb TOH CaMOM «30JI0TOM CepeaHHbI» paccyKaeHuil 06
anropuTMax. ACHMNTOTHYECKHE 0603HaYeHHs B A0OCTATO4HO# Mepe rpy6bl, 4To
JIaeT BO3BMOXKHOCTb He YYMTBIBAThL BCE JETaNM, KOTOPbIE Bbl XOTHTE MPOUTHOPH-
POBaTh, — 3JIEMEHTHI, KOTOPBIE 3aBUCAT OT BLIOOPA apXMTEKTY Pbi, BLIOOpA S3bIKa
NporpaMMHMpOBaHHs, BbIOOpa KoMNWIATOpa M Tak Aanee. C npyroil CTOpOHBI,
OHM JOCTAaTOYHO TOYHbI, YTOOBI MO3BONATH [€NaTh MoJe3Hble CPaBHEHHS MEXAY
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pa3aHuHBIMU BbICOKOY POBHEBBIMH aITOPUTMUYECKUMHU MOAXOJAMH K PELLEHUIO
3aJa4M, B 0COOEHHOCTH Ha 6oMbLUMX 0ObeMax BXOAHBIX JaHHbIX (BXOAHBIX AaH-
HbIX, KOTOpbIe TPeOYIOT anropuTMHYeckol uzobperarensHocTH). Hanpumep,
aCMMNTOTHYECKU# aHAJIN3 MOMOraeT HaMm Pa3nyaTh IyULIHE U Xy/LLHE MOAXOABI
K COPTHpPOBKE, JIy4LINe W XyALUKe MOAXOAbl K YMHOKEHHIO ABYX UEJbIX YHCEeN
W Tak panee.

2.1.2. BbicOKOypOBHEBasA nuaes

Ecnu Bbl monpocuTe NpakTHKYIOLLENO NPOrpaMMHCTa OOBLIACHUTD CYyTh CHCTEMbI
acCUMNTOTHYECKHMX 0003HAUEHHUIA, TO OH, CKOpEe BCEro, CKaKeT MPUMEPHO Crieay-
roLee:

CUCTEMA ACUMITITOTHYECKUX OBO3HAYEHUMA
B CEMHU CJIOBAX

YCTPaHHUTh ITOCTOAHHBIC KO3(1)¢)HD,HCHTH H YWICHBI HU3UWHX MTOPAJAKOB

~ v
CIIRIIKXOM CACTEMHO-38RMCHME ani 60. [ AQHHRIX

P

B nanbHeiilieM Mbl YBHANM, YTO 32 UCIOJb30BAHUEM ACUMINITOTHYECKNX 0003Ha-
YEeHHUi, KOHEYHO, CTOUT GObLIE, YEM MPOCTO 3TH CEMb CJIOB, HO CIYCTSl, MONOXKHUM,
JeCAThb JIET, eC/U Bbl 3aMOMHUTE TOJBLKO 3TH CEMb CJIOB, OHH BCE paBHO OyayT
BbIp&XaTb CaMyo CyTb.

3ayem npu aHaM3e BPEMEHH UCTIONIHEHHS aIrTOPUTMa HEOOX0AUMO OTOpachIBaTh
MH(OpMaLIKIO, TAKYI0 Kak MOCTOSHHBIE KOIP(ULIHEHTbI U YNEHbI HU3LUHX MOPAA-
koB? J1eNno B TOM, 4TO WIEHbI HU3LUHUX MOPALKOB M0 ONPeAe/ICHHIO CTAHOBATCS BCe
Honee u 6Gonee HeaKkTyalbHBIMH, TOCKObKY Bbl COCPEAOTOYMBAETECH HA GONBLUMX
00beMax BXOAHBIX JaHHbIX, TO €CTb BXOAHbIX JaHHBIX, KOTOPbIE TPEOYIOT aJINOpPHUT-
MHUUECKOH n300peTarenbHOCTH. Mexay TeM NOCTOsIHHbIE KO3(PhHLUUEHTbI 0ObIYHO
CUJIBHO 3aBHCAT OT jeTaniell peanusaunu. Ecnu npu aHanuse airoputma Mol He
XOTHM MPUBA3LIBATLCA K ONMpEJENeHHOMY A3bIKy MpPOrpaMMHpPOBaHHs, apXUTEK-
Type MM KOMIUJIATOPY, HMEET CMbICI HCTONB30BaTh (POPMAIbHBIH NOAXOA U He
COCPEAOTOUMBATLCS Ha MOCTOAHHBIX KO3 PHULIMEHTAX.
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Hanpumep, noMHuTe Hawl aHaiu3 anroputMa MergeSort (paszaen 1.4)? Msl onpe-
JIeNTUIIN BEPXHUIA Mpelien ero BpeMeHU UCMONHEHHS, PaBHbIi

6n log, n+6n

NPUMHTHBHBIX OTNEpaLUid, rie »n — JJTMHA BXOJHOMO MacCHBa. YneH HU3LuXx no-
pAAKOB 371ech 6n. [TockonbKy # pacTeT MelNIeHHee, YeM n log, n, oH ByaeT ycTpa-
HEeH B aCUMIITOTHYECKUX 0003HaYeHUAX. OCHOBHOMN NOCTOAHHBIN KO3 dULHEHT
6 Toxxe OymeT ycTpaHeH, B pe3y/bTaTe Mbl MOJTy4aeM HaMHOro 0oJiee npocroe
BblpaxkeHHe n log n. B pe3ynbrare 3TUX ynpouieHUi yC1oBUMCS TOBOPUTb, YTO
BpeMs paboThi alropuTMa MergeSort coctasngeT O-6onbluoe ot # log i, 4To 3a-
nuceiBaeTcs kak O (n log n), UK 4TO anropuT™ MergeSort SBJISETCS aITOPATMOM
«O(n log n)»'. B MHTYUTHBHOM IUIaHe BbICKa3bIBaHKE, YTO HEYTO paboTaer co
BpeMeHeM O(f(n)) ansa dyHkuuu f(n), o3HayaeT, yTo f(n) — 3TO TO, C YEM Bbl
OCTaHeTeCh MOCJe yCTPAHEHHUS TOCTOSHHBIX KOI(QPULMEHTOB U YI€HOB HU3LUHX
nopsakos’. [IpumeHenne o603HaueHns O-6oibliIoe MO3BOJIAET PAHKMPOBATh
aJrOpPUTMBI MO IPYINaM COMIACHO UX aCUMNTOTHYECKN HaWXy[IIUM BpeMeHam
UCMOJIHEH U, HanpuMep: JuHeliHble O(n) anroputMsl, O (n log 1) aNnroOpuT™BI,
kBajparHuHbie O(n*) anroput™bl, O(1) anropUTMbI C OCTOSHHBIM BpeMeHEM
1 Tak aanee.

Byny oTkpoBeHHBIM: 0€3yCNOBHO, s HE YTBEPXKAAl0, YTO NOCTOAHHBIE KO-
(ULMEHTHI HUKOTJA He UMEIOT 3Ha4eHus npu pa3pabotke anroputma. Ckopee,
BEPHO TO, YTO, KOT/Ia Bbl XOTUTE NMPOBECTH CPABHEHUE MEXIY MPUHLUIHAILHO
pa3NUYHBIMU crniocobamu pelleHHs 3aiaqyd, aCUMITOTUYECKHU aHaJlu3 4acTo
SBNSETCA NPaBUIbHLIM HHCTPYMEHTOM NSl MOHUMaHHS TOTO, Kakoif U3 HUX OyneT
paborarh Jiyulie, B 0COOEHHOCTH Ha JOCTaTOYHO 00abIIMX 00beMaxX BXOAHbBIX
JNaHHbIX. B 11060M ciiyyae, Kak TOJNIBKO Bbl HALLIM JIyYLUIHi BLICOKOY POBHEBbIM
anropuTMHYECKHit MOAXOA K 3aJaye, Noxanyi, BaM BCe ke CTOUT MPHIOXKHUTD
YCHJIMS, YTOOBI YAYYLIUTb BEAYLUH NOCTOAHHBIH KOIP(PULUMEHT U, BOZMOXHO,
Jlaxke YJIeHbl HU3LWHUX nopsakoB. Kak Obl To HU ObLIO, €C/IM pe3ynbTar Ballero

HrHopupys noctosHHbie k03 GHLUHMEHTHI, HaM Jaxe He HY)XHO YKa3blBaTh OCHOBaHHME
norapudma (MOCKoJIbKY pasHbie orapupmMuyeckue dyHKUHN Pa3THyatoTcs TOMLKO Mo-
CTOAHHBIM MHOXKHTENEM). CM. pasaen 4.2.2 0 noaApo6GHOro H3yUueHHs.

Hanpumep, naxe gynkuus 10'® x p texuuuecku umeet O (n). B 3T0i KHUre MbI Oyaem
U3yuarb TONBLKO TaKHE MPEIE/bl BpEMEHH MCTIOHEHNS aITOPUTMOB, € YCTPaHEHHBIN
MOCTOAHHBIN KO3Q(HULIMEHT OTHOCHTENBHO MaJl.
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Ha4YUHAHUA 3aBUCHUT OT 3¢¢CKTMBHOCTM Balle# pe€aju3alMi KOHKpPETHOro
(bparmeHTa KoJa, HallauTe B cebe cuibl caenarh ero 6blCprlM, HACKO/MbKO 3TO
BO3MOXHO.

2.1.3. YeTbipe npumepa

MbI 3aBepluaeM 3TOT pa3zen YETbIpbMA OYeHb NPOCTHIMU MpUMepaMu. OHU
HacTONLKO MPOCTHI, YTO €C/IH y BAC €CTh KaKoH-I1HO0 NpealecTBYOWUA ONbIT
¢ 0603HaueHreM (O-60blLOE, TO BaM, BEPOATHO, CIEAyeT cpa3y MepeiTH K pas-
neny 2.2, 4Tobbl yryOuTbhes B M3y4eHHe Matemariueckoro dopmanusma. Ho ecnu
3TH MOHATUA /A BaC COBEPLUIEHHO B HOBUHKY, TO 3TH NPOCTbIE MPUMEPbI AOMKHbI
Bac NpaBUJILHO COPHEHTHPOBATb.

CHayana pacCMOTPHMM 3a/iady MOHCKa B HEKOTOPOM MacCHBe 3aJJaHHOTO Leoro
yucna f. JlaBaiite npoaHanu3npyeM NpoOCTOH alirOPMTM, KOTOPbIi BBIMIONHAET JH-
HeiiHOe CKaHMPOBaHHE MacCHBa, NPOBEPAs KAXKIbIN 3MEMEHT, YTOOb yOeaUThCA,
4TO €ro 3HaueHHe paBHAETCS TPeOyeMOMY LIEIOMY uuchy f.

MOUCK B OTHOM MACCHBE
Bxoa: MaccuB A U3 71 LENbIX YACEN U UCKOMOE LIEJI0E YUCIIO £.

Boixon: COAEPXHT UJIK HET MAaCCUB A uncno t.

for 1 :=1 to n do
if A[i] = t then
return TRUE
return FALSE

3TOT NceBaOKO MpOCTO NPOBEPSACT Ka)XAbli 3JIEMEHT MaccuBa Mo oduepean. Ecnu
LMK HAXOAMUT LIEJIO€ YUCJIO £, TO OH BO3BpALIAET UCTHHY, €CJTH K€ LIUKJ 3aKaHYH-
BacT nepe60p MacCHBa, He Hal A £, TO OH BO3BpaLLACT JIOXKb.

MB!I ewe He ganu popManbHOro onpeaeneHns 0603HaYeHHo O-60NbLIOE, HO MHTY-
MTHBHO, O1arofaps HalKM MPeAbIAYLLIMM PacCY>KACHHAM Bbl MOXETE A0rafaThbes
00 acMMNTOTHYECKOM BpeMEHHU paboTbl MPHBEAEHHOIO Bbillle KOAA.
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Cnenyolde Tpy npyUMepa KacatoTcs pasiandyHbIX cnocoboB oObeAMHEHHS ABYX
uuknoB. [Tpexnae Bcero, AaBaliTe pacCMOTPUM OAMH LMK, 32 KOTOPbIM CIIEAYET
apyroii. lonycTuM, Ham Tenepb JaHbl Ba LieJIOUUCIEHHbIX MaccuBa, A U B, oba
JNUHON N, N Mbl XOTUM Y3HaTb, HAXOAMTCS /M LIENOE YUCIIO ! B OJHOM M3 HUX.
JaBaiiTe cHOBa pacCMOTPUM MPOCTOM arOPUTM, IZie Mbl MPOCTO BbIMOIHAEM 110-
UCK B A, U ecNK HaM He yaaeTcs HaliTu ¢ B A, TO Mbl TOT/Ia BbIMONHAEM MOUCK B B.

R o R A N P DR 5 P T A e VR L P S A T TR Y P e

TECTOBOE 3AJAHHUE 2.1

KakoBo acMMNTOTHYECKOE BPEMS HCMONHECHUA MPUBECACHHOMNO BbILLE
kojaa Aj1sa noucka B 01HOM MacCHBE Kak (byHKl.lVlH JUTMHBI n MaccuBa?

a) O(l).
6) O(log n).
B) O(n).
r) O(nd).

(Pewenue u ero aHanus cM. B pasaene 2.1.4.)

Ecnu Mbl HE HaXoauM ¢ U B B, TO Mbl BO3BpaLlacM JIOXKb.

KakoBo, B 0003HaYeHHH 0-6onbu10e, BpEMSA UCIIOJIHEHHA 3TOINO 6onee AMTMHHOIO

ITOUCK B IBYX MACCHUBAX

Bxoa: MaccuBbl A ¥ B U3 1 LEAbIX YHCEN KXKIBIH U HCKOMOE LiENoe
Yucno L.

BbIX0A: CONEPXXHT WM HET MacCUB 4 UK B yucno ¢.

for 1 :=1 to n do
if A[1] = t then
return TRUE
for 1 :=1 ton do
if B[i] = t then
return TRUE
return FALSE

¢parmeHTa koga?
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TECTOBOE 3AJJAHME 2.2

KakoBo acuMnToTH4YeCKOE BpeMs UCTIOIHEHHsl TPUBEAEHHOIO BbILLE
¢dparmeHTa Koga /11 MOMCKA B 1BYX MaccHBax Kak GbyHKUUH AJTUHBI 7
BXOIHBIX MAacCHBOB?

a) O(1).

6) O(log n).

B) O(n).

r) O(n).

(PelueHue u ero aHanus cM. B pasgene 2.1.4.)

Janee namaiite paccMOTpuM 0Gosiee MHTEPECHBIM NPUMEP ABYX BNOXEHHbIX (HE
NOC/IeA0BATENbHbIX) UMKIOB. JJOMyCTUM, Mbl XOTUM NMPOBEPHTb, BKJIHOYAIOT JIK
J1Ba 3aaHHbIX MaccHUBa ANMHON n HekoTopoe obluee uucio uim Het. Camoe npo-
CTO€ pelleHHe — NPOBEPUTL BCE BOBMMKHOCTH. To €CTh Ans K&XKA0ro HHAEKCa i
B MaccuBe A W KaXJ0Tr0o HHEKca j B MaccuBe B Mbl nipoBepsieM, ABasieTcs N A[i]
TeM e YUCiIoM, 4To U B[j]. Ecnu 310 Tak, TO Mbl BO3BpaulaeM UCTHHY. Eciin Mbl
MCUEPNbIBAEM BCE BO3MOXKHOCTH, HE Hall[11 OIMHAKOBbIX 3/IEMEHTOB, TO Mbl MOXKEM
CMeNIo BEPHYTb JIOXKb.

NMPOBEPKA HA HAJIMMUE OBILETO 2JIEMEHTA
Bxoa: MaccuBbl A U B 13 n LENbIX YUCES KaOKIbIH.

BbIX0A: cofep)KUTCS JIH Liefioe Ynclio ¢ B 060Mx MaccHBax, A u B,
WU HET.

for i :=1 to n do
for j :=1 to n do
if A[1] = B[j] then
return TRUE
return FALSE
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Bonpoc, kak 00bIYHO, OAWH: kKakoBO B 0003HayeHHU O-60inbluoe
BpeMsl HCMOJIHEHUA 3Toro ¢pparMeHTa koaa?

S R M R

P RN R

TECTOBOE 3AJAHHME 2.3

T P AN S R PR Y AL 5 A

KakoBo acuMnToTHYECKOE BpEMs MCTIONIHEHHS NPHBEAECHHOIO BbIlIE
(parMeHTa KoJa A1 NPOBEPKH HA HalNHuHe OOLUEro JIEMEHTA Kak
(GyHKUMH JUTHHBI 1 MacCHBOB?

a) O(1).
6) O(log n).
B) O(n).
r) o).

(PeweHue u ero aHanus cM. B paszaene 2.1.4.)

A ) N L T P 0 A T T e R R A L aT

Haw nocneanuit npuMep CHOBA CBS3aH C BIOXKEHHbIMM LIMK1aMH, HO Ha 3TOT pa3s
Mbl OTBHICKMBAEM NOBTOPSAIOLIKECS 3HAYEHUs B OAHOM MaccuBe A, a HE B IBYX
pasHbIX MaccuBax. [IpuBeseM ¢parMeHT Koaa, KOTOPbIK Mbl cobupaemcs npo-
aHAIM3UPOBATb.

L T T T P A DN TR G T T (0 2 B T AT AN D0

IMPOBEPKA HA 1YBJIUKATbDI

Bxoa: MaccuB A U3 1 UENbIX YKCEN.

BbIxoa: cOmepXUT NU MaccHB 4 HEKOTOpoe Lienoe 4ucio Oonee
OJIHOrO pa3a MU HeT.

for 1 :=1 to n do
for j :=1 + 1 to n do
if A[1] = A[Jj] then
return TRUE
return FALSE

RO S T AR ST

T R S N T R e A e

Ecte aBa HeGONBLIKMX Pa3nUyuUs MEXAY 3THM (parMeHTOM KoZa M NpeAbiAyLIUM.
ITepBoe 1 Gonee OUeBUIHOE H3MEHEHHE 3aKITIOYAETCS B TOM, YTO Mbl CDaBHHUBAEM
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i-H 2neMeHT A C j-M 3IIEMEHTOM A, a He C j-M 3JIeMEHTOM HEKOro JIpyroro Maccu-
Ba B. Bropoe, 6onee TOHKOE U3MEHEHHE COCTOUT B TOM, YTO BHYTPEHHHH LIUKII
Tenepb HaYMHAETCS C MHAEKCHOM MO3MLKK i + 1, a He ¢ MHAEKCHOH no3uuuy 1.
[Toyemy Obl He HauaTh ¢ 1, kak K paHbiue? [T0TOMy 4TO TOrza OH TakXke BEepHET UC-
THHY B CaMoi NepBoi uTepauuu (MOCkoJIbKy 04eBUHO, 4TO A[1] =A[1], aneMeHT
MaccHBa paBeH caMoMy cebe) He3aBUCHMO OT TOTO, UMEET JIU MACCUB Kakue-1u6o
MOBTOPSAIOLIMECS 3HaYEeHHs! MOXHO, KOHEYHO, NPOMYCTUTDb BCE UTEPALIUH, T i U j
paBHBI, HO 3TO MO-NpeXKHeMY OyIeT pacTOUMTENBHO: KaKAYI0 Napy 3JIeMeHTOB,
A[h] u A[k], He cnenyeT cpaBHUBATh APYT C APYroM ABaXAbl (OOMH pa3, Koraa
i=huj=k ucnenyromuit pas, korna i = k uj = h), B T0 BpeMs Kak NpUBEAECHHbIH
BbIlLIE KOJI CPABHUBAET MX TOJNbKO OAMH pas.

Bonpoc no 3aaaHu1o, kak Bceraa, OIMH U TOT XKe: KAKOBO B 0003HaueHrH O-6051b1110e
BpeMs CIMONIHEHUs 3TOrO pparmMeHTa Koza?

TECTOBOE 3AJJAHME 2.4

KakoBo acumnroriyeckoe BpeMs paboThl IPUBEAEHHOTO BbliLe (par-

MEHTa KoJa [ MpOoBepKH Ha NyOnukaThl kak GyHKUMM Maccusa
IJIMHOM n?

a) O(1).
6) O(logn).
B) O(n).
r) O(n).

(Pewenue u ero aHanus cM. B pasgene 2.1.4.)

[TprBeieHHbIE BbILLIE 3JIEMEHTAPHBIE MPUMEPH! JOKHEBI AaTh BaM JTOCTATOYHO
OYEBU/IHOE HHTYMUTUBHOE IOHMMAHKE TOTO, YTO MpeACTaBNsET cOO0H 0603Have-
Hue O-6onblioe U kakoii 3¢bdekT OHO AaeT /s peLleH s MOCTaBIeHHON 3a1auH.
Janee Mbl nepeiigeM kK MareMaTHueckoit pa3paboTke aCHMITOTHYECKHX 0603Ha-
YEHUii, a TaKXKe K aJrOpuTMaM, elle 60/1ee HHTEPECHBIM, YEM PacCCMOTPEHHbIe
paHee.
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2.1.4. PelweHuMs TeCTOBbIX 3agaHuin 2.1-2.4

PeweHune TeCcToBOro 3agaHuna 2.1

IIpaBuabHbIH 0TBeT: (B). [1paBunbHblii 0TBeT — O (1). JIpyrMH CII0BaMH, Mbl
rOBOPUM, 4TO aJirOPUTM MMEET BpeMs UCIOHEHHUS, THHelHOe oT n. [Toyemy 310
BepHO? TOUHOE YKCIIO BHITIOJHAEMBIX ONlepaLiii 3aBUCHT OT BXOJHbIX JAHHbIX —
COAEPXKMTCH WIIM HET LieNIeBOe YUCIIO ! B MaccHBe A, U, €ClIH A3, Ile B MacCUBe
OHO HaxoauTcsd. B xymiem cnyuae, koraa ¢ He HaXO[UTCS B MacCHBE, aJlTOPUTM
BBIMOJIHUT HEYAAYHBIH MOMCK, MPOCKAHUPOBAB BECh MACCUB (3a n UTepaLuil LMKia),
M BepHeT JIoxkb. KitoueBas 0COOEHHOCTH MCEBAOKOAA B 3TOM 33laHUU COCTOMUT
B TOM, YTO OH BBINOJIHAET MOCTOSHHOE YUCIO0 ONepauui AJis KaKAOro 3JeMeHTa
MaccuBa (cpaBHHBas A[i] ¢ ¢, yBenMuMBas MHACKC / LKA, U Tak Aanee). TepMUH
«MOCTOSHHBII), MPUMEHUTENBHO K YMCITY Onepauuil, 31ecCb 03Ha4aeT HEKOTOPOe
YUCNO0, He 3aBUCALLee OT 1, HanpuMep 2 Win 3. MOXXHO CIIOPUTH O TOM, KaKoe 3Ha-
yeHMe 3Ta KOHCTaHTa MPUHUMAET B NPUBEIEHHOM BbillIe NCEBOKO/IE, HO Kakoii Obl
OHa HU Oblna, OHa YAOOHO yCTpaHseTcs B 0003HayeHHH O-00b110e. AHANOTHYHbIM
00pasoM, alirOPUTM BBINOJIHAET NOCTOSHHOE YMCIIO ONepauuii 10 Havana uukna
H MOCJIE ero 3aBepIlUEeHHs, U HE3aBUCUMO OT TOI0, KAKOi KMEHHO KOHCTaHTa MOXET
ObITb, OHA MPeACTABsAET COOOM YJieH HU3LIEro MOpsAka, KOTOPbI OmycKaeTcs
B 0003HaueHun O-6osblioe. [T0CKoNbKY HTHOpPUpPOBaHWE MOCTOSHHbBIX K03hGH-
LIMEHTOB U 4JIEHOB HU3IIMX MOPSIKOB MPUBOIHT HAc K IPaHHLIE 7 OOLLEro Yucna
orepauuii, aACHMITOTHYECKOE BpeMs paboTbl 3TOro anroputma cocrasnset O(n).

PeweHne TecTroBoro 3agatuna 2.2

IpaBuabHblii oTBeT: (B). 30€Ch OTBET TOT Xke, O (n). [IpyunHa B TOM, 4TO Hau-
Xy/ILLIEE YHACJIO BBINONHAEMbIX Onepaiuii (Mpy HeyaauHOM NoKcke) BABoe 6onblue,
4yeM B MpelbiaylleM pparMeHTe NCeBAOKOAa, — CHavasa Mbl BbIMONHAEM NOUCK
B IEPBOM MaccCHBe M 3aTeM BO BTOPOM MacCUBe. DTOT JOMOJHUTENbHBIA MHOXH-
TeJIb 2 BHOCUT BKJIaJ] TOJIBKO B Bey1Uii ko3¢ duuueHT B hopmyne npeaena BpeMe-
HU KCMOJIHEHHS 3TOrO AINOPHTMAa, MO3TOMY OH YCTPaHSAETCS, KOTAA Mbl HCTIONB3YEM
o603HayeHHe O-6o0nbiuoe. TakuM 00pa3oM, 3TOT ATOPUTM, KaK M NpeabIayLIHH,
SBJIAIETCA THHEHHbIM aJITOPUTMOM.
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PeweHune TecroBoro 3afaHma 2.3

IIpaBuabHbI oTBeT: (r). Ha 3T0T pa3 otBet usmenunca. s storo ¢pparMeHTa
ncesaokoaa Bpems paboTsl He O (n), a O (n?). («O-00MbLIOE n-KBAAPATY, TaK Ha-
3bIBaeMblii KBaJpaTU4HbIi anropuT™.) Takum 06pa3om, B cilyuae ¢ STUM aJirOpUT-
MOM, €CIIM YMHOXHTb JJIMHBI BXOAHBIX MaccBOB Ha 10, To BpeMsi UCIONHEHUS
yBenuuutcs B 100 pa3 (a He B 10 pa3, kak B ciiyyae ¢ IMHEHHbIM aJITOPUTMOM).

[Touemy 3TOT anroput™ MMeeT BpeMs ucnonHeHus O (#%)? Ero ncepaokon cHoBa
BLINIOJIHAET MOCTOSTHHOE YUCIIO ONepauuii A1 KaxIoH UTepalyu uukia (1o ecthb
JUIs KOKA0ro BapUaHTa MHAEKCOB I H j), a TakKe NOCTOAHHOE YHCII0 Onepauuii BHe
UMKI0B. I3MEHUIIOCH TO, UTO TEnepb Mbl UMEEM B 00LLEH CIIOKHOCTH 7 HTepaLuii
3TOro ABOMHOrO LIMKNA for — N0 OAHOMY JUIA Kaxaoro BapuaHTai € {1,2, ..., n}
nje {1,2, .., n}. B Hallem nepBoM npuMepe 6bUIO BCEro # UTEpaluii OIHOTO
uukna for. B Halem BTOpoM npUMepe, NOCKObKY NEPBbIi LUK for 3aBepLuMiIcs
JI0 Ha4ana BTOpOro, y Hac OblI0 Bcero 2»n utepauuid. 3aech xke Ans xaxcoou u3
1 UTepaLHii BHELLHEro L[MKJIa for KoJl BLINOIHSAET 1 UTEpPaLli BHYTPEHHETO LKA
for. B utore 310 gaeT n X n = n? UTepaUMi.

PeweHune TecToBoro sapaHus 2.4

IIpaBuabHbIii 0TBeT: (r). OTBET Ha TO 33JaHHE TAKOH KkKe, KaK U Ha Mpeablay-
wee, O(n?). BpeMs paboTsI CHOBa NPONOPLMOHANEHO YHCY UTEPALHii JBOIHOIO
uMkia for (C MOCTOAHHBIM YHCIIOM onepamzm Ha uTepaumio). Utak, ckosbko xke

. n
umeetcs utepauuit? OTBeT — NpHUMEpPHO E% OauH U3 cnoco00B NOHATH 3TO —

BCIIOMHHUTb O TOM, YTO MCEBIOKOJ 3TOI0 AJITOPUTMA BbINOIHAET NPUMEPHO MO-
JIOBMHY pabOThI aNropuT™Ma U3 MPEAbIAYLIEro 3aaaHus (MTOCKOJIbKY BHY TPEHHHH
uMka for HauuMHaetcs ¢ j =i + 1, a He ¢ j = 1). Bropoii cnoco6 — o6parutsb
BHUMAaHHE Ha TO, YTO HMEETCsl POBHO OJJHA UTEpALIUs /ISl KOKIO0T0 MOJMHOXECTBA
{i,j} nByX pa3Hbix UHAEKCOB U3 {1, 2, ..., n}, U TAKUX MOAMHOXKECTB Mbl UMEEM
POBHO (;):@ g

' 3 ) npousHOCUTCA «M3 2 MO n» U Ha3bIBAETCA «OMHOMHANBHBIM KOIDDHULHEHTOMY.

CM. TaKxke peLieHre TeCToBoro 3aaanus 3.1.
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2.2. O6o3HavyeHue O-60onbLUOE

B sToM pasznene naercs gpopmanbHoe onpeneneHre o6o3HaueHus O-6onbuioe. Mbl
HauHeM C ONpeAeNeHUs Ha NPOCTOM Pa3rOBOPHOM SA3bIKE, POMIIIIOCTPUPYEM €ro
HarAIHO U, HAKOHELl, 1aiUM MareMaTU4eckoe onpesesieHue.

2.2.1. OnpepeneHne Ha pyCCKOM A3blke

0603HaueHune O-60nbLIOe OTHOCHTCA K HYHKUMAM BUaa T (n), onpeaesieHHbIM Ha
MOJIOXKUTENBHBIX LENbIX uucnax n = 1, 2, ... . JIng vac T'(n) noutu Bcerna Oyaer
0003Hauarh npeaen XyAUlero BpeMeHU MCMOJHEHHUs ajliropuTMa Kak (yHKUMIO
ANUHbBI 1 BXOAHBIX AaHHbIX. UTO e uMeeTcs B BUAY, KOrna ropopart, uro 7'(n) =
= O(f(n)) ans Hekoli «kaHOHUYECKOW» GYyHKUMH f(n), B YACTHOCTH 1, n log n unu
n*? Jlanum onpefiefieHHe Ha PYCCKOM S3bIKE.

N T T B 0 e L L T 7 T ST TP L i Y

OBO3HAYEHUE O-BOJIBUIOE (PYCCKAS BEPCHSI)

T'(n) = O(f(n)), Toraa u Tonbko Toraa, koraa I'(n) B KOHEYHOM UTOTE
OorpaH1yeHa CBEpXy MOCTOSAHHOM, kpaTHOH GyHKUMH f(n).

2.2.2. UnniocTpupoBaHHOe onpeaeneHue

B3rnsHuTe Ha puc. 2.1, nokasblBalollmii onpeaeneHre o6o3HaveHus O-6onbLuoe.
Ocb X cOOTBETCTBYET nNapameTpy 4, ocb ¥ — 3HaueHuto ¢yHkuuu. [lycts T'(n)
ecTb (PYyHKUMS, COOTBETCTBYIOILAA CIUIOLIHOW NHHUH, a f(n) — QyHKUUA, cO-
OTBETCTBYIOLLAs HWKHEH NYHKTUpHOH nuHUKM. PyHkuus T(n) He OorpaHHYeHa
cBepxy (dyHkuuei f(n), Ho yMHOXeHHUe f(n) Ha 3 B pe3yJbTaTe AaeT BEPXHIOK
NMYHKTUPHYIO JIMHUIO, KOTOpas Oyaer Niexarb Bbie 7'(n), mocie TOro Kak Mbl
3alileM JOCTaTOYHO JAajeko BNpaBo Ha rpaduke mocje «TOUKU NepeceyeHus»
B 1,. [Tockonbky, kak Mbl BUIUM Ha rpaguke, 7(n) NeHCTBUTENLHO B KOHEUHOM
MTOre OrpaHUYUBaETCs CBEPXY MOCTOSHHOMN, KpaTHO# f(71), Mbl MOXEM CKa3aTb,
yto T(n) = O(f(n)).
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n — a0

Puc. 2.1. MNokasbiBaert, koraa T(n) = O(f(n)). KoHcTaHTa ¢ (paBHasi 3 B AAHHOM
npuMepe) KoANYEeCTBEHHO MIIOCTPUPYET BbiCKa3biBaHWE «NOCTOsIHHAsK
KpaTHasi» oT f(n), a KOHCTaHTa N, KONMYECTBEHHO UNNIOCTPUPYET BbiCKa3biBaHWe
«B KOHEYHOM nTore»

2.2.3. MaremaTuyeckoe onpeaeneHme

[TpuBeaeM maremaruueckoe onpeneeHre o6o3HaueHus O-6onbiuoe. DTo Ta Ae-
(GHHULMS, KOTOPYIO Bbl JOJDKHBI KCMONB30BaTh B OPMAIbHBIX JOKA3aTeNIbCTBAX.

OBO3HAYEHMUE O-BOJIBLIOE
(MATEMATHUYECKAS BEPCHA)

T(n) = O(f(n)), TOrna 1 TONbKO TOra, KOrAa CyLIECTBYIOT NONOXKH-
TeNbHbIE KOHCTAHThI C U 1, TAKHE YTO

T(n) <c x f(n) 2.1

A BCEX 1 2 A,
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D10 npsMoe nepeioKeHHe Ha MaTeMaTHYECKUH A3bIK ONpPENENEHU HA PYCCKOM
A3bike, MpuBeAeHHoro B paszene 2.2.1. HepaseHcTBo B (2.1) o3Hauaer, uto T(n)
JIOJKHA ObITH OrpaHUuYeHa CBEPXy BbIPOKEHHEM, KpaTHbIM f(#) (IpU 3TOM KOH-
CTaHTa ¢ 0603HauaeT kpaTHoe). O603HaueHUE NS BCEX 1 = ny» O3HAYaeT, YTo
HepaBeHCTBO AOJKHO COOMIOAATHCS TONBKO B KOHEYHOM MTOre, TO €CTh KOTAa n
JOCTAaTOYHO BEJIMKO (NPH 3TOM KOHCTaHTa 1, 0003HAYaeT, HACKOJIbLKO BEIHKO).
HanpuMep, Ha puc. 2.1 KOHCTaHTa ¢ COOTBETCTBYET 3, a 1, — TOYKE NepeceyeHHs
Mexnay GyHkuusamu T(n) u ¢ X f(n).

HuTepnpeTanus onpeaejieHusi ¢ TOYKH 3peHHs1 Teopuu urp. Ecin Bam Tpeby-
eTcs Aokasark, uto T'(n) = O(f(n)) (HanpuMep, A0Ka3aTh, YTO aCUMNTOTHYECKOE
BpeMs UCMOJIHEHUS AITOPUTMA THHEHHO OT pa3Mepa BXOIHbIX JaHHbIX, YTO COOT-
BETCTBYET f(1) = n), TO Ballla 3a]1a4a COCTOUT B TOM, YTOObI 10100paTh KOHCTAHTHI
¢ 1 n, TaK, 4todsl (2.1) cobmronanock Beakuii pas, koraa n > n,. OnauH 13 cnocobos
JOOUTBLCS 3TOrO — MCNOJb30BaTh TEOPETUKO-UIPOBOI MOAX0A, TO €CTh PpaccMo-
TPEThb MOKCK PeLleHHst KaK Urpy Mexly BAMH U IPOTUBHUKOM. Bbl X0AuTe nepBbIM
Y JOJDKHBI 3aUKCHPOBAaTh KOHCTAHThI ¢ U n,. Balll MPOTUBHHUK XOAMT BTOPbIM
Y MOXKET BbIOpaTh J1000€ Liesioe YHUCIIO 1, KOTOPOE He MeHbLIE 11, Bbl BIMIpBIBA-
eTe, eci cobnronaeTcs HepaBeHCTRBO (2.1), a Ball MPOTUBHHK BbIMIPbIBAET, €CIIH
co0JironaeTcs NPOTUBOMONOXKHOE HepaBeHCTBO T'(n) > ¢ X f(n).

Ecnu T(n) = O(f(n)), TO CylECTBYIOT KOHCTAHTBI ¢ M h,, Takue, Yto (2.1) co-
6nrofaercs Ans BCEX 1 > Ny, U Y BacC €CTb BbIMIPbILIHASA CTpAaTerus B ITON Urpe.
B npoTtuBHOM ciydae, HE3aBUCHMO OT TOTO, Kak Bbl BLIOEPETE C H 71, BALLl ONMOHEHT
MOXET BbIOpaTh JOCTATO4HO GONBLIOE 1 > 1, YTOObI MEPEBEPHYTh HEPABEHCTBO
Y BBIUTPATh UTPY.

NPEAOCTEPEXXEHUE

Koraa Mbl FOBOPUM, HTO C U Ny ABNKIOTCA KOHCTAHTAMK, Mbi UIMEEM B Buay,
4TO OHW He MoryT 3asuceTb oT n. Hanpumep, Ha puc. 2.1 ¢ u n,6binn 3a-
¢ukcupoBaHbl B 3Ha4eHusx 3 n 1000. 3aTem Mbl Nepewunm K pacCMOTPEHUIO
HepaBeHcTBa (2.1), NpMHUMAa BO BHUMaHWE, YTO N pacTeT CKONb yroaHo
ponro (Ha rpaduke B HanpaeBneHnn ocm abeumnce Ao 6eckoHeyHocTH). Byabre
BHUMATENbHbI: €CNN Bbl KOraa-HMbyab (B npegnonaraeMom aoka3arenbCcTee
O-6onblwoe) 3acTaHeTe cebs 3a NponsHeceHneM ppasbl «<NYCTb N, = N» UK
«NycTb € = log, N», TO BaM HYXXHO OCTAHOBWUTLCH K HaYaTb 3aHOBO C BbIGopa
KOHCTaHT C U N, He 3aBUCALLUX OT N.
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2.3. ABa npocTbiX Nnpumepa

[Tpoiias uepe3 TepHUH GOpMANBEHOIO MaTEMaTHUECKOTO OnpeaeeHus 0603HaueHus
O-6onbluoe, 1aBaiiTe pacCCMOTPUM HECKOJIBKO TPUMEPOB. JTH MPUMEPBI HE JaayT
HaM HMKaKMX HOBbIX e, HO OHU MOMOTYT JOCTYIHee OOBACHUTD C TOYKH 3pEHUs]
34paBoOro cMbIcia, YTo 0003HaYeHHe O-00iblIOe JOCTUIaeT CBoei HaMeueHHOMH
LeNH YCTPAHEHHUS! MOCTOAHHBIX KOI(PQHULMEHTOB U YJIEHOB HU3IIMX MOPAIKOB.
OHH TaKKe ABNAIOTCA Xopoulel pa3sMUHKON [l MeHee OYEBUIHBIX MPUMEPOB,
C KOTOPbIMH MbI CTOJIKHEMCS TIO3)XKeE.

2.3.1. Ana MHoro4uneHoB ctenenu k O-6onblwunm
asnsetcs O (n*)

Haue nepsoe popmanbHoe yTBepikKAEHHE COCTOUT B TOM, 4TO ecau T'(n) 31O
MHOTOUJIEH C HEKOTOPO#i cTeneHsio k, To T(n) = O (n%).

Yr1Bepxaenue 2.1. I[Tycmeo
T(ny=aqn+..an+a,

20e k > 0 — smo Heompuyamenvroe yenoe YUCIO U a;, — BeueCmeeHHble YUCA
(nonooicumensuvle utu ompuyamenvuvie). Toeoa T(n) = O (n¥).

Cwmbicn yTBepkAeHUS 2.1 B TOM, 4YTO B Clly4Yae ¢ MHOrOY/IEHOM B 0003HaYeHUH
O-60nblL0E BaM HY)XHO 6CTIOKOUTHCS TONBKO O CaMO#t BLICOKO# CTENeHH, KoTopas
MMeeTcsi B MHOrousieHe (cTeneHs MHorousneHa). Cienosare/ibHo, 0603HauYeHHe
0-605b1L0E AEHCTBUTENLHO YCTPAHAET NOCTOSHHBIE MHOKHTENH U UIeHbI HU3LIAX
MOPAAKOB.

Hoxazamenscmeo ymeepicoenus 2.1. YTobbl Joka3aTh 3TO yTBEpKACHHE, HAM
HY>KHO MCIMONb30BaTh MareMaTuueckoe omnpeaeneHue obo3HaueHus O-6onblioe
(pazzmen 2.2.3). B cooTBETCTBHH € 3THM ONpEAC/IEH!EM Hallla 3a/1a4a — HalTH napy
TMONOXHUTENbHBIX KOHCTAHT, € U 1, (KaXk/1ast He3aBHUCHUMas OT 1), e ¢ KOJIMYECTBEH-
HO MCTOJIKOBBIBAETCA KaK NMOCTOSHHAsA, KpaTHas 1, a n, KONUYECTBEHHO HCTOJIKO-
BbIBAETCS Kak «A0CTaTO4YHO O0bLLI0e 1. YTOObI HE YCITOXKHATD X0 PacCy X AEHHU,
HO, 6€3yCIIOBHO, OCTaBUTb HAJIET 3araJJOYHOCTH, MPOCTO BHITALLMM 3HAYEHHUS 3TUX
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KOHCTAHT M3 LUIAMNBI: 31€Ch 1, = | U ¢ paBHAETCH CyMMe abCOMOTHBIX 3HAUEHHH
k03¢ ULUEHTOB MHOTOUJIeHA' :

c=lal+...+|a]| +la,.

O6a 3THX uKMcna He 3aBHCAT OT 1. Teneps HaM HYXHO NOKa3aThb, YTO 3TH BApHaHThbI
KOHCTaHT yIOBJIETBOPSIOT ONpezeeHuto, To ectb T'(n) < cn* ans Bcex n>n, = 1.

YT00B! MPOBEPUTH 3TO HEPABEHCTBO, 3aJaJMM MPOU3BOJIILHOE MOJOXKUTENBHOE
enoe uucno n > n, = 1. HaM Hy>xHa nocnenoBarenbHOCTb BEPXHUX NPec/ioB
BpeMEHHU HCIONHEHUs anroput™a T'(n), KylTbMUHaLHEN KOTOPbIX CTAHET BEpPXHUi
npenen ¢ % n*. CHayasia npuMeHuM omnpeaenenue T (n):

T(n)=ap+...+an+a,

Ecnu B3aTb abcomoTHOE 3HayeHNe kaxaoro ko3hduuueHTa g, B npaBoii yacTy,
TO BbIPaXCHUE CTAHOBUTCS JIMLIB Bee Oonblue. (|a] MOXeET ObITh 60bLIE TONLKO
a,, U, IOCKOJIbKY 7' MOJIOKUTENBHO, |g|n’ MokeT ObITh O0JibLIe TONMLKO an'.) DTO
03HA4aeT, 4YTo

T(n) <lan*+ ... +|ajn +|ay.

[Toyemy 3ot war noneseH? Teneps, koraa k03GGULMEHTBI HE MOTYT ObITH OTPH-
LIaTeNIbHBIMH, MBI MOXKEM HCIIO/1b30BaTh aHATOTMYHbIH MeTO[, YTOObI NPeBPaTUTh
pasHble CTeneHu n B o0LIyIo cTeneHb 1. [Tockonbky #n > 1, n* Gonblue ToNbKO H'
ans kaxzaoro i € {0, 1, 2, ..., k}. [TockonbKy |a| HeoTpULATENBHO, |a/n* Gonbiue
TOJIBKO |a,|n'. DTO 03HAYaeT, 4To

T(n)<|a,|n* +...+|a|n* +|ag|n* =(|a,|+...+|a|+|a,|) xn*.

=c

OTO HEPABEHCTBO CNPABEJIMBO IS KaXA0ro n > 1, = 1, TO €CTh TO, YTO Mbl H XO-
TeNu aokasarb. Y m. 0.

Kak y3Harb, kakuMm 06pa3oM BbIOpaTh KOHCTaHTbl ¢ U 1,? OOBIYHBIA moaxon —
PEKOHCTPYHpOBaTh UX OT 0OpaTHOro. OTo peanu3yeTcs NMyTeM NpPOXOXKAECHHUS
BBIYHCIIEHUSA, TIONOOHOTO NMPUBEAEHHOMY BBIILE, U BbIACHEHUS Ha JIeTy BbIOOpa

! HanoMHHM, 4TO abcontomnoe 3Ha4EHKE |x| BELLIECTBEHHOTO YUCNIA X PABHSAETCS X, KOraa
x>0, 4 —x, korga x < 0. B yacTHOCTH, |x| Bceraa HEOTPHLATENBHO.
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KOHCTAHT, KOTOPbIE MO3BOJIAIOT BaM MPOBECTH AOKA3aTENbCTBO. Mbl yBHIHMM He-
KOTOpbIE NPHMEPbI 3TOTO METOAA B paszaene 2.5.

2.3.2. Ang MmHorouneHos cteneHu k O-6onbluum
He aBnseTtca O (n*-1)

Haw Bropoii npuMep B ASHCTBUTENLHOCTU ABISETCA HEMPUMEPOM: MHOIOUIEH
crenenu k apnsetca O(n¥), oqHako He sBnsetrcs O(n* ).

YrBepxnaenue 2.2. [lycmo k > 1 ecmb nonosicumenvroe yenoe Yucio u 3a0aHo
T(n) = n*. Tozcoa T(n) ne pasno O(n*™).

W3 yTBepxcaeHns 2.2 cieayer, UTO MHOTOUNIEHbI C Pa3HbIMHU CTETIEHSIMHU pa3iu-
4alTCd OTHOCUTENbHO 0003HaueHuss O-6onbiuoe. (Ecnu 661 3TO He GbLIO HC-
THHO#H, TO YTO-TO ObLIO Obl HEMPABHJIBHO C HALLMM ONpe/eseHHeM 0003HaYeHus
O-60nbLu0e!)

Hoxazamenvcmso ymsepowcoenus 2.2. YToObl qoka3arb, 4To 0fHA QYHKLUS He
aensercs O-6onblie [pyroi, Kak MpaBUIio, NOJIB3YHOTCS JOKa3aTeNbCTBOM OT Mpo-
TUBHOTO. B 3TOM THNE nOKa3aTenbCTBa Bbl 1OMYCKAETE HPOMUBONONONCHOE TOMY,
YTO Bbl XOTHTE J0Ka3aTh, a 3aTEM, OCHOBBIBA’ACH Ha 3TOM AOMYLIEHHH, CTPOUTE
MOCJIeA0BaTeILHOCTh JIOTHYECKH BbIBEPEHHBIX 11AroB, KylbMHHAUKeH KOTOPbIX
ABNISETCS SABHO JIOXKHOE yTBepxaeHue. M3 Takoro mpoTMBOpeuus ClielyeT, YTo
MCXOHOE MPOTUBOMONOKHOE JOMYLIEHHE HE MOXKET OBITh HCTUHHBIM, @ 3TO J0-
Ka3biBaeT TpebyeMoe BbICKa3blBaHHE.

Htak, npeanonoxkum o0paTHoe U A0MyCTHM, YTO #* paBHO O (n*!); MbI IEPEXOANM
K BbIBOAY MpOTHBOpeuHs. Uto 3HauuT, ecnu n = O (#*')? A 10, uTO 1* B KOHEUHOM
MTOIE OrPaHNUYMBAETCS MOCTOSIHHBIM KPaTHbIM 1!, TO €CTh CYLECTBYIOT MOMOXKH-
TeJIbHbIE KOHCTAHTBI ¢ U 1, TAKHE, YTO

nkSC X nk—l

A5 BeeX n> 1. [10CKONbKY # — 3TO NONOKHUTENbHOE YUCIIO, Mbl MOXXEM COKPATHTh
n¥'u3 06enx yacTeil 3TOrO HEPABEHCTBA, U B UTOTE MONYYHUM

n<c
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A5 BCEX n > n,. DTO HEPABEHCTBO YTBEPXKIAET, YTO KOHCTAHTa ¢ GonbLue 11060ro
MOJIOKHTENIBHOTO LIENON0 YUCAA, YTO SABHO JIOKHO (B KauyeCcTBE KOHTpHpuMepa
BO3bMHUTE ¢ + 1, OkpymieHHoe a0 6nikaiiwero uenoro). [NonydyeHHoe noxHoe
YTBEPXAEHHE NOBOPHUT O TOM, YTO Halle UCXOAHOE AOoNyLueHue, uTo n* = O(n*™"),
HE MOXET ObITb HCTHHBIM, ClIEJOBATeNbLHO, n* He aBasetcs O ("), U. m. 0.

2.4. O6o3HavyeHue Omera-0onbLioe
u Teta-60nblUOE

O603HaueHne O-60nbI0e Ha CErOAHALIHUI JIeHb ABNseTCa Haubosee BaKHOM
¥ 00LUeNnpU3HaHHOM Kareropueid Ans 06CyxAeHHU aCHMITOTHUECKOIO BPEMEHH pa-
60tb1 anropuTMoB. Kpome Hero Heo6XoaUMO MO3HAKOMUTLCA € Napod POACTBEHHBIX
NOHATH, 3T0 0603HaYeHuss OMera-6onbiuoe U Tera-6onblioe. Ecin O-6onbuioe
aHAIOrHYHO OTHOLLEHHIO «MEHbLLE WK paBHO (<)», To OMera-6onbiuoe U Teta-
6onblIoe aHaNOrHYHbI, COOTBETCTBEHHO, OTHOLUEHHAM «0OJbLiIe UM PaBHO (>)»
U «paBHO (=)». JlaBaiiTe Tenepb pacCMOTPMM X HEMHOIO noapobHee.

2.4.1. 06o03naveHue Omera-6onbioe

®opmanbHoe onpeaeneHue o6o3HaueHuss OMera-60blIoe COBMAAaeT ¢ omnpe-
neneHueM obo3HaueHus O-6onbuioe. Ha pycckoM si3blke Mbl TOBOPHM, YTO OJHA
¢dyHkuus T'(n) seasercs Omera-6onbluoe Apyroi GyHKUNM (1) TOraa U TONBKO
TOrAa, koraa 7'(n) B KOHEYHOM HTOre OrpaHMUMBAETCA CHU3Y KOHCTAHTOM, KpaTHOH
f(n). B 3tom cimyuae Mbl nuwem T'(n) = Q(f(n)). Kak U paHblue, Mbl UCNIONIb3YEM
JIBE KOHCTaHTBI, C U Ny, A8 KOIMYECTBEHHOH OLIEHKH «MOCTOSHHOTO KPaTHOro»
U «B KOHEUHOM HTOTe».

OBO3HAYEHHE OMEI'A-BOJILIIOE
(MATEMATHYECKASA BEPCHS)

T (n)=Q(f(n)), TOrAa N TONBLKO TOrA CYLUECTBYOT NONIOKHUTENbHBIE
KOHCTAHTBI C H 1, TAKHE, YTO

T(n)2cx f(n)

IS BCEX 1 2 .



2.4, O603HaueHre Omera-6onbuioe n Teta-6onbLioe 81

BoT kak BbIMIAUT COOTBETCTBYHOLUUI PUCYHOK:

»f(n)
7
7
7
7
7
7
-,
7
e T(n)
7
-,
e . T X f(n)

2 ‘< ___.-"'.-- \
e c

n() n — 0

3neck T'(n) cHOBa COOTBETCTBYET GyHKLMH CO CIUIOIHON TMHUEH. DyHKuMs (1)
AB/AETCS BEpXHEH MyHKTUPHON NuHuel. DTa ¢yHkuus He orpaHuunBaet 1'(n)
CHHU3Y, HO €CIIH Mbl YMHOXHM €€ Ha KOHCTaHTy ¢ = 1/4, T0 pe3ynbTar (HWKHSs
MyHKTUPHAs NHMHUA) Oyaer orpaHuuuBarb T'(n) CHU3Y AN BCEX M MOC/E TOYKU
nepeceueHus B n,. Cnegosarensho, T'(n) = Q(f(n)).

2.4.2. 0603HauyeHue Teta-0onbwoe

O603nauenne Teta-60mbiloe, uiu npocto o6o3HadeHue TeTa, aHAIOrMYHO OTHO-
1IeHHUI0 «paBHO». [oBops, uto T'(n) = O (f(n)) Mbl, B CYLLUHOCTH, MOApa3yMeBaeM,
urto T'(n) = Q(f(n)) u, onHoBpeMeHHO, T'(n) = O (f(n)). DKBUBANEHTHLIM 00pa3OM
T(n) B KOHEUHOM MTOTE 3aXKaTa MEXKAY ABYMS PasHbIMU MOCTOSHHLIMM KPAaTHbI-

mu f(n)'.

! Jloka3aTe/NbCTBO ITOH IKBHBAICHTHOCTH CBOAMTCA K AEMOHCTPALIMH, YTO OWH BapHaHT
OMpENENEHUs YAOBIETBOPACTCS TOMAA M TOJIBKO TOrAA, KOTa YAOBIETBOPSETCS APYTroi.
Ecnn T'(n) = ©(f(n)) cornacHo BTOPOMY ONPEAETIECHHIO, TO, B3B KOHCTAHTbI C, H 1, MBI
BUIMM, 4TO T'(n) = O(f(n)), a B34B KOHCTAHTBI ¢, U Ny, MBI BUAUM, UTO T(n) = Q(f(n)).
C npyroii CTOpOHbI, MPEATNONOKHM, 4TO Bbl MOXXETE JOKa3ath, 4ro T'(n) = O(f(n)), uc-
NO/Ib3Ys KOHCTAHTBI ¢, U ng, ¥ T'(n) = Q(f(n)), ucnonb3ys KOHCTaHTBI ¢, U ny. 3arem T (n) =
= ©O(f(n)) B 3HAYEHHUH BTOPOTO OTPENENECHHUS, C KOHCTAHTaMHU ¢, ¢, H 1, = max{n, nj}.



82 FnaBa 2. AcumrToTUYecKkre 0603HaueHus

L e R T T B A T i T T T A Gl s ST TR

OBO3HAYEHHUE TETA-BOJIBILIOE
(MATEMATHYECKASA BEPCHA)

T(n) =0O(f(n)), TOrAa ¥ TOJbLKO TOrAA CYLIECTBYIOT NONOXKHUTEbHbIE
KOHCTaHTHI ¢, ¢, U N, TAKHE, YTO

x f(n)<T(n)<c,x f(n)

AU BCEX 1 2> N,

LS T SR TS et e e B i B T P B T 2 B, S B b i LR TR P B S e S

NPEAOCTEPEXXEHUE

Pa3paboTyvky anropuTMOB 4acTo UCNonb3yloT o603HaveHne O-6onbloe,
naxe koraa o6o3HaveHue Teta-6onbwoe Oyaet 6onee ToYHbIM. B 3TOM kHure
Mbl ByaemM cnepoeatb 3TONM Tpaguuun. Hanpumep, paccMoTpuM OyHKUMIO,
KOTOpasi NpocMaTpuBaeT MacCuB 4JIMHON N, BbINONHANA NOCTOAHHOE YUCNO
onepauuin Ha 3NeMeHT (Hanpumep, NoANPorpamMMy CansHUA Merge u3 pas-
nena 1.4.5). Bpems paboTbl Takoit NoanNporpamMmbl, O4€BUAOHO, PABHRETCA
©(n), HO 06bIYHO YNOMMHAETCA TONBKO O TOM, 4TO 0HO O (n). 3T0 06yCNOBNEHO
TeM, 4TO Kak pa3paboTunkm anropuTMOB, TakK U Mbl B HALWLINX PacCyXOEHUAX
06bI4HO COCPEeNOTOYMBAEMCA HA BEPXHUX MPaHULAX — rapaHTUsix Toro, Kak
[ONro Hawn anropUTMbI MOTYT BblIMONHATLCS.

Cnenyloliee TECTOBOE 3a/laHUE MPeTHA3HAYEHO 1S POBEPKH Ballle-
ro noHMMaHue obosnaueHuii O-6onbiuoe, OMera-6onbuioe u Tera-
6oubLIOE.

R A A P A R M i P S e T e Y R R T P B N e M R S T

TECTOBOE 3A11AHHE 25

Iycts T(n) = ln2 +3n. Kakoe U3 ciieflyloLIMX BbICKa3biBaHU# HC-
THHHOE? (MoxeT ObITh Gosiee 0AHOro MPaBUIBLHOIO OTBETA.)

a) T(n)=0(n).

6) T(n)=Q(n).

B) T(n)=0(n?).

r) T(n)=0(r).

(PeLueHue Y MOSICHEHHE CM. B pasz[ene 24.5. )

TR T A

St S S e R P AT R AN e
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2.4.3. 0603HavYeHne o-manoe

EcTh etiie 0auH, NOCAeAHUN BUJ aCUMIITOTHYECKOIO 0603Ha‘lCHl/lﬂ, o0o3HavYeHue
0-MaJ10€, KOTOPOE€ MOXKET BCTPEYATLCSA BPEMSA OT BPEMECHH. Ecnu 0603HaueHne
O-601b1I0E S3KBUBAIIEHTHO OTHOILEHHIO «MEHbBIIIE MJIH paBHO», TO obo3HaueHne
0-MaJ10€ SKBUBAJICHTHO OTHOLUCHHUIO «CTPOro MEHbLIIEC yem»',

OBO3HAMEHHE O-MAJIOE (MATEMATHUYECKAS BEPCUS)

T'(n) = o(f(n)) TOraa v TOJILKO TOIAA, KOra AJTs KAXJ0M ITOJ0KHTE Tb-
HOM KOHCTaHTbI ¢ > ( CyliecTByeT BEIOOp BapHAHTOB 1, TAKOMH, YTO

T(n)<cxf(n) 2.2)

IJIs BCEX 1 2> N,

Jins poxasarenbCTBa TOro, UTO ofiHa GyHKuMs sBaseTcs O-Gonblue Apyroi, Tpe-
OyeTcs BCero ABe KOHCTaHTHI, ¢ H 1y, BeIOpaHHbIE pa3 U HaBcerna. UtoObl foka-
3aTh, YTO OAHA (GYHKLMUS ABISETCH O-MeHblLE APYroii, TpeOyeTcs a0Ka3ars Gonee
CHJIbHOE YTBEPXKAEHHE, 2 UMEHHO UTO JUTA Kax#COOU KOHCTAHTBI C, HE3aBUCHMO OT
TOrO, HaCKONIbKO OHa Mana, 1'(7) B KOHEYHOM MTOTre OrpaHMYMBAETCA CBEPXY MO-
CTOSAHHBIM KPaTHBIM ¢ X f(1). OOpaTuTe BHUMAHHME, YTO KOHCTAHTA A, BbIGpaHHas
JUISl KOJIMYECTBEHHON OLEHKH «B KOHEUHOM HUTOIe», MOXKET 3aBUCETH OT ¢ (HO HE
OT n!), IpUYEM MEHBILHME KOHCTAHTBI ¢ 00BIYHO TPeOYyIOT GONBLINX KOHCTAHT A,
Hanpumep, [u1st Kaxa0ro MoNoKUTENBHOTO 1ENoro uucna k, n*! = o (nb)2.

' ITo aHasOrHH, CyLIECTBYET 0603HaUCHHE «OMEra-Majaoe», KOTOPOe COOTBETCTBYET
«CTporo Gosnblue», HO y Hac He OyeT BO3MOXHOCTH €r0 MCob30BaTh, O603HaUCHHS
«TETa-MaIoe» HE CyLUECTBYeT.

[TpuBenem noka3arenbCTBO. 3aaiMM MPOU3BOIBHYIO KOHCTAHTY ¢ > 0. COOTBETCTBEHHO,
BbIGEpEM 1, PABHBIM ~» OKPYIIEHHBIM 210 Onmxkaiiwero uenoro yucia. Toraa ans Beex
n> ny, ny x ¥ < p* u, cneposarensHo, n*! Sni x pt <c¢ x n*, 9To K TpeGoOBAIOCH
J10Ka3aTh. o
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2.4.4. OTkyna B3an0Ccb 0603HavYeHue?

AcumnToTuyeckre 0603HaYeHUsT He ObLTKM M300peTeHbl CNELHANHCTaMH MO
computer science — OHU MCMOJb30BAIMCh B TEOPUH YHCENl NPHUMEPHO C Hauana
XX Beka. Jlonansa KHyT, ponoHauanbHUK (GOpPMaNbLHONO aHajin3a ajJropuTMOB,
MPEAaoKUa X UCMONb30BaTh B KA4E€CTBE CTAHAAPTHOIO A3bIKa U1 OOCYKAEHHUA
TEMIOB POCTa U, B YaCTHOCTH, BpEMEHH paboThbl aJITOPUTMOB (LIMTATA):

«Ha ocrose 8onpocos, obcyicoaemvpix 30ech, A npeonazaro wienam SIGACT!
U pedaxmopam J#CypHanos no computer science u Mamemamuxe RPUHAMs 0b60-
snavenua O, Q u O, kak onpedenerno gviuie, eC1u MONLKO 6 OnUdNCaliuee pems
He 6yOem HalldeHa IyNUAs AlbMePHAMUBAar*.

2.4.5. PeweHve TecTOBOIro 3anaHua 2.5

IIpasnabHbie oTBeTHI: (0), (B), (r). [locnenHue Tpu oTBeTa BCE NMpaBUIIbHbBIE,
W, HaJelChb, MHTYULIMA MOACKA3bIBAE€T BaM, NOYEMY 3TO UMEHHO Tak. T'(n) —
3TO KBajpaTuU4Has ¢yHkuus. JInHeHHbIM 4eHOM 31 A GONBLIUX 1 MOXHO
npeHebpeub, MO3ITOMY cienyeT oxuaars, uyto T'(n) = O(n?) (otBer (c)). 1O
aBTOMaTHuYeCKH O3HauaerT, uto T(n) = Q(n?), u, cnenosarensHo, T(n) = Q(n)
takxe (otBeT (b)). O6patute BHUMaHHe: Q(n) He aBaseTCs 0c000 BrieyaTAroLLei
HKHei# rpaHuueit T(n), HO TEM HE MEHEE OHO SBJIAETCS 3aKOHHBIM. AHAJIOTMYHO,
T'(n) = © (n?) o3Hauaert, uto T(n) = O(n?) Takxe, H, ciefosarenbHo, I'(n) = O (n°)
(otBer (d)). lokaszaTenbcTBO 3TUX BbICKa3biBaH Ui (HOpMaNbHO CBOAUTCS K JEMOH-
CTpaLMH COOTBETCTBYIOLUMX KOHCTAHT, KOTOPbIE YAORIETBOPSAIOT ONpeeneHHsIM.
Hanpumep, ucnonb3obanue n,= 1 u ¢ = 1/2 pokaseiBaet (b). Ucnons3oBanne
n,=1u c =4 pokasbiBaet (d). O6beAnHEHHE STUX HAOOPOB KOHCTAHT (1, = 1,
¢, = 1/2, ¢, = 4) nokasbiBaer (c). [Ins GpopMallbHOro JOKa3aTebCTBa TOrO, YTO

! SIGACT saBnsercs cneuranbHol rpynnoi B pamkax ACM (Accouuanus BeIUMCaUTENb-
HOW TEXHHMKHM), KOTOpas 3aHUMAETCH TEOPETUUECKOH HH(POpPMATHKON, U B HACTHOCTH
aHAJIN30M aTOPUTMOB.

2 NoHanba KHyT, «Bonbuoi OMukpoH, u 6onbiuas Omera, v Gonswas Tera» (Donald E.
Knuth, «Big Omicron and Big Omega and Big Theta», SIGACT News, Apr.-June 1976,
page 23. Reprinted in Selected Papers on Analysis of Algorithms (Center for the Study
of Language and Information, 2000).
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(a) He ABNgETCA NPABHJIbHBIM OTBETOM, MOXKET ObITb MCMOIb30BaH apryMeHT U3
J0Ka3aTeNbCTBA yTBEPKACHHA 2.2,

2.5. lononHUTenbHbie NpUMepsbI

DTOT pa3jen npeAHasHaueH s YuTareseil, KOTOPbIM HYXHa JOMONHUTENbHAs
MpaKTHKa 0 aCUMITOTHYECKUM 0003Ha4eHHAM. OcTanbHble MOTYT MPOMYCTHUTD
3TH TPH JOTIOJHUTENLHBIX MPUMEpA U NepeiTH HEMOCPEACTBEHHO K I1aBe 3.

2.5.1. lo6aBneHne KOHCTaHTbl K 3KCNOHEHTe

B nepBy1o ouepe/b, 3TO ellle OAWH NpHMep J0ka3arenbCTBa TOro, kak oAHa hyHKLUs
asnserca O-6onblue APYrow.

YrBepxaenue 2.3. Eciu
T(n)=2m1°,
mo mozoa T(n) = O(2").

Takum 06pa3oM, 106aBIEHHE KOHCTAHThI K MOKA3aTeI0 CTeNEeHH YKCMOHEHLIHANb-
HOM (YHKLMM He U3MEHSET ee aCHMNTOTHYECKUI TeMN pocTa.

Hoxazamenvcmeo ymeepocoenus 2.3. YToObl COOTBETCTBOBATH MaTeMaTHYECKOMY
onpeneneHuto obo3Hayenus O-6onbuioe (pasnen 2.2.3), A0CTaTOUHO HalTH noa-
XOAALLYIO Mapy MONOXKHTENbHBIX KOHCTAHT, ¢ U 1, (KaXKJas He3aBUCUMA OT n),
Takux, 4yto T(n) He 6bonee ¢ * 2n ans Bcex n > n,. JlokasbiBas yTBepxaeHue 2.1,
Mbl IPOCTO BLITALLMIM 3TH JABE KOHCTAHTBLI M3 LLUNAMNBL; ceifvac e aaBaiite 06o-
CHyeM 3TOT BbIGOD.

BoiBeieHre ¢opMynbl HaunHaeTcs ¢ T'(n) B JIEBOM 4acTH, 3@ KOTOPbIM clieayeT
NOCNEA0BaTENLHOCTb TONBKO BOMNBILINX YKCEN, KylbMUHALIUEH KOTOPOro ABNsAET-
¢4 NOCTOsHHOE KparHoe 2n. Kak HauHeTcs Takoe BbluMcreHue? Hannvue uncna
«10» B cTeneHH pa3Apaxkact, O3TOMY, €CTECTBEHHO, MEPBbIM LLATOM sBIsETCA
€ro BbiieJIEHHE:

T(n) =2"10=210x 27 = 1024 x 21,
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Tenepb yxe ny4uie; npapas yacTb GOpMyibl ABNAETCS NOCTOSHHON KpaTHO# 2n,
W Hall BbIBOJ MPEANOJIAraeT, YTo Mbl AOJKHbI B3ATh ¢ = 1024. YuuTbIBas 3TOT
BbIOOD ¢, Mbl UMeeM T'(n) < ¢ X 2n Aas Bcex n > 1, NO3TOMY MbI NPOCTO OGepem
n,= 1. DTa napa KOHCTaHT NOATBEPXKIAET, 4yTo 7'(n) AeiicTBUTENbHO O(2"). Y. m. 0.

2.5.2. YMHOXEeHMe 3KCNOHEHTbl HA KOHCTAHTY

Jlanee uaer ewue ONUH «HeNpuUMep», MOKa3bIBAOLIN#, 4TO OfHA QYHKLHS He AB-
asiercst O-0oJblle APYTOid.

YT1Bepxaenue 2.4. Eciu
T(n)=2'"

moecoa T(n) ne saenrsemca O(2").

Takum o6pa3oM, yMHOXKEHHE NOKA3aTeNst CTENeHH 3KCMOHEHUMANbHOH GyHKLUNUK
Ha KOHCTaHTy M3MEHSET ee aCHMITOTHYECKU# TeMN pocTa.

Lokazamenscmeao ymeepocoenus 2.4. Kak v B cnydae ¢ yTBepxaeHueM 2.2, 00blu-
Hbli crnocod nokaszaTh, YTo oAHA PyHKLMs He saBisercs O-Oonblue Apyroi, —
noitu or odparHoro. [1o3TOMy JOMYCTHMM MPOTHBOMOJNOXKHOE BbICKa3bIBaHUE
¥ NpeanoNoxuM, uto 7'(n) Ha camoM aene paBHsercs O(2"). CornacHo onpeaele-
HUI0 0603HaYeHHs O-60NbLIOE 3TO 03HAYAET, YTO CYLIECTBYIOT MOJNOKUTENbHbIE
KOHCTAHTBI C U 1, TAKKE, UTO

ZIO"SCXZ"

Ans Bcex n > n,. [lockosbKy 2" SABISETCS MONONKHUTENBHBIM YHUCIOM, MBI MOXEM
COKPAaTHTh €ro U3 06enx YacTeil 3Toro HepaBeHCTBA, B UTOTe MONY4YUM

29”56'

AN Bcex n > n,. Ho 3T0 HepaBeHCTBO ABHO JIOXHOE: MpaBasi 4acTb SABIAETCS
(UKCMPOBAHHOH KOHCTAHTOH (HE3aBUCHUMOI# OT 1), B TO BpeMs Kak JieBas 4acTb
CTpeMHTCS B 6ECKOHEYHOCTb, KOTZIa #2 CTAHOBUTCS 0ONBLINM. DTO MOKa3biBAET, YTO
Haule aonyuieHue, 4to 7'(n) = O(2"), He MOXeT ObITb NPAaBUIILHBIM, CJIEOBATENLHO,
2' ye snsiercs O(2"). Y. m. 0.
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2.5.3. MakcuMmym NnpoTUB CyMMBbI

B Hawem nocnenHem npuMepe Hcnogb3yeTcs obo3HadeHue Tera-6onbLioe (pas-
aen 2.4.2), acCUMNTOTHYECKHI 3KBUBANEHT OTHOLIEHUS «paBHseTcsa». JlaHHbIH
npUMep MOKa3bIBAeT, YTO ACUMITOTUYECKH HET HUKAKO! pa3sHHLbI MEXKIY B3ATHEM
MOTOYEYHOr0 MaKCMMyMa JIBYX HEOTPUUATENbHBIX (GYHKUUHA 1 HX CYyMMOH.

YT1Bepxkaenue 2.5. Obosnauum gyukyuu, npeobpasyouue norodCumenbHvle
Yenbie YUCAA 8 HeOMPUYAMeNbHble BeUyeCmBeHHble YUCAA, KaK f U g u onpedenum

T(n) = max{f(n), g(n)}
ons kaxcoo2o n > 1. Toeoa T(n) = O (f (n) + g(n)).

OnHuM U3 CAeACTBUN YTBEpXKAEHUS 2.5 ABNSETCH TO, YTO AJIFOPUTM, KOTOPBIi
BBITIOJIHAET MOCTOSHHOE YUCIIO (UMeeTCs B BUAY HedaBucuMoe oT 1) O(f(n))-
noAnmporpamm, BeinosnHseTcs 3a BpeMs O (f(n)).

Hoxazamenvcmeo ymeepocoenus 2.5. HanomuunM, uto 7'(n) = O (f(n)) 03HauaeT, uto
T'(n) B KOHEYHOM MTOre OrpaHUYEHa JABYMS Pa3HbIMU MOCTOSHHBbIMH, KPaTHBIMU
f(n). YtoObl COOTBETCTBOBATH 3TOMY, HaM HY>XHO NOKa3aTh TPH KOHCTAHTHI: 00bIU-
HYIO KOHCTAHTY 71, U KOHCTaHTBI ¢, H C,, COOTBETCTBYIOLL{E€ MEHBIUNM H 60/bILIM
KpaTHbIM f(71). PEKOHCTpyHpYyeM 3Ha4eHUs] STUX KOHCTAHT.

PaccMOTpUM NPOU3BOJIbHOE HATYPANBHOE YUCIO 7. Mbl HMeeM
max{f(n), g(n)} <f(n) + g(n),

NOCKOJbKY MpaBas 4aCTb — 3TO NPOCTO JIEBAs YaCTb IMIHOC HEOTPULATENBHOE YHCIIO
(f(n) unu g(n), B 3aBUCUMOCTH OT TOTO, KaKOe MeHblIle). AHAIOrHYHO,

2 x max{f(n), gn)} 2 f(n) + g(n),

NOCKONBKY JieBas YacTh SABIAETCS AByMst KONUsMH Gonbluero u3 f(»), g(n) v npasas
YacTb ABJAETCsS OQHOW Konuel kaxaoro. OGbeAMHUB 3TH [Ba HEPABEHCTBA, Mbl
BUAUM, 4TO

et smax(s (), g0 sGegl) @)
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ans kaxaoro n > 1. Takum obpasom, max{f(n), g(n)} neicTBUTENLHO «BKIMHHBA-
eTCs» MEXAY ABYMs pa3sHbIMHM KpaTHbIMH f(n) + g(n). @opMaibHO BbIGOp 1, = 1,
¢, =1 nc,= 1 nokassiBaet (10 (2.3)), uto max{f(n), g(n)} =O(f(n) + g(n)). 4 m. o.

BbIBO/1bl

x [_[eﬂblO MCNOJIb30BAHUA ACUMATOTHHECKUX 0D03HAYEHUI ABNAETCS
YCTPAHEHNE NOCTOAHHbIX MHOXCUTENER (KOTOpble CITULLIKOM 3aBUCH-
Mbl OT p€annH3auny aﬂrOpMTMa) M HJI€HOB HM3LLUX NOPAAKOB (KO’TOpble
HE UMEIOT 3HAYeHWs Aas 6ONbILMX BXOAHbIX [laHHle).

x [oBopat, uto GyHkuust T'(n) asnsercs «O-6onbuioe ot f(n)» (nn-
wetcs Kak «7'(n) = O(f(n))»), eciv oHa B KOHEYHOM UTOre (ANA 10-
CTaTOYHONO HONBLUOTO 1) OTPAHUHEHA CBEPXY KOHCTAHTOM, KpaTHOH
J(n). To ecTb CYWECTBYIOT NONONKUTENbHbIE KOHCTAHTBI € W A, TakHe,
uto 7(n) <c x f(n) ans Bcex n > n,.

* OyHkumns T(n) apngercs «Omera-6onsluoe pyHkunu f(n)» (nuwercs

wak «7'(n)= Q(f(n))&)K%qim{odi%Bdiggﬁgh%t HTQTE OrpaHmyena cHusy

KOHCTAHTOM, kpaTHOW f(n).
¥ Oyukumna T(n) sengetca «Omera-6onbuioe ot f(n)» (NUuIeTC Kak
«T'(n) = O(f(n))»), ecan u T(n) = O(f(n), u T(n) = Q(f(n)).

¥ ()-60/1b110€ 3KBUBAJNEHTHO OTHOLIEHUIO KMEHbLUE MIIM PABHOR,
Omera-60onbLi0€ 3KBUBANEHTHO OTHOWEHWIO «OOMbllie MAN PaBHOY
» TeTa-601bLI0E IKBUBATEHTHO OTHOLLIEHUIO «PABHARTCAY.
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3apaum Ha 3aKpensieHue marepuana

3agaua 2.1. [TycTs f 1 g ecTb HeyObIBatOLLME BELLECTBEHHbIE QYHKLIMH, ONpe/ieNneH-
Hble Ha MOJIOXKUTENbHBIX LENbIX YKcNax, mpudeM f(#n) 1 g(n) He MeHee 1 i Bcex
n> 1. lonyctuM, uto f(n) = O(g(n)), ¥ MycTh ¢ €CTh NONOXKHUTENIbHAT KOHCTAHTA.
BepHo 1, uto f(n) log,(f(n)°) = O(g(n) x log,(g(n)))?

a) [Jla, ans Bcex TakuX f, g U C.
6) Huxkorna, He3aBUCHMMO OT TOrO, KAKUMU SABNAIOTCA f, g U C.
B) WHorza fa, vHOrna HeT, B 3aBUCUMOCTH OT KOHCTAHTBI C.

r) HHorna na, MHOrAa HeT, B 3aBUCUMOCTH OT GYHKLMHA [ U g.

3apaua 2.2. Eule pa3 nonycTuM ABe MOJNOXKUTENbHbIE HeyObIBatolye GYHKLMH,
fu g, Takue, uto f(n) = O(g(n)). BepHo 1y, uto 2/® = O(28™)? ([IpaBUAbHBIX OT-
BETOB MOXET ObITh HECKOJIBbKO; BhIOEpUTE BCe BEPHbIE. )

a) [a, ans Bcex Takux fu g.

6) Huxorna, He3aBUCHMO OT TOTO, KAKUMU SABISAIOTCA f U g.

B) WUHorna na, uHoraa Het, B 3aBUCUMOCTH OT QYHKUMIA f U g.

r) Ha, Bcakwmii pas3, korna f(n) < g(n) nns Bcex AOCTATOYHO GOJIBLUKX A.
3agauya 2.3. OtcopTupyiiTe nepeynciieHHble HUKe QYHKLUU B TOPAJKE YBeJuye-

HUS TEMMa poCcTa, MpHYEM B BallleM CITMCKe g(#) HOMKHA ClIeloBaTh 3a f(r) Torna
H TOJILKO Toraa, koraa f(n) = O(g(n)).

a) Jn.
6) 10"
B) n's.

r) AL

) nP.
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3anpaya 2.4. Otcoprupyiite nepeurcieHHble HUke GyHKLMU B MOPsJKe yBenuye-
HMS TEMIIa pOCTa, IPUYEM B BallleM cnucke g(n) NoMKHa clienoBarh 3a f(n), Torna
¥ Tosibko Toraa f(n) = O(g(n)).

a) n’log, n.

0) 2n.

g) 27,

F) nlogzn

o) nt.
3apauga 2.5. OtcoprupyiiTe nepeuncieHHble HUke QyHKLHM B MOPsAKe yBennue-

HMS TeMIa poCTa, NPUYEM B BallleM CIUCKe g(r) NOJKHA ClieJoBaTh 3a f(n) Toraa
¥ TONBKO TOraa, koraa f(n) = O(g(n)).

a) zlogzn‘
6) 2"
B) n’2
r) 2"

n) n*log, n.
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OTa rnaa nocesLieHa MPakTUKe NapaaurMbl pa3paboTky alrOPUTMOB «pa3aensii
M BNACTBYi1» MPUMEHUTENBHO K TPEM OCHOBHbIM 3aaayam. [lepBblii npumep —
3TO aJirOPUTM MOACUETa KojauyecTBa WHBepcHii' Maccusa (paszmen 3.2). JlanHas
3ajaya npeaHa3HaueHa Ans U3MEpEeHHUs Noaoous Mex Ay ABYMs paHKUPOBAHHLIMH
cnuckaMH. JTO Tak Ha3biBaeMas «COBMECTHas GpUAbTpaLusy, KOraa, onupasich Ha
BAlUH 3HAHUA O MPEANOUYTEHHAX YEJIOBEKA U NPEANOYTEHUIX APYrHUX NtoeH, eMy
NpeAoCTaBNAIOTCS MONIE3HblE PeKOMeHAaunH. BTopoii anroputM Tvna «pasaensi
M BNACTBYH» — 3TO BOCXWUTHTENbHbII peKypcuBHbIA anroputM lllTpaccena ans
YMHOXEHHs MaTrpull, KOTOPbIH paboTaeT Jiyulue Mo CPaBHEHUIO C OYEBMHLIM
UTEpaTHBHbLIM MeToIOM (paszaen 3.3). TpeTHii anropuT™, KOTOpbIi ABASETCS NPO-
JBUHYTBIM U JOMOJHUTENbHBIM MaTepualloM, NpeaHa3HadeH 1 pelueHus QyH-
JlaMEHTaJIbHOM 3aJa4y BbIYUCIUTENbHOH reOMETpUH: BbluUCeHHe Onuxkaiiluen
napbl To4ek Ha naockoctH (pazaen 3.4)2

3.1. Napapgurma «paspensii U BNacTeym»

MbI yxe paccMaTpUBalli KAHOHWYECKHH MpHMep anropuTMa «pasgensii u Bna-
cTBYi», MergeSort (pa3aen 1.4). B Gonee oOluem niaHe napaaurma pazpaborku
aNropuTMOB «pasfensi ¥ BNacTBYH» COCTOMT U3 TPeX KOHUENTYalbHbIX LIAroB.

AT S T Dy TN P T PO SR T I A BT T e S AR ST ok

MAPAJUTMA «PA3EJISIA U BJIACTBY i»
1. Pazoerums BXOJHbIE AAHHbIE HA 00JIee MEJIKUE MOA3a4auH.
2. Pewumpb nop3anauu peKypcUBHBIM METOIOM.

3. Obveounums peleHns noa3asay B pelieHHe HCXOIHON 3a1a4H.

! B unHbopmarnke 1 IMCKPETHOI MaTeMaTHKe MOC/e0BATENLHOCTL HMEET HHBEPCHIO TaM,
TZie ABa €€ IEMEHTa HaXOAATCA BHE CBOEro eCTeCTBEHHOro nopsaaka. Hanpumep, nycrb
JlaHa YMCc0Bas NnocnenoBarenbHocTh 1, 2, 5, 7, 4, 6, Toraa napsi (5, 4), (7, 4) u (7, 6)
00pa3yioT HHBEPCHHU B 3TOM NMOCIEN0BATENbHOCTH. — [Ipumey. nep.

JleMoHcTpaums B pasaenax 3.2 u 3.4 yepnaert BIOXHOBEHHe M3 MiaBbl 5, «[1poekTupoBaHue
anroputMoB», [[xona Kneiin6epra u 3ol Tapnoc (Algorithm Design, Jon Kleinberg,
Eva Tardos Pearson, 2005).
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Hanpumep, B anroputMe MergeSort Liar «pa3aenuTby pa3duBaeT BXOAHOH MaccUB
Ha JIEBY0 1 NPaBYO MOJIOBUHDI, LLIAr KPELLIMTHY HCMONB3YET ABA PEKYPCHUBHBIX Bbl-
3082 /11 COPTHPOBKH JIEBOT'O U MPABOro NoAMacCHBOB, a Lar «00beAMHUTLY pea-
Ju3yeTcs noanporpaMmoit cnusHus Merge (pasaen 1.4.5). B anropurme MergeSort
M MHOTMX ApYTMX aqropuTMax 3TOT MocineiHuii war Tpebyer HaubonbLuei n3o-
6petarenbHocTH. CyLUECTBYIOT Takoke aNrOPUTMbI THNA «pa3jensii u BnacTByi»,
B KOTOPbIX HEOOX0OMMO ObITb W300pETATENbHBIM y)KE€ Ha MEPBOM Luare (cm.
QuickSort B maBe 5) 1 xe B cneurdurKaLvi peky pPCUBHBIX BbI30BOB (pasaen 3.2).

3.2. NoacueT nieBepcun 3a spemsa O (nlog n)

3.2.1. 3apava

B 3ToM pasaenie paccCMarpyuBaeTCs 3a4a4va BbIYUCIIEHUSA KOJIMYECTBA HHBCPCHFI
MacCCHBa. I/Iueepcwl MacCHBa — 3TO Mapa 3JICMEHTOB, KOTOPbIE PACNOJIOXKEHbI «BHE
CBOCI0 €CTCCTBEHHONO NOpsaAKa». 3TO 03HAYAET, YTO DJIEMEHT, KOTOprFI B MacCuBe
BCTpEYaACTCA paHee, 60]1!:-[118, YEM TOT, KOTOpblﬁ BCTPEYACTCA MO3NKE.

3AJAYA: MOACYET UHBEPCUH
Bxoa: MaccHB 4 pa3HbIX LEbIX YHUCE.

BbIX0A: KOJIMYECTBO MHBEPCHIT — UKCIO nap (i, /) KHIEKCOB MacCHBa,
rae i <ju A[i] > A[j].

B R T R L S DT 2 4 5 N T e I M S S I D

Hanpumep, eciin maccuB A OTCOPTHPOBAH, OH HE UMEET MHBEPCHUIA. Bbl 101KHbI
ybenuTbes, 4To 0OpaTHOE TaKKe BEPHO: KAXK/blIA HEOTCOPTUPOBAaHHbIA MaccuB
MMeeT Mo KpaiHeil Mepe OfHY MHBEPCHIO.

3.2.2. Npumep

PaCCMOTpMM CJ'IE[lleLLlHﬁ HWXXE MacCUB AJIMHOM 6:

1 3 5121476
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Ckonbko HHBEpCHUii MMeeT 3ToT MaccuB? B masa 6pocatorcs 3HayeHus S u 2 (co-
otBeTcTBYH § = 3 1 j = 4). IMetoTcs 1BE Apyrue HeynopsaoyeHHbIe napsl: 3 H 2,
aTake Su 4.

e

TECTOBOE 3AJAHME 3.1

KakoBo Haubosbllee KOMHYECTBO UHBEPCHIl ANA 6-DJEMEHTHOIrO
MaccuBa?

a) 15
6) 21
B) 36
r) 64

(PeweHue u nosicHeHue cM. B pasaene 3.2.13.)

[ . Wi I R P T P T T S 0 L I

3.2.3. CoemecTHasa punbrpaums

Jlns yero Heo6X0AUMO MOACUMTHIBATH KOJIMUECTBO HHBEpCHHA B MaccuBe? OHa U3
NPHYKMH 3aKIIOYAETCA B TOM, YTOObI BHIYUCIINTD YUCIIOBYIO MEPY KaueCTBEHHOIO
nofo6us, KOTopas KONMYECTBEHHO OMpeAeNseT, HACKONbKO ONN3KM JBa paHkH-
POBaHHbIX crUcka Apyr K Apyry. Hanpumep, npeanonoxkuM, 4Tto s mpouly Bac
M Ballero apyra paH>XUpoBaTh AecATh GUIbMOB, KOTOPbIE Bbl 00a CMOTpENH, OT
N106MMOro 10 HauMeHee JIOUMOro. SBNSIOTCA JTH BaLK BKYChI <TTOXOXXHMHY HITH
e OHHM «pasnuuatorcs»? OAUH U3 coco00B PELIUTD 3Ty 3aAa4y KOTHYECTBEHHO —
ucnonb3oBarb 10-3neMeHTHBIH MaccuB A: MycTh A [1] COAEPKUT OLEHKY BaLIUM
JpYToM Baliero Jro61umoro ¢uiibma B €ro cnucke, 4 [2] — AU4HYI0 OLEHKY BaLIUM
JpYroM Balllero BTOporo ito6uMoro ¢punema... U A[10] — nnuHy0 OUEHKY BaLINM
JIPYToM Balllero HaumeHee JloOumoro ¢pubMa (Bbl ero nocraBuwin Ha 10-e MecTo).
Takum o6pazom, eciiv BalMM TIOOUMBIM QUITLMOM siBNAETCS «3BE3AHBIE BOHHDBI,
HO y BaLlero Apyra OH TONBKO MATHIA B ero cnucke, To A[1] = 5. Ecnu Bawn peit-
THHTH WAEHTUUHBI, TOT MaccuB OyieT OTCOPTUPOBAH U He OyAeT MMETb HHBEPCHIA.
Yem Gonbilie HHBEPCHiT MAacCHB MMeeT, TeM OoJbLue nap GUIbMOB, MO0 KOTOPbIM
Bbl HE CXOMTECH BO MHEHHH 00 MX JOCTOMHCTBAX, U TeM OOJblUe pa3nuyaloTcs
BALIX MPEANOUTEHHS.
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OgHa H3 3aa4, Ans KOTOPOi BAM MOXET NOHaA00MThCA BbIUMCIIEHHE MEPbI MOAO-
61 pelTHHIOB, — 3TO cosmecmuan purompayus (collaborative filtering), cnoco6
co3maHus pekomeHaauuii. Kakum obpa3oM BeO-caiiTbl HAXOAAT pEeKOMEHAALUH
INs TOBapoB, GUIBLMOB, MeceH, HoBocTel U Tak ganee? [Tpu ucnonb30BaHMH
COBMECTHOH (UIIBTpaLuyK uaes COCTOUT B TOM, YTOObI MAEHTH(GULMPOBAT ApY-
rUX Jtofei, KOTOpble UMEIOT aHAJIOTUYHbIE C BaMH MPEANOYTEHHS, YTOObI 3aTeM
peKOMeHJ0BaTh BaM TOBApbl, KOTOpble Obl1M MOMyAspHbl Y HUX. ClezoBareibHO,
aJINTOPUTMbI COBMECTHOI (PUNBTPaLIMK OCYLIECTBISIOT MaTeMariHdeckyto Gpopma-
JIH3aUMIO KaYeCTBEHHOINO MOHATUA «MOAO0HS» MeXAY NPEeANOoYTEHUAMH JIHONEiH.
BbluucneHne HHBepcHii YaCTHYHO MOMOraeT B 3TOM BOMpOCE.

3.2.4. NMNouck nonHbIM nepedbopom

Kak ObICTPO MBI MOXKEM BbIYHUCIIUTD KOJIMYECTBO HHBEpCcHii B MaccuBe? Eciiu Mbl
JIMLLEHbl BOOOpaXKEHHUS, TO B HAIlEM pacnopsKeHUH ecTb MONHbIH nepebop, Uan
MeTon «rpy6oii cunbi» (brute force).

NMOJIHBIA NEPEBOP ISl MOJACYETA UHBEPCHIA
Bxoa: MaccHB A U3 n pasHbIX LEJbIX YUCEIL.

BbIXoa: KONMUYECTBO MHBEPCHIT MaccHBa A.

numInv := @
for 1 :=1ton-1do
for j :=1+ 1 to n do
if A[1] > A[j] then
numInv := numInv + 1
return numInv

3710, 6€3yCN10BHO, NPaBUJIbHBIN ATTTOPUTM. A KaK HacHeT BpeMEHH ero UCNONHEHHA?
U3 peluenns rectoBoro 3aaanus 3.1 Mbl 3HaeM, UTO KOIMHYECTBO UTEPALMA LUMKIIA
BO3pAacTaeT KBaApaTHuHO B 3aBUCMMOCTH OT AJIMHBI 1 BXOAHOro MaccuBa. [lockons-
KY a/ITOPUTM BBIMOIHSAET MOCTOAHHOE YUCIIO ONepaUHii B KKAOH UTEPALIMH LMKNA,
€ro acCHMINTOTHYECKOE BpeMsl UCTIOIHeHUs paBHieTcs © (#?). Ho noMHuTE 11 Bbl
MaHTPY OMNbITHOTO NPOEKTHPOBLLMKA aJITOPUTMOB: MOXCHO /il O0OUMbCA yHue2o?
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3.2.5. Noaxon «paspensii u BNacTeyn»

OrtBer: Aa, Nyyuiero f06HTHCA MOXHO, M peLreHHeM OyeT alrOpUTM TUMNA «pasje-
JIsIi M BIACTBYii», KOTOPBI HcMoNHsETCA 3a BpeMst O (n log #), 4To ropasfo Jyuiue
110 CPAaBHEHHIO C AJITOPUTMOM MOHCKA METOAOM «rpy6o#i cunbi». Lllar «paznenutby
OyaeT TOYHO TaKHUM e, KaKk U B aJlIrOpUTME MergeSort, ¢ ONHUM PEKYpPCHBHbBIM
BbI30BOM JJ151 JIEBO¥ MOJIOBUHBI MAacCHBa M OQHUM JUIs IPaBoii MoJ0BHHBL. UTOOLI
MOHATH OCTa/IbHbIE ONEPALMH, KOTOPhIE JOKHBI ObITh BbINOJAHEHbI BHE JBYX
PEKYPCHUBHBIX BbI30BOB, JaBaiiTe OTHeceM MHBepcuH (i, j) MmaccuBa A JUIMHON n
K OZIHOMY M3 TpeX THIOB.

1. Jlesan unsepcus: iHBEpCHA, B KOTOPO 00a UHIEKCA, I, j, HAXOIATCA B Nep-
o R
BOIi MOJIOBHHE MacCHBa (TO eCTh i, j < 5).

2. Ilpasas unsepcus: UHBEPCHsi, B KOTOPO# 0b6a MHIEKCA, i, j, HAXOMATCS BO
o ..U n
BTOpO# MOJIOBUHE MAacCHBa (TO €CTb i, j > 5).

3. Pa3zdenennan uneepcus: HHBEPCHs, B KOTOPOH i HAXOAHUTCS B JIEBOH MOJIOBH-
. " .n_ .
He, aj — B NpaBoii MOJIOBHHE (TO eCTb | < > <.

Hanpumep, B 1IECTHINIEMEHTHOM MaccuBe B pasaene 3.2.2 Bce TPU MHBEPCUH
ABJISIOTCS pa3fe/IeHHbIMH.

TepBoiii peKypcUBHBIIi BLI30B B EPBOii MOJIOBUHE BXOJHOTO MaccHBa peKypCHBHO
MOACUMTBIBAET BCE JieBble HHBEPCHH (M Gonbiie HU4ero). TOUHO Tak ke BTOPO#
PeKypCUBHBIi BbI30B MOACYHUTHIBAET BCe MpaBble UHBepcUH. JlanbHeiiluas 3aqa4a
COCTOUT B MOACYETE HHBEPCHI, HE BHISABIEHHBIX HY OZIHMM PEKYPCHBHBIM BbI30-
BOM, — pa3s/ie/ieHHbIX MHBEPCHIA. DTO ar «00beqMHUTD» ATOPUTMA, U HaM HY)XHO
OyJeT peal30BaTh /15 HEro CreuUalbHYI0 JMHelHY0 QyHKLUIO0, aHaorH4HYO
NoANporpaMMe CIMSHUS Merge B AITOPUTME MergeSort.

3.2.6. BbiICOKOYpPOBHEBbI aNIrOPUTM

Haw noaxon «pasnensii ¥ BNacTByH» TPAHCIUPYETCs B MPUBEACHHBIN HUXeE
NICEBAOKO/; MOANpPOrpamMma fnojcyeTa pasieieHHbIX HHBEPCHi CountSplitInv Ha
JlaHHbI MOMEHT HE peanu30BaHa.
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T L B ROV IO Y T T M

COUNTINV

Bxoa: MaccuB 4 U3 n pa3HbIX UECJIbIX YHCEJL.

BbIX01: KOJMYECTBO UHBEpCHii MaccuBa 4.

if n =90 or n =1 then // 6a30Bbie cnyyam
return @

else

LeftInv := CountInv(nepBas nonosuHa A)

rightInv := CountInv(BTOpas nonosuHa A)

splitInv := CountSplitInv(A)

return leftInv + rightInv + splitInv

[lepBblit 1 BTOPO#H PeKypCUBHbBIE BbI30BbI MOACYUTHIBAIOT KOJIWYECTBO JIEBbIX
u npasbiX MHBepcHid. [1pu ycnoBuu, 4To noanporpamma CountSplitInv mpaBUIbHO
BbIYUCISIET KOIMYECTBO pasfie/ieHHbIX UHBEPCHIA, allropuTM CountInv NpaBUIbLHO
BLIYUCIUT OOLLEe KOMHUECTBO MHBEPCHIA.

3.2.7. KnoyeBas ngen: sanemncreoBatb
anroputm MergeSort

[NMoacuer uncna pa3neneHHbIX HHBEPCHIA MacCcHBa 3a JIMHEHHOE BpeMs sABIsSETCS
amMOMUMO3HON Uenblo. MOXET CyleCTBOBaTb MHOTO pa3AeNeHHbIX HHBEPCHIA:

n

ecniu A COCTOMT M3 YHucel 5+l,...,n Nno MOpsAAKY, 3@ KOTOPbIMH WAYT 4YHUCHa
n .

1,2, .., 3 no NopsAky, To uMeeTcs n?/4 pazaeneHHbIX WHBepcuil. Kak BooOuuie

NOJCYMTATh KBAIPATUYHOE KOJTMUECTBO NIEMEHTOB TONbKO B PaMKax JIMHEHHOro

obbema paboThi?

JIBU3KyL1as ujes COCTOUT B TOM, 4ToObl pa3paboTaTh Hall peKypCHBHBIN ajro-
PUTM moacueTa UHBepCUil TAKUM 06pa3oM, yToObI OH 3aeiiCTBOBAJ allrOPUTM
MergeSort. DTo TpeOyeT OT HALUIWX PeKypPCHBHBIX BHI30OBOB OOMBLILENO PaaH TOrO,
yToObI 00MErYUTh NOACYET KOJMYECTBa pa3feneHHbIX UHBepcHii'. Kaxaplii pe-

' AHaJIOTHYHBIM o6pa30M, HHOrAa A0Ka3are/IbCTBO MO HHAY KLIUA CTAHOBUTCA JIErye pea-
J130BaTh Nocie 000CHOBaHUA BaLlEi HHL[}'KTMBHOFI rUNOTE3bI.
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KYPCUBHBIii BbI30B Oy/1ET OTBEYATb HE TOJLKO 3@ MOACYET KOMNYECTBA HHBEPCHIA
B MaccHBe, KOTOpbIil eMy MnepeaH, HO U 3a BO3BpaT OTCOPTUPOBAHHOW BEpCHH
maccuBa. Mbl yxxe 3HaeM (M3 TeopeMbl 1.2), 4TO COPTHPOBKA ABISETCS JIErKO-
BeCHbIM NpUMHTHBOM (paszen 1.6.4), ucnonustowmmcs 3a spems O(n log n),
MO3TOMY, €C/IM Mbl HalleeHbl Ha BpeMeHHY1o rpanuuy O(n log n), HET NPUUUH
He UCMOJIL30BaTh COPTHPOBKY. Mbl YBUAMM, YTO 3aaya CIHUSHUS ABYX OTCO-
PTHPOBAHHbIX MOAMACCHBOB HACANbHO MOAXOAUT AN 0OHapyKeHHUs BCex pas-
JleNIeHHBIX UHBEPCHI MacCUBa.

Bor nepecmorpeHHas BepcHs ceBAOKOAA U3 pa3aena 3.2.6, KoTopas NOACUHTBLIBAET
MHBEPCHH, a TAKKE COPTUPYET BXOAHOH MacCHB:

SORT-AND-COUNTINV
Bxon: MaccuB A U3 n pasHbIX LENbIX YHCEI.

BbIxoa: OTCOPTHPOBaHHBIA MacCHB B ¢ TEMHU e CaMbIMU LIENIbIMH
YKUCNaMK M KOJIM4ECTBO MHBEPCHIT MaccuBa 4.

if n =0 or n =1 then // 6a3oBble cnyyan
return (A,9)
else

(C, LleftInv) := Sort-and-CountInv(nepBas nonosuHa A)
(D, rightInv) :=

Sort-and-CountInv(BTopas nonosuHa A)
(B, splitInv) := Merge-and-CountSplitInv(C, D)
return (B, leftInv + rightInv + splitInv)

Ham Bce elie Hy>XxHO peani3oBaTh NoAnporpamMmMy Merge-and-CountSplitInv. Mbl
3HaeM, Kak 00beIMHUTD 1B OTCOPTUPOBAHHbIX CMIMCKA 3a IMHEHHOE BPEMS, HO KaK
BOCNOJIb30BATHCA 3THM AITOPUTMOM Tak, YTOOb! TakxKe NOACYUTATL KONMHYECTBO
pasaeneHHbIX HHBEpCUi?
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3.2.8. K Bonpocy o noanporpamme Merge

Y1o6bl NOHATH, NOUEMY OOBEIMHEHHE OTCOPTHPOBAHHBIX MOAMACCHBOB €CTe-
CTBEHHBIM 00pa3oM 0OHapyKHUBaeT pa3AeNieHHbie HHBEPCHH, JaBaliTe BEpHEMCS
K MCEBAOKOAY MOANPOrpaMMbl CITUSHUA Merge.

MERGE
Bxoa: orcoprupoBatHble MaccuBbl C U D (Aa1HOMN n/2 KaxabIi).
BbiIxoa: 0OTCOPTHPOBaHHbIH MaccuB B (AnuHOi n).

Ynpouaoiee JonyIieHHe: 1 — YETHOE.

i1:=1, j:=1
for k :=1 to n do
if C[1] < D[Jj] then
B[R] :=C[1], 1 =1 +1
else // D[J] < C[1]
B[k] :=D[j], j :=J +1

OOparuTe BHUMaHHE Ha TO, YTO NMOANPOrpaMma CUsHHUS Merge BbITIOJHSET NepeMe-
LEHHE MO OJHOMY UHJIEKCY BHU3 NapaJlIeNibHO M0 KaXA0MY U3 OTCOPTHPOBAHHbIX
noamaccuBoB (i s C u j ans D), 3anonHsAs BLIXOJHOH MaccuB (B) ciesa HanpaBo
B OTCOPTUPOBAHHOM MOpPsAKE (UCNONb3Ys HHAEKC k). Ha kaxa0# uTepauuun uuiia
NoAnporpaMma ornpezensieT HAMMEHbLWHH NIEMEHT, KOTOPbIii eLle He CKOMMPOBaH
B B. IMockoneky C U D oTCOpTHpOBaHbI U Bee dneMeHThl BIoTh 10 C[i] u D[]
ye OblIH CKOMUPOBaHbI B B, €eAMHCTBEHHBIMHU ABYMs kaHanaaramu sisnsitores C i)
u D[ j]. [oanporpaMma onpeaenserT, kKakoil U3 ABYX MEHbLLE, a 3aTeM KOMUPYET
€ro B C/IEAYHOLILYIO MO3HLHUIO BLIXOAHONO MacCUBa.

Kakoe oTHoLLIeH1e MeeT noanporpaMma Merge K NOJCUETY KOJTMYECTBA UHBEPCHIA?
Haunem ¢ yacTHOro cnyyas MaccuBa A, KOTOpbIit BOOOLLE HE UMEET pa3AeneHHbIX
UHBEPCHII — Kaxaas UHBEPCUs MaccuBa A4 sBnsiercs aubo eBoii, 1ubo npaBoi
HHBEpPCHEH.
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TECTOBOE 3AJAHMUE 3.2

[Ipeanonoxum, 4TO BXOAHOW MaccMB A HE MMEET pa3le/ieHHbIX
uHBepcHil. Kak cooTHocATCS Mexay coboit 0TCOpPTHpOBaHHbIE MOA-
maccusbl C 1 D?

a) C coaepXHUT HauMeHbLUUH >neMeHT mMaccuBa A, D — Bropo#
HauMeHblLUi, notoM C — TpeTUid HAaUMEHDbLLWIA U Tak Janee.

6) Bce anemeHTbl MaccuBa C MeHblLIE BCeX 3NEMEHTOB B D.
B) Bce anemeHThl MaccuBa C 0onblue BCeX 31eMeHTOB B D.
r) Jlns oTBeTa Ha 3TOT BOMPOC HEAOCTATOYHO HH(POPMALIUH.

(Pewenue n noscHeHune cM. B pasaene 3.2.13.)

Pewius TectoBoe 3aganue 3.2, Bbl yBUAUTE, YTO MOANpPOrpamMMa Merge MCMIOHAETCS
JIOBOJIbHO Mpeacka3yeMo Ha Maccuse Oe3 pa3aeneHHbIX WHBepcHid. [TockonbKy
KaXXAbli 3neMeHT B C MEHbLLIE KOKA0I0 3j1eMEeHTa B D, HaUMEHbIIWH OCTAIOLMHACS
3NEMEHT Bceraa Haxoautces B C (10 Tex nop, noka He 3akoH4arcs aneMeHTol B ().
Takum oOpa3oM, moanporpaMMa Merge npocto oobeaunser C u D — cHayana
OHa KOMUPYET BCE, YTO HaxoauTcsa B C, a 3aTeM — Bce, 4To B D. 3TO HABOAUT Ha
MBICJIb, YTO, BOZMOXCHO, pa3eNeHHbIE HHBEPCHH UMEIOT KAKOe-TO OTHOLUEHHE
K KOJIMYECTBY d1EMEHTOB, ocTatolnxcs B C, koraa 37eMeHT D KOnUpyeTcs B Bbl-
XOJHOH MaccuB.

3.2.9. Noanporpamma Merge
1 pa3aeneHHble NHBepCcun

Yr1o6bl pa3BUTHL Hally MHTYMTHBHYIO AOTraJKy Janblue, AaBaiTe pacCMOTPUM
UCMOJHEHUE aNropuT™Ma MergeSort Ha LecTUdeMeHTHOM MaccuBe 4 = {1, 3, 5,
2, 4, 6} u3 paszaena 3.2.2; cM. Takxke puc. 3.1. Jlepaa u npaBast NOJOBHHBI 3TOMO
MacCHBa y)K€ OTCOPTHPOBAHBI, MO3TOMY HET HM JieBbIX, HU MPaBbIX UHBEPCHIA,
COOTBETCTBEHHO, 1Ba PEKYPCHBHbIX BbI30Ba Bo3BpauiatoT 0. B nepBoii urepaunn
noanporpammel Merge nepsblii anemeHT C («1») konupyerca B B. 210 HUYero He
FOBOPHT O KaKMX-JIMOO pa3aeneHHbIX HHBEPCHAX, U ACHCTBUTENBHO HET HUKAKMX
pa3AeneHHbIX MHBEPCHii, KOTOpbIE COAEPXKAT 3TOT NepBbiii 3nemMeHT. OHaKo BO
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BTOpO# WTepalyK MEMEHT «2» KOMUpyeTcs B BbIXOAHOW MaccHB, naxe ecan C
No-NPEXXHEMY COAEPXKHUT JMEMEHTBI «3» M «5». DTO BbIABNAET BE pa3eNeHHble
MHBEPCHH MaccuBa 4 — JIBE Takie HHBEPCHHU BKIIIOYAIOT «2». B TpeThbel utepanun
«3» xonupyetcs u3 C, 1 HET NOCEAYIOLUUX Pa3ZIe/IEHHbIX MHBEPCHIA, KOTOpbIE CO-
Jiepkar 3ToT 1eMeHT. Koraa «4» xonupyercs u3 D, maccuB C BCE eLle COAEPKUT
«5», ¥ 3TO KOMMPOBAHUE BbIARIACT TPETHIO M MOCIEAHIO Pa3Ae/IEHHYI0 HHBEPCUIO
MaccuBa 4 (C yuacTueM «5» u «2»).

C 5 46| D
.2
’ .
1 " ]
P4
I'
Ll
B|1[2]3

k

Puc. 3.1. HYeTteepras ntepauus nognporpammel Merge ¢ yuetom
OTCOPTMPOBaHHbLIX noamaccueos {1, 3, 5} n {2, 4, 6}. Konuposanue «4» n3 D,
npuyem «5» BCe eule B C, BbIABNAET pa3faeneHHyo MUHBEPCUIO C y4acTUeM aTux
ABYX 3NEeMEHTOB

[TpuBeaeHHas HUXKeE leMMa KOHCTAaTHPYET, YTO MOAXOA, NPOAEMOHCTPUPOBAHHBIH
B NPHUBEJECHHOM Bbillle MpUMepe, cobitofaeTcs B 0OLIeM Clyuyae: KOTUYeCcTBO
paszefieHHbIX UHBEPCHii, KOTOpbIE COAEPXKaT NIEMEHT ) BTOPOro noamaccusa D,
ABJISETCS B TOYHOCTH KOJIMYECTBOM 3MIEMEHTOB, OcTalolmxcs B C B UTepaLuu
MoANporpaMMbl Merge, B KOTOPOii y KONUPYETCS B BbIXOAHOH MaccHB.

Jlemma 3.1. ITycme A ecmv maccus, u C u D — omcopmuposanHbie eepcuu nepeou
u 6MoOpOoU NONOBUH A. Dnemerm x U3 nepeou NOA0BUHbL A U 3nemenm y u3 6mopou
nonosunvl A 06pazyiom pazoenennyio UHeepCUto, mo20a U monvKo mo20a 6 noonpo-
epamme Merge ¢ 8xooHvimu maccusamu C u D anemenm y konupyemcs 8 8b1X00HOU
MACcug nepeo A1eMeHMoM X.

Joxazamenbcmso.: NOCKONbKY BBLIXOAHOW MacCHUB 3alONIHAETCS CleBa HaNpaBo
B OTCOPTHPOBAHHOM MOPAAKE, TO KOMUPYETCS CHayala MeHbLL i U3 371EMEHTOB X
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uan y. [lockosbky X HAXOAMTCA B EPBO NOJIOBUHE A, @ y HAXOAUTCS BO BTOPOii
NOJNIOBUHE, X U y 00pa3yloT pa3ie/IeHHY0 HHBEPCHIO, TOTAA U TOJIBKO TOraa x > y,
M 3TO BEPHO, TOTAA M TONBKO TOTAA y KOMUPYETCs B BLIXOAHOW MacCHB nepea X.
Y m.o.

3.2.10. Noanporpamma Merge-CountSplitinv

Hcnonb3oBaB eMmy 3.1, Mbl MOXXEM PaclMPUTDL peau3auuio NoanporpaMmsl
Merge [0 peanu3auuu Merge-and-CountSplitInv. Msl 6ynem HapawuBarhb Bbl-
SIBICHHOE KOJIMYECTBO Pa3fe/ICcHHbIX HHBEPCUH, N BCAKHI pa3, Koraa 3NneMEHT
KOMUPYETCS U3 BTOPOro noamaccusa D B BbIXOAHOH MAcCUB B, Mbl yBEJIHUUBAEM
HapacTalllee KOJIMYECTBO Ha KOJIMYECTBO JJIEMEHTOB, OCTABLIMXCS B MEPBOM
noamaccuse C.

MERGE-COUNTSPLITINV

Bxoa: orcoprupoBanHble MaccuBbl C W, [ (nanHOR n/2 Kaxabii
A prBTquaHoco enhcséuf) AblH).
BbIx04: OTCOPTUPOBaHHbIA MaccHB B (AIMHOM 1) U KONHYECTBO pas-

JCNIEHHbIX HHBCpCHﬁ.

anomalomee AonmylleHHe: n — YE€THOE.

i:=1, j:=1, splitInv := 9
for k :=1 to n do
if C[i] < D[j] then

B[R] :=C[1], 1 (=1 + 1
else // D[J] < C[1]
B[k] :=D[j], j:=J+1
splitInv := splitInv + (% - i+l)
_—
# ocrameecs xo1-80 8 C

return (B, splitInv)
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3.2.11. KoppekTHOCTb

[TpaBuAbHOCTL MOANPOrpaMMbl Merge-and-CountSplitlnv BEITEKAET U3 JIEM-
Mol 3.1. Kaxxaas pasneneHHas WHBEPCUS BKIIOYAET POBHO OMH JJIEMEHT y U3
BTOPOro MOAMACCHBA, U 3TA UHBEPCHUS YUHMTBIBAETCS POBHO OAMH pas3s, Koraa y
KOMUpyeTcs B BbIXOAHOH MaccHB. M3 3TOro BbITEKAET KOPPEKTHOCTDL BCErO aJlro-
puTMa Sort-and-CountInv (paznen 3.2.7): nepBbiii peKypCUBHbIH BbI30B KOPPEKTHO
BBIYUCIIIET KOJTMUECTBO JIEBbIX MHBEPCHH, BTOPOIl PEKypPCHBHbIH BbI30B — KOJIH-
4eCTBO NpaBbIX HHBEPCHIA, NOANpPOrpaMma Merge-CountSplitlnv — ocTalibHbIe
(pasneneHHble) UHBEPCUMH.

3.2.12. Bpems uCNoONHEHUs

MBI Tak)Ke MOXXEM MPOaHaNU3UPOBATH BPEMS HCTIONIHEHHUS allrOpUTMa Sort-and-
CountInv, ONEpeBUINCh HA aHANIW3, KOTOPbIA MBI Y€ Jenanyn Ui aaroputMma
MergeSort. CHauala pacCMOTPUM BpeMsl UCTIOTHEHHS OHOIO BbI30Ba NOANPOrpaM-
Mbl Merge-and-CountSplitInv ¢ y4eTOM ABYX NOAMACCHBOB JUTMHOM €/2 KaXIblii.
Kak 1 nmoanporpamMmMa Merge, OHa BbINOJHAET NMOCTOSHHOE YMCIIO onepauui Ha
UTEPALMIO LMKJIA ITHOC MOCTOSHHOE YUCIIO JOMONMHUTENbHBIX Onepauuii 3a BpeMs
ucnonHenus O(f).

OrmnsabiBasch HA HALU aHAU3 BPEMEHU UCMOIHEHUS alropuT™Ma MergeSort B pas-
aene 1.5, Mbl BUAUM, YTO UMEJIOCH TPH BAXHBIX CBOWCTBA aIFOPUTMA, KOTOPLIE
npuBeiu Kk BpeMeHHO# rpaHuue O (n log n). Bo-nepBbiX, kKaX/blii BbI30B alro-
pUTMa [IeNaeT /1Ba peKypCHBHbIX BbI30Ba. BO-BTODBIX, A/1MHA BXOAHBIX AAHHbBIX
JENIUTCA NOMONaM C KaX/IbiM YPOBHEM peKypcuu. B-TpeTbux, 00beM onepaumi,
BbINOJIHSIEMBIX B PEKYPCUBHOM BbI30BE, HE CYUTAasH ONEPaLUi, BbINOIHAEMBIX 10-
CllelyIOLIMMH PEKYPCHUBHBIMHU BbI30BaMH, INHEHHO 3aBUCHUT OT pa3sMepa BXOAHbIX
JaHHbIX. [TocKonbKy anroput™ Sort-and-CountInv TalOke XapaKTEPU3YETCS ITUMH
TpeMs CBOMCTBaMH, aHaIU3 B paszesne 1.5 KoppeKkTeH U U1 3TOro alropuT™a, co-
OTBETCTBEHHO, [Vl HEro Takxe BepHa BpeMeHHas rpanuua O (n log n).

Teopema 3.2 (moacyer uHBepcwmii). s kaxcoozo 6x00Ho020 maccusa A Onunol
n>1 ancopumm copmuposxu u noocyema Sort-and-CountInv guivucasem Konu-
yecmeo uneepcui maccusa A u eeinoansemcs 3a apems O (n log n).
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3.2.13. PewieHuns trectoBbix 3agaHmin 3.1 — 3.2

PeweHue Tecrosoro 3agavus 3.1

IIpaBuabnblii oTBeT: (a). [IpaBunbHBIA OTBET HA 3TOT Bonpoc — 15. Makcu-
MajibHO BO3MOXKHOE KOJIMYECTBO MHBEpCHil He Oonblie KOJIHYeCTBa CNOco6oB

BbIOOpa i, j € {1, 2, ..., 6}, rae i <. [locnenHee koauyecTBO 0603HAYaETCA KaK

-1 6
(g), TO €CTh «H3 6 no 2». B o6uem ciyyae, (;) = %, 1 NO3TOMY (2] =15.

B wiectuaneMeHTHOM MaccKBe, OTCOPTUPOBAHHOM B oGpaTHoM nopsake (6, 5, ...,

1), kaxaas napa 3IEeMEHTOB He YNOPA0UeHa, U NOTOMY 3TOT MAacCUB COAEPXKHUT
15 uHBepcui.

PeuweHne TeCcToBoro sagaHuna 3.2

IIpaBuasHblii oTBeT: (6). B MaccuBe Oe3 pa3neneHHbIX MHBEPCHH Bce 3nieMeH-
Thbl B TIEPBO#i MOJIOBUHE MEHBLIE BCEX 3JIEMEHTOB BO BTOPO# nosoBuHe. Eciu 6bl
N ; . n N
B MepBOli MONOBUHE Obi1 3neMeHT A[i] (rne i e {l, 2, .., 5}), KOTOpbIii Ooblie

anemeHTa A[ j] Bo Bropo#i nonoBuHe (rae j € {%H, %+2, ey n}), To napa (i, j)

00pa3oBbiBaia Gbl pa3fieNieHHY}0 HHBEPCHIO.

3.3. YMHOXEeHua maTpuy
no anroputmy LLitpacceHa

B 3tom pasnene paccMarpuBaeTcs NpUMeHeHHe MapaaurMbl IPOEKTHPOBAHUS
aNIrOPUTMOB «pa3zieisfil U BNacTBYH» K 3aja4e yMHOKeHHUs Matpull. B pesynbrare
OyAeT NpoAeMOHCTPHPOBAH BOCXHUTUTENbHbINH alTOPUTM YMHOXEHHUS MaTpHLl
[lITpaccena cybkybudeckoro BpeMeHU MCTIONHEHUS. DTOT alirOPHTM sBIsSETCS
KaHOHMYEeCKUM TPUMEPOM BONLIEOCTBA U CHIIbI TPOAYMAHHON aJrOPUTMU3aLUK
M TOTO, KaK aJrOpUTMHYECKas U300peTaTenbHOCTh MOXKET YIyUIUUTh NMPOCThIE
pellieHus Aake Ui Ype3BbluaifHO pyHAaMeHTanbHbBIX 3aay.
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3.3.1. YMHOXeHune matpui

[Tycts X u Y ecTb MaTpuLibl pa3sMEPOM 1 X 1 LIEJIbIX YUCENl — 1’ JIEMEHTOB B KaX-
noii. B npousseaennun marpul Z = X X Y 311€MeHT z,; B i-i CTPOKe U j-M cTONOUE
MarpHubl Z onpeaensercs Kak CKajlsipHOe npousBeleHHe i-H cTpokd X H j-ro
cronbua Y (puc. 3.2)". To ectb

Zy = 27XV . a1
k=1
=
8
X x gl v - z

o
ol v——ems

i- cTpoKa iz

Puc. 3.2. 3nemeHT (i, j) nponaseaeHns MaTpuu X x Y npeacraensiet cobon
cKansipHoe npou3seaeHue j-i cTpoku X u j-ro ctonbua Y

3.3.2. Npumep (n=2)

JlaBaiite mogpoOGHO pacCMOTPUM MPOCTOH Clyyaii yMHOXXEHHUS MaTpuLl And k= 2.
MbI MOXeM onucaTh ABe MaTpULlbl 2X2, UCMONL30BAB BOCEMb APaMETPOB:

e e
H
c d g h

B npoussenenuun Matpuul X x Y JieBblii BEpXHHii SJIEMEHT SBJISAETCA CKANAPHBIM
(To4euHbIM) MpOM3BeAeHUEM NepBoii CTpoku X u nepsoro crondua Y, uiu ae + bg.
B o6uiem ciyuae, [ig ykasaHHbIX Boilue X U Y,

ae+bg af +bh)

3.2)
ce+dg cf +dh

XxY:(

I Ilns BBIYMCIEHUS CKANSAPHOrO NPOM3BENCHHS BYX BEKTOPOB, a=(a,, ...,a,) U b = by ey
b,) LIMHO¥ 71, HANO CIIOXKMTD PE3YNLTATH YMHOXKEHHS MOKOMIIOHEHTHO: aX b = za,b,-.

i=1
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3.3.3. Mpocrou anroputm
PaccMOTpuM anropuT™ BeIYUCIEHUS NPOU3BEAEHUS ABYX MaTpHLl.

AR e

S A RO R B D oo el i Tyl SR AR

3AJAYA: YMHOXEHUE MATPULL
Bxoa: Be LenoYHCIeHHbIE MaTpHLbl pasMepoM n X n, XU Y'.

Boixoa: npou3BeaeHue Martpuu X x Y.

s SR T L AR RS = T S PO L AT A T W e AN S T e

Pasmep BXOAHBIX JaHHBIX NPOMOPLHOHATIEH /2, KOTMUYECTBY 3/1EMEHTOB B KaXI0H U3
matpull X ¥ Y. TTockonbKy Mbl, pasyMeeTcsl, JOJKHBI MPOYNTATh BXOAHbIE JAHHbIE
H 3anucaTh BbIXOAHbIE JaHHbIE, TO JTy4llee, Ha YTO Mbl MOXKEM HAEATbCA, — 3TO
aNropuTM co BpeMeHeM pabotbl O (1?) — N1HEHHbIH 10 pa3Mepy BXOAHBIX JaHHbIX
Y KBaApaTHYHBIH 110 pa3sMepHOCTH. Hackonbko MBI MOXEM NPUOAU3HTLCS K 3TOMY
HaunyylueMy CLeHapuio?

CyluecTByeT NpoCTOM aropuT™M YMHOXEHHUSI MaTpull, KOTOPbIid TPOCTO NEPEeBOAUT
MareMaTHyecKoe OfnpeselieHre B KOJ.

T B T A T L o e T T W o T LA WA R S 8 7S

MPOCTOE YMHOXEHHWE MATPHLL
Bxon: uenouucneHHsle MaTpyLbl pasMepoM 1 X n, X u'Y.

Boixox: Z=X xY.
for 1 :=1 to n do
for j :=1 to n do
Z[i][]] := e
for kR :=1 to n do
Z[i]1[J] := Z[11[3] + X[i][R] x Y[R][J]
return Z

o B L I T A P A R e Rt T S AP

! ANIrOpPUTMBI, KOTOPbIE MBI 06CY>KI1aeM, TaKke MOTYT ObITh JOPabOTaHb! U1 YMHOXEHHS
HEeKBaIpaTHbIX MaTPHL, HO LIS MPOCTOTHl Mbl OyJleM NMpPUAEPKUBATHCA KBAAPATHOrO
cryyas.
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KakoBo BpeMst HCNIOJTHEHHUS ITOTO anropuT™a?

TECTOBOE 3AJJAHME 3.3

KakoBo acHMNTOTHYECKOE BpeMs HCTIONIHEHHS TPOCTOTO alIrOpUTMa
YMHOXEHHUs MaTpHL Kak ¢yHKUMH pasMepHOCTH n Matpuubl? Tpu
3TOM MPETNONOKUM, YTO CIIOKEHUE M YMHOXKEHHE ABYX JNIEMEHTOB
MaTpHLbI ABASAETCS OnepaLueli ¢ IOCTOAHHBIM BPEMEHEM.

a) O(nlogn).
6) O(#?).
B) O(n°).
r) O®x.

(Pewexue u nosicHeHue cM. B pasaene 3.3.7.)

3.3.4. Noaxopn «pasnensii u BnacTByin»

AnroputmMuueckas H300peTaTeNbHOCTb, KaK 00bIYHO, HCXONUT U3 3a1pOCa: MONCHO
21U 0obumucs ayyue2o0? Iepoit peakuueii OyaeT 3aKkIH0UEHHUE O TOM, YTO YMHOXKe-
HUE MaTPHLbI IOTKHO, B CYIIIHOCTH, N0 ONpeeeHHIo 3aHuMaTth BpeMs Q (n°). Ho,
BEPOSITHO, Ha BAaC YK€ OKa3all BNHUsSHHUE YCNeX alrOpuTMa LIEJIOYUCIEHHOTO YMHO-
*eHus Karatsuba (pazaen 1.3), rae npogyMaHHOE NPUMEHEHUE NOAX0Aa «pa3aesii
Y BIACTBYi» CyLIECTBEHHO yJy4lUAeT POCTOM LUIKOIbHBIA AITOPUTM YMHOXKEHUS
B cTONOUK'. MOXKeT J11 aHalOrMYHbIi NoaX0x paboTarh U U1 YMHOXKEHHS MaTpHL?

YTo6bl NpMMEHUTD NapaJirMy «pasziensii u BnacTsyit» (pasaen 3.1), HaM HYXHO
BBUICHUTb, KaK pa3Je/IMTh BXOJHbIE JaHHble Ha Gojee MeJKue MOA3aJadn M Kak
00beMHUTD PELIEHHs STUX NOA3a/a4 B peLlieHHe HCXOQHOM 3axauu. CaMblii mpo-
CTOH crmocol pasfesiuTh KBaApaTHYIO MaTpHLly Ha MEHbIUME KBaapaTHble MOJ-
MaTpuLBl — pa3pe3aTh €€ MOonojaM, kak o BepTHKAIU, TaKk U MO TOPU3OHTAIIH.
Jipyrumu cioBamu, Hanucarb

! Ha camoM Jene MBI elle He I0Ka3ali 3T0, HO caelaeM B pasaese 4.3.



108 FnaBa 3. AnropuTMbI «pa3nensvi n BNacTBym»

(A B, y_(EF
“lcp)”" "Tlc H (3-3)

n n
rae A, B, ..., H— 370 Marpuub! pa3Mepom 275 L
OnHa BOCXUTHTENbHAA 0COOEHHOCTb YMHOXEHHsl MaTpull 3aKJIIOHaeTCs B TOM,
4TO GIOKM OMHAKOBOrO pazMepa BeAyT cebs Tak e, KaK OTJeNbHbIE IEMEHTbI

Marpuubl. To ecTb nns NPHUBEACHHBbIX BBILLE X u Y Mbl uMeeM

AxE+BxG AxF+BxH
XxY = (3.4)
CxE+DxG CxF+DxH

YTO MOJHOCTBIO AHANOTUYHO ypaBHeHuIo (3.2) ans cnyyas n = 2. (OT10 cnenyer
U3 OnpeaeNeH!ss YMHOXXEHUS MaTpUll, B YeM Bbl JOJDKHbI YOENUTbCS CaMUM.)
B (3.4) cnoxeHue ABYX MaTpHL NPOCTO 03HAYAET UX MOEMEHTHOE CIIONKEHHE —
anemeHT (i, j) matpunl K + L aBnsercs cyMmoii anemeHToB (i, j) Matpuuy K u L.
Pa3snoxeHune MaTpuu U nocnenyouye BbiukciaeHus B (3.4) TpaHCIUpYIOTCS ecTe-
CTBEHHBIM 00pa3oM B PeKypPCHBHBIH aaropMT™ YMHOXEHHS MaTpull, RecMatMult.

PEBCT U RO AT e, I 3T A e TR o T G R e R R e N U M ARG e e 3 e bl W

RECMATMULT
Bxoa: uenouncieHHble MaTpuubl pasmepom n X n, X n'Y.
Boixog: Z=X x Y.

JonylleHne: n BIAETCS CTENEHbIO 2.

if n = 1 then // 6a30Bbii Cnyvan
return 1x1 — matpuua c anemedroM X[1][1] x Y[1][1]
else // pexkypCuBHbIN Cnydan

A, B, C, D := nogMarpuubl X kak B (3.3)
E, F, G, H := noamarpuupl Y kak B (3.3)

PEKYPCHBHO BbIYHCIUTb BOCEMb MAaTpHYHbIX NMPOM3BENEHHId,
KOTOpbI€ NosBisAoTCs B (3.4)

return pe3yabTar BbluMcieHus B (3.4)

RO P M 8 B S Ll T O A 0, T T3 A A5 AL b A S

! Kak 00b1uHO, /19 yn06CTBa Mbl IPMHUMAaEM JOMY LLIEHKE, YTO n — YeTHOe. U, kak oObIuHO,
3TO HE HMEET 3HaYEHHA.
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Bpems ucnonHeHus anroputMa RecMatMult He cpa3y oueBHAHO. SICHO TO, UTO
CYILECTBYET BOCEMb PEKYPCHUBHBIX BbI30BOB, Ka)X/blii ¢ BXOAHBIMH JaHHbIMU
MOJIOBMHHOH pasMepHOCTH. [ITOMUMO BBLIMOTHEHHUS 3THX PEKYPCHUBHBIX BbI30OBOB,
TpebyeTcst TONbKO BLIMONHUTD CJIOKEHU MaTpuLy cornacHo (3.4). [Tockonbky Ma-
TPHLA 1 X 1 UMEET #° FIEMEHTOB, a YKCIIO ONEpaLMii, HEOGX0AUMBIX IS CIOKEHUA
JIBYX MarpHLL, MPOMOpUHOHATLHO KONHYECTBY IEMEHTOB, TO PEKY PCHBHbIii BBI30B
¢ napoii marpuu € x £ BbinonHAeT O (£?) onepalyii, He CUUTast BHIYUCIIEHHUH, BbI-
NOJIHAEMbIX COOCTBEHHbIMH PEKYPCHBHBIMHU BbI30BaMH.

K coxxaneHuto, 3T0T peKypcHBHBII aJlropuT™M UMeeT Bpems pabotsl © (n°), Takoe
XK€, KaK U y NpOCTOro anropuTMa.

(D10 cneayeT U3 «OCHOBHOrO MeToAa», KOTophiid OyaeT nogpoOHO 0ObACHEH
B CJIEYIOLLEH rmaBe.)

Hrak, Heyxenu Bce Halllk ycunus Oblin HanpacHbl? [ToMHUTe, YTO B 3aaaye ueno-
YHCJICHHOrO YMHOXEHHU! KJIFOYEBYIO POSIb B 0Oee Hall AITOPUTMOM YMHOXKEHHS
B CTONOMK chirpan Metoq ["aycca, KOTOpbIit yMEHBILHI KOJIMUECTBO PEKYPCUBHBIX
BbI30BOB C 4YeThipex 10 Tpex (pasaen 1.3.3). CyuwiecTByeT jin aHasior metoaa [(a-
ycca Ans yMHOXKEHHs MaTpHuL, KOTOPbI MO3BOAAET HaM COKPaTUTh KONWYECTBO
PEKYPCHUBHBIX BbI30BOB C BOCBMH 0 CEMH?

3.3.5. IkOHOMUNA BpeMeHn Ha PeKypCUBHOM Bbi30OBe

BblCOKO}'pOBHCBblﬁ MJIaH anropuTMa Strassen 3aKJIrO4aeTCsd B 3AKOHOMHU Ha OJHOM
PEKYPCHBHOM BbI30BE OTHOCUTENBHO aJirOpUTMa RecMatMult B 0OMeH Ha MocTo-
STHHO€ YMCJIO JONMOJHUTEIbHbIX MAaTPUUYHBIX CJIOXXEHUH Y BBIYUTAHU.
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STRASSEN (KPAHHE BbICOKOYPOBHEBOE OINMUCAHME)
Bxoa: uenouncneHHble marpuubl pasmepoM # X n, X u Y.
Buixon: Z=X x Y.

Jonymenue: n ABISETCA CTENEHbIO Yucha 2.

if n = 1 then // 6a30Bbit cnyvan
return 1x1 — marpuua c anemedtom X[1][1] x Y[1][1]
else // peKkypCuBHbIA Cny4an

A, B, C, D := noamarpuus! X, kak B (3.3)
E, F, G, H := nogmarpuunbl Y, kak B (3.3)

PexypcrBHO BbIYMCIUTD CEMb (MPEABAPHTENLHO OTOOPAaHHbIX)
NpoU3BEAEHUM

Cyuvactuem A, B, ..., H

return COOTBETCTBYIOLLHE (NPEABAPUTENLHO OTOOpaHHBIE)
CNIOXKEHHS U BLIMUTAHWSA MATPHULL, BLIYUCIIEHHbIX HA NPeblIYyLLIEM
iare

R T R ST AT T SR ST T AR DT L P LT

OKOHOMHS BPEMEHHU Ha OJJHOM M3 BOCbMH PEKYPCUBHbIX BbI30BOB — 3TO 60Jb-
wast nobeaa. OHa He NPOCTO yMeHbluaeT Bpems paboTbl anroput™a Ha 12,5 %.
PexypcHBHbIH BbI30B 3KOHOMUTCS CHOBA M CHOBA, TaK YTO 3KOHOMHS CYMMHUPYETCS
1 — obpaTuTe BHUMaHHE — 3TO MPUBOAUT K aCUMITOTHYECKH PEBOCXOJHOMY
BpEMEHM UCMONHEHUA. Mbl y3HaeM TOUYHYIO MpaHHLly BpeMeHU paboTbl B pa3ie-
ne 4.3, HO ceifuac MaBHOE MOHUMATh, YTO 3KOHOMHS Ha PEKY PCHBHOM BbI30BE AaeT
aNropuT™ ¢ CyOKyOH4eCKUM BpeMEHEM HUCMOHEHHUA.

Co6CTBEHHO, Ha 3TOM 3aBEpPLUAIOTCS BCe 6a30Bble CBEAEHHS, KOTOPBIE Bbl JOKHBI
3HaTb 00 anroputMe yMHoxeHHus Marpul LLlTpaccena. Bo3MoxHO, Bbl COMHeBa-
€TeCh B TOM, YTO OMUCAHHBIM 3A€CH CMOCOOOM MOXHO YNyULUMTb OYEBUAHBIH
anropuT™ 06BIYHOTO YMHOXEHHS Marpuu? M sxe BaM Bce ke HHTEPECHO, KakKUM
06pa3oM Ha caMoM fiesie BbIOHpAIoTCs cnocoObl Mpou3BeAeHUs U cloxeHns? Ecnu
3TO TaK, TO CeyOLIMIi pa3aen s Bac.
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3.3.6. fletanun

06031aunM yepe3 X ¥ Y Be BXOAHbIC MaTpHLbl pa3MEPOM 1 X 1 U ONpEeIuM
A, B, ..., H kak B (3.3). [IpuBenem ceMb peKypCHUBHBIX MaTpUUHbIX YMHOXKEHUH,
BbINOJIHAEMbIX anroput™oM LTpaccena:

P, =Ax (F-H)
P,=(A+B)xH
P,=(C+D)xE
P,=D x (G-E)

P;=(A+D)x (E+H)
P,=(B-D)x(G+H)
P,=(A-C) x (E+F).

[Morparus O (n?) BpeMeHHU Ha BbIMONHEHUE HEOOXOAMMBIX MaTPHUUHBIX CIIOXKEHU

¥ BbiuUTaHuii, P, ..., P, MOryT ObITb BbIYHUCIEHBI C HCTONB30BAHUEM CEMH pe-

KyPCHBHBIX BBI30BOB Ha n1apax Matpuil pasmepoM = x . Ho noctatouso nu 31oit
2 2

vHbOpMaLMK 4715 MONyYeHus MaTpudHoro npousseneHus X n'Y 3a Bpems O (1?)?
TMpuBeeHHOE HMXKeE YIUBHUTENbHOE YPaBHEHUE JAET YTBEPAUTEIIbHbIH OTBET:
Xx =(AxE+B><G | AxF+BxHJ
CxE+DxG | CxF+DxH
_[Ps +P,-P,+P | B +P, )
- P,+P, |P+P-P -P,

[TepBoe ypaBHeHKe konupyercs u3 (3.4). UTo kacaeTcs BTOPOro ypaBHEHHMs, TO
HaM HY>XHO YI0CTOBEPHUTLCS, YTO PABEHCTBO BbINOIHAETCS B KX/OM U3 YETLIPEX
KBaapaHToB, UT0Ob! ONPOBEpPrHyTH CBOE HEBepHe, 00paTHTe BHUMaHHE Ha cyMac-
LIeIINE COKPALLEHHS B JIEBOM BEPXHEM KBaJpaHTe:
P.+P,-P,+P.=(A+D)x(E+H)+Dx(G-E) -
-(A+B)xH+B-D)x(G+H)=
=AXE+AxXxH+D*xE+DxH+DxG-
-DxE-AxH-BxH+BxG+
+BxH-DxG-DxH=
=AxE+BxG.
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BbluxcneHne Ang NpaBoro HWXHEro KBajpaHTa aHaJOTMYHO, U PaBEHCTBO Jier-
KO yBMJIETb B ABYX APYIMX KBajJpaHTaX. Takum oOpa3oM, alroput™ Strassen
JeHCTBUTENBHO MO3BOMAET YMHOXATh MAaTPHULLI C UCMOIb30BaHUEM BCErO CEMU
PEKYPCHBHBIX BbI30BOB, NPH 3TOM BpeMs ero UcrmonHeHus O (n?)'!

3.3.7. PeweHue TecToBOro sapaHma 3.3

IpaBuabublil oTBeT: (B). [paBuibHbiil oTBeT — O(n°). 3aech MMeeTcs Tpu
BJIOKEHHBIX LMKAa for. 3TO MPUBOAMT K #° UTEpaLMsM BHYTPEHHEro LKA (1o
OHOI 115 KOKJOro BapHaHTa BeIbopa i, j, k € {1,2, ..., n}). B pe3ynbrare anroputm
BBIMOJTHAET NOCTOAHHOE YUCTIO ONEpalHii B KAXKAOH UTepaunu (01HO YyMHOXEHUE
W OHO CJIOKEHHE). B KauecTBe abTepPHATHBBI U1 KaXA0TO U3 1% 3JIEMEHTOB
B Z anropuTt™ TpaTtuT O(n) BpeMs Ha BbiuuciaeHue (3.1).

*3.4. Anroputm co Bpemenem O (nlog n)
ans onnxanwen napbl

Hau nocnegHuii npyMep aJiropuT™a THNA «pasfensii u BNacTByil» — 3TO OYEHb
KpYTO#i alirOpuTM ANs pelleHHs 3ajJa4yu o 6nuxkaiieil nape, B KOTOpoH aaetcs
n TOYEK Ha TUIOCKOCTH, U BaM HEOOXOAMMO BBISIBUTh Mapy TOUEK, KOTOPbIE JIeXaT
Onoxe Bcero Apyr K Apyry. 9o OyeT Halll NepBbIi ONbIT B BLIYMCIUTENbHOI reo-
MeTpHH, 00]1aCTH, KOTOpas HCMOMb3YET ANTOPHUTMbI s OOBACHEHHUS CBOHCTB reo-
METPUYECKUX OOBEKTOB M MAHUNYIUPOBaHHS UMH. COOTBETCTBYIOLLME AITOPUTMbI
UMEIOT NPUIIOXKEHHS B pOOOTOTEXHUKE, KOMIBIOTEPHOM 3PEHUH U KOMITbIOTEPHOM

rpaduke?,

! HauneM c Toro, 4to, 6€3yCNOBHO, MPOBEPHTb YCMEUIHOCTb PaboThl aITOPUTMa HAMHOTO
npoiue, 4yeM npuaymars ero. M kak Boobue ®onbkepy LLTpacceHy ynanochk ero npu-
noymarh emwe B 1969 romy? Bor uto oH ckasan (B nuuHo#i Gecene, utoHb 2017 rona):
«HackosbKo s MOMHIO, s OHAJ, YTO 60Jice OBICTPbIN HEKOMMY TATUBHBIH AJITOPHTM NS
HEKOTOpPOro HeOONBIIOTO CTyYas AAcT JIy4liMii nokasatenb. Sl monbITancs A0Ka3arh,
YTO MPOCTOM ANIFOPHTM ONMTHMAJIEH /11 MaTpull 2 X 2. YTo6bl ynpoCTHTB, 1 paboTan no
MOZYJIIO 2, a 3areM 0OHapyXHJ1 6osiee ObICTPbIH anropuT™M KOMOMHATOPHOY.
[MoMeueHHBIE 3BE3A0YKOMN pa3aeibl, MOAOOHbIE ITOMY, ABIAIOTCS O0s1€€ CII0XKHBIMH, H IPH
NEpPBOM YTEHHH UX MOXKHO MPOMYCTHTb.
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3.4.1. 3apaua

3agaua o Onvkaiiiueii nape kacaercs Touek (x, y) € R? va naockoctu. [[iis n3mepe-

HUS PAacCTOAHUS MEXAY ABYMsl TOUKAMHU, p, = (x,, ¥,) K P, = (X,, J,), HCNIONb3YETCA
00bIYHOE €BKJIMIOBO (MPSAMOJIMHEHHOE) pacCTOSHUE:!

d(p p) =5 -%) +(n -2 (3.5)

3AJIAYA: BIIMDKAMILIAS TTAPA
Bxoa: n > 2 Touek p, = (x,, ), ..., P, = (X, V,) Ha IIOCKOCTH.

BI:IXO}II napa To4ek, Dis pj, C HAUMEHBLLUHUM €BKIINA0BLIM PACCTOAHUEM
d,p).

N R O T 4 2 P Y P B S T o b

Jns yno6cTBa Mbl JONYCTUM, YTO HUKAKHE BE TOUKW HE MMEIOT OIMHAKOBOMH
X-KOOPAMHATBI MIIU y-KOOPAMHATHL. Bbl MOMKHBI NOgyMaTh O TOM, kak aopado-
TaTb alOPUTM K3 3TONO pasjiena s TOro, YToObl aanTUpoBaTh €ro Noa Takue
coBnaaeHus'.

3anava o Gnuxkaiiluedl nape MoxeT ObITh pelleHa 3a KBaApaTHYHOe Bpems ¢ Mo-
MOLLIO MOUCKA 0 METOAY rpy0O# CHIIbl — JOCTATOYHO BBIYUCIUTL PACCTOAHUE
Mexay Kaxaoi O(n?) napoii Touek nMo MOPSAAKY H ONpele/uTh Kpardaiiulee U3
HuXx. YTo kacaeTcs 3a1a4u noacyera HHBepcHil (paszen 3.2), To HaM ye yaanoch
YNY4IIMTb KBAJPaTHYHbIN aJITOPUTM MOUCKA N0 METOJLY NMOHOIO nepebopa npu no-
MOLLH aJITOPUTMA «pa3Aensiii ¥ BnacTByi». MoXXHO in 106UTbCS TyyLLero v 3ech?

3.4.2. PaamMuHKa: OAHOMEPHbIW Cniy4yan

PaccmoTpuMm cHadana 6onee npocToil OHOMEPHBIH BAPUAHT 33JJa4K: JaHO 1 TOYEK
Dys - P, € R?B npoussonbHOM nopsiake. TpeGyercs onpeaenuts napy, koropas

' B peanbHOii peanu3auun anroputm Gnukaiiweil napol He Gyaer yTpyxaare cebs BbI-
YUCNEHUEM KBaApaTHOro KOpHs B (3.5) — napa Touek ¢ HAUMEHBLIUM €BKJIUIOBBIM
PacCTOAHHEM HHYEM HE OTVIMYAETCA OT TOM, Y KOTOpOii HauMEHbLIee KBaAPaTHUHOE
€BKJII0BO PACCTOSHHE, M MOCIEAHEES PACCTOTHUE JIErye BbIYHCIUTD,
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00nafaeT MHHUMANIbHBIM PacCTOSHUEM |p, — p). DTOT yacTHBbIA cryyait nerko
pewnTs 3a Bpems O(n log 1), Kcnonb3ys HHCTPYMEHTDI, KOTOPbIE y)ke HaXOAATCS
B HaleM apceHase. OCHOBHOe HabNioieH e 3aKITI0YaeTCs B TOM, YTO, Kako# Obl HH
ObLta GrmikaiiLuas mapa, JBe TOYKH A0MKHBI ObITh PACTIONOKEHbI NOCNEA0BATENbHO
B OTCOPTUPOBAHHON BEPCHH MHOXKECTBA TOYeK (pHc. 3.3).

R

T A e T S N T R S AR

ONHOMEPHAS BJIMKAMLLUAS NAPA

OTCOPTHPOBATb TOUYKH,

MCIOJIb30BaTh JIMHEHHbIH MPOCMOTP OTCOPTHPOBAHHBIX TOUEK, YTOObI
onpezenuTs 6avxaiilryro napy.

[NepBbiii M BTOPO# 1Iary a1ropuT™Ma MOryT ObITh peali30BaHbl COOTBETCTBEHHO CO
BpeMeHeM O (n log n) (Np1 NOMOLLM alNropuTMma MergeSort) U co BpemeHeM O(n)
(HenmocpeAcTBEHHO), ¢ 00LIUM BpeMerneM O (n log n). Takum oOpa3oM, B o1HOMEp-
HOM Clly4ae JefiCTBUTENBHO CYLLECTBYET alropuT™, KOTOpbI# paboTaeT GbicTpee
noKcKa Mo MeToAy MojnHoro nepedopa.

«—e *—o —o *—>
A

.~

- o
*. Okaitiuas mapa

Puc. 3.3. B ogHOMepHOM BapuaHTe To4kM B Gnnxaniiiein nape NoABNKIOTCA
nocneaoBaTeNbHO B OTCOPTUPOBAHHON BEPCUN MHOXECTBA TOYEK

3.4.3. NpeaBaputenbHas o6paborTka

MokeT 11 COpTHPOBKA MOMOUb PELLNUTB ABYMEPHYIO BEPCHIO 3aa4M 0 Onxaiiiuei
nape 3a Bpems O(n log n)? [maBHas npo6yieMa 3akIrO4aeTCcs B TOM, Y4TO HMEIOTCS
JIB€ pa3Hble KOOPAMHATbI, KOTOPbIE MOXXHO UCMO/Ib30BATh AJIsl COPTUPOBKHM TOUEK.
Ho Tak kak copTUpoBKa ABASETCA J1ErKOBECHBIM MPUMUTHBOM (CM. €. 31), nouemy
Gbl IPOCTO HE MCTIONBL30BATh €€ (Mo 060uM u3MepeHusm)? To ecTh Ha Luare npea-
BapuTeabHON 00pabOTKM HALL AITOPUTM CO3/aET JBE KOMHUH MHOXKECTBA BXOAHBIX
TOYEK: KOMHIO P, C TOUKaMH, OTCOPTHPOBAHHLIMH 110 X-KOOPANHATE, U KotHto P,
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OTCOPTHPOBAHHYIO MO y-KoopanHate. 1o 3aHuMaeT O (n log n) BpeMeHH, KOTopoe
HaXOUTCs BHYTPU BPEMEHHOH PaHMLibl, HA KOTOPYIO Mbl HaLIENEHbI.

Kaknum 06pa3oM MOXHO MCMONB30BATh OTCOPTHPOBaHHbIE Bepcuu P, u P? K co-
KaneHuio, Gmkaiilas napa Touek He GyleT NMOABNATLCA MOCNEA0BATENLHO HHU
B P, Hu B P (puc. 3.4). Mbl J0JDKHBI CaienaTh 4TO-To Gosiee XUTPOe, YeM NPOCTOM

JIMHEHHBIA NMPOCMOTP.

6nuxaiiias napa
A e
27y ,'
’ ! e e mm——————
’ P2 S I -
.- -
. ?

Omukaiilnas B y-KoopauHaTe

[ ]

Puc. 3.4. B nsyx uamepeHusix Touku B 6nnxaiiwein nape He o6a3aTensHo 6yayT
NOABNATLCA NOCNEA0BATENbHO, KOrAA TOYKN OTCOPTUPOBAHDI
no KoopauHaTam X Unu y
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3.4.4. Noaxop «pa3pensvi n BNacTeyn»

MeI MOXeM caenarh yylle Mpy MOMOLUM MOAXOAA «pa3fensii u BnacTeyii»'. Kak
pa3fenunTb BXOAHbIE JaHHbIE Ha Gonee MeNKUe MoA3ana4H U Kak 3areM 00beIMHUTL
pELLEHHs 3THX MOA3aAa4 B OAHY A1 HCXOAHOM 3ana4yn? YTo kacaeTcs nepBoro Bo-
npoca, Mbl UCMOMbL3YEM NEPBbIH OTCOPTUPOBAHHBIN MAccHB P,, 4ToObl pa3ienuTh
BXOZIHbIE JaHHBIE Ha NIEBYIO Y NpaByo nonosuHbl. HazoBeM napy Touex iego napou,
ecnu 06e MpUHaIEKaT JEBOH NMOTOBUHE MHOXECTBA TOYEK, NPABOH napoii, eciu 0be
NpHHAAJIEXKAT NPABOH MONOBUHE, U paz0eneHHOU napoil, €CAM TOYKH MPUHAANEKAT
pasHbIM nojoBuHaM. Hanpumep, B Touke Ha puc. 3.4 Gnuxaiiluas napa sBnseTcs
paszeneHHo# napo, a napa Toyek, OnukakLIKMX K X-KOOpAHHaTe, — JIEBOH Napoii.

Ecnu 6nuxaiiwas napa ssnsetcs nesoi napoit WM npasoii napoi, To oHa Oyaet
MICHTU(ULHPOBAHA OOHUM U3 ABYX pPeKypCHBHBIX Bbi30BoB. HaM nowanoburcs
yHUBepcalbHas GyHKUMA AN OCTaBLUerocs ciydvas, koraa Onuxkaiiwas napa
ABNAETCA pasfesieHHoA napoi. 3Ta QyHKUMsS UrpaeT aHAJIOTHYHYIO posib B NOA-
nporpamme CountSplitinv B pasaene 3.2.

[IpuBeneHHBIH HHXKE MCEBAOKOA PE3lOMUpPYET 3TH MAEH; noanporpamma
ClosestSplitPair ans onpeaeneHus Gnuxaiieit pasneneHHoH napbl Ha AaHHbIH
MOMEHT HE peanu3oBaHa.

CLOSESTPAIR (ITPEJABAPUTEJ/IbHASA BEPCHA)

Bxoa: nage konuu P, u P u3 n> 2 TO4EK HA MIOCKOCTH, OTCOPTHPO-
BaHHBIX MO KOOPAHHATAM X U ) COOTBETCTBEHHO.

BoIxoa: napa p,, p; pa3HbIX TOYEK ¢ HAUMEHBUIMM €BKJIMAOBbIM pac-
CTOSHUEM MEXIY HUMH.

// 6a30Bbii cnyvai AnA <= 3 TOYeK OnyuweH

1 L, := nepBasi nonoBKHa B P,, OTCOPTHPOBaHHas MO X-KOOPAHHATE

2 L, := nepBasi NnoNoBHHa B P, 0TCOPTHPOBaHHas M0 y-KOOpAMHATE

! Taknum o6pa3om, mapaaurMa «pasfienfii ¥ BIacTBYii» UCMONb3YETCS KaK Ha ware npea-
BapHTENbHON 06paboTKH WA peanu3aLuu anropuT™Ma MergeSort, Tak u ewe pa3s B oc-
HOBHOM aJITOPHUTME.
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3 R, := BTOpas nojoBHHA B P,, OTCOPTUPOBaHHAsA N0 X-KOOPAHHATE
4 R, := BTOpas nonosuHa B P, 0TCOPTUpOBaHHAsA MO y-KOOpANHATE
5(,, 1)) =ClosestPair(L,, L)) // nywan nesan napa

6 (r,, r,) = ClosestPair(R, R ) // ny4wan npasas napa

7 (s, 5,) :=ClosestSplitPair(P, P ) // ny4wan paspenenHas napa

8 BEpHYTH NyuLylo u3/(1; L), (r,ry), (5, 5,)

B onyuieHHOM 6a30BOM cilyuae, koraa MMeeTcs Be WK TPU BXOAHbIE TOUKH,
aJINOPUTM BbIYHCIIAET ONMdKaliLLYy1O Mapy HENOCPEACTBEHHO 3@ MOCTOSHHOE BpEMs
O(1). INMonyunts L, 1 R, U3 P, nerko (Hy>KHO NpOCTO pa3aenuts P, nononam). J{ns
BbIYMCIIEHHs L, ¥ R, aNrOpuT™M MOXET BBINONHATH JTMHEHHbIA npocMotp P, no-
Mell@as KKy TOUKY B KOHel L, unu R, B COOTBETCTBUM C X-KOOPAWHATOM TOYKH.
MBI 3akniouaeM, 4To cTpoku 1—4 MoryT ObITh peann3oBaHbl co BpeMeHeM O(n).

[pu ycnosuu npaBuiIbHOM peanu3auuy noanporpaMmbl ClosestSplitPair an-
FOPUTM rapaHTHPOBaHHO BblYMCseT Onikaliliyio napy To4ek — TpW BbI30Ba
NOANPOrpaMMbl B CTPOKaX 5—7 OXBaTbIBAIOT BCE BO3MOXKHOCTH HaXOXXAEHUs!
6nuxaiilueii napeot.

TECTOBOE 3AJJAHHUE 3.4

JlonycTHM, 4YTO Mbl NMpPaBHJIBHO pEaIU3yeM NOANMPOrpaMMy
ClosestSplitPair co BpeMeHeM O(n). Kakum 6yzneT obuiee Bpems
pabotbl anroput™a ClosestPair? (BbibepuTe HaMMEHbLUYIO Npu-
MEHHUMYIO BEPXHIOIO IPaHuLly.)

a) O(n).

6) O(nlogn).
B) O(n(logn)?.
r) O(n?).

(PeuteHue 1 nosicieHue cM. B pasaene 3.4.10.)
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3.4.5. ToHkas HacTponka

Pelenue tectoBOro 3amaHus 3.4 aenaet Haily Lefb SCHOM: Mbl XOTUM, YTOObI
O (n)-peanu3auus noanporpaMmbl ClosestSplitPair npusena k obe BpeMeH-
Hoii rpanuue O (n log n) 1 coBnana co BpeMeHeM paboThl HALLETO AIrOpUTMa i
OJIHOMEPHOIO YaCTHOIO clyyasl.

Mol cO03AaMM cnerka ynpoLeHHY0 NOANPOrpaMMy, COOTBETCTBYOLIYIO HAlLUM
uensm. Knroueas 0coOEHHOCTD: Ham HydcHa noonpocpamma ClosestSplitPair,
4mobbl onpedensimo baUNCAUULYIO PA30ENEHHYI0 NAPY MOALKO Mo20d, Ko20a OHa
Aesiemes bauxcatiweit napou 8 yenom. Ecnv Gmwkaiilias napa ssnsercs NeBoi
WY NpaBoii napoii, To noanporpamma ClosestSplitPair BnoaHe MOXET BblAATh
Mycop — cTpoka 8 nceBiokoza B pasene 3.4.4 NpOMrHOpPUPYET NPETIOKEHHY 0 et
napy To4ek B J1I000M ciyuae B onb3y akruueckoi Onuxaiilueit napbl, BbI4HCIEH-
HO¥ OIHMM M3 PEKYPCHBHbBIX BbI30BOB. B HalueM anroputMe 3TOMy CMAM4eHHOMY
TpeOOBAHHUIO K NPABUJILHOCTH OTBOAMTCA PELLAIOLIAs POJib.

YT00bl peanu3oBaTbh NaHHYIO WIEI0, Mbl SBHBIM 00pa3oM mepeAaauM MOAMpo-
rpamMMe ClosestSplitPair paccTosHue & Mexnay Onukaiiieii napoi, kotopas
ABJIsETCS JIEBOM MIIM NpaBoil napoii; Toraa nmoanporpamma OyaeTr 3HaTh, YTO eif
NPUAETCS MUCKATh PELUEHHE TOJILKO B PA3lENEHHBIX Napax ¢ MEXTOYEUHbIM pac-
cTosiHMeM MeHee . JIpyruMu cioBaMH, Mbl 3aMeHseM CTPOkH 7—8 ncesaokona
B pazjesnie 3.4.4 Ha cneayoLME HUXeE.

CLOSESTPAIR (IOMOJIHEHUE)
76 :=min{d(l,, 1,), d(r,, r,)}
8 (s,, 5,) :=ClosestSplitPair(P,, P, 9)

9 BepHYTb Ayuuuyto us (1, 1), (r,, r,), (s, 5,)
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3.4.6. Noanporpamma ClosestSplitPair

Tenepp Mbl MPEOCTABUM peanu3alyio NOANPOrpaMMbl ClosestSplitPair, koTO-
past BBIMOJIHSAETCA 3a IMHEHHOE BPEMs M MPAaBUIIbHO BRIUKCIET ONibKaliiy o napy
BCAKHIA pa3, KOrAa Ta sBNAETCA pa3le/eHHOM napoii. Bbl MoXeTe He MOBEpUTD,
YTO MPHUBEICHHBIH HUXKE MCEBIOKOA YAOBIETBOPAET ITUM TPeOOBAHHUAM, HO 3TO
TaK. BeICOKOypOBHEBas UI€sl COCTOUT B TOM, 4TOOBI BBINIOJHATL OMCK 10 METORY
rpy6oii cunbl Ha NpeABapHUTERBbHO OrPAHUYEHHOM MHOXKECTBE Nap TOYeK.

CLOSESTSPLITPAIR

Bxox: e konuu, P, u P, 3 n> 2 TOYEK Ha IJIOCKOCTH, OTCOPTHPO-
BaHHBIX 10 KOOPAMHATAM X H y ¥ apaMeTp J.

Beixon: Onxaiiuas napa npy yCloBUH, YTO OHa — paz/ieNieHHast nmapa.

1 X:= Haubonbluas X-KOOpPAUHATA B JIEBOH MOJNOBUHE // MeauaHa
// X-KOOpAMHATHI
28, = {TO4KHU q,, q,, ..., ¢, C X-KOOPAMHATOH
MEXAY X — & U X + §, OTCOPTUPOBaHHbIE MO y-KOOpAUHATE}
3 best =6
4 bestPair := NULL
Sfori:=1tof—1do
6 forj:=1tomin{7,¢{—i} do
7 if d(g,, g;tj) < best then
8 best := d(g, 4,.))
9 bestPair := (g, q,.,)
10 return bestPair

JlanHas noanporpamMMa Ha4MHaeTcs B CTpoke 1 ¢ uaeHTudukanuu camoii mpaBoi
TOYKH B NIEBOM MOJOBUHE MHOXECTBA TOYEK, KOTOpas OnpelesseT «KMeauaHy
x-KoopauHathl X». [Tapa Touek siBnseTcs pa3jeeHHOH napoil Toraa U TOJNbKO
TOra, KOIa OJHa TOYKA UMEET KOOPAHHATY X He Oolblle X, a Apyras — Gonblue
x. Boiurcnenune x 3anumaet nocrosiHHoe (O(1)) Bpems, MOCKOIbKY P, conepxut
TOYKH, OTCOPTUPOBAHHbIE 10 KOOPAWHATE X (MEAHaHa paBHsAETCS n/2-My JIEMEHTY
MaccuBa). B cTpoke 2 noanporpamma BbINoNnHseT War GUILTPaLUK, OTOpackiBas
BCE TOYKH, KPOME TeX, KOTOpbIE JIEXKAaT Ha BEPTUKAJILHOH MoJoce IUPUHOH 20
C LeHTPOM B X (puc. 3.5). MHOXeCTBO S, MOXET GbITh BBIYMCIIEHO 3a JIWHEHHOE
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Puc. 3.5. MNoanporpamma ClosestSplitPair. S, — 310 MHOXECTBO Touek,
3aK/II04EHHbIX B BEPTUKAIbHOM Nonoce. 8 — 3T0 HauMeHblliee PacCTosHUe Mexay
neBoOM Napon Nnu NpaBoi Napon Toyek. Mapbl pa3aeneHHbIX TOYEK UMEIOT OAHY
TOYKY No 06e CTOPOHBbI OT MYHKTUPHOW NMINHUN

BpeMs MyTeM NpocMoTpa P, u yaanenus Jo0bIX TOYEK C X-KOOPAUHATAMH BHE
UHTepecylollero AnanazoHa'. CTpoku 5—9 BLINOJHAIOT MOUCK METOAOM Ipy0Ooi
CHJIbI B N1apax TOYEK M3 MHOXECTBA S, y KOTOPOTo He Gonee 6 Touek B AManasoHe
(py1 YNOPSN0YEHHOCTH S, 10 y-KOOPAUHATaM), M BLIMUCIAIOT GnuxKaiiLLy 0 TaKyo
napy Touek>. Bce 3To MOXXHO paccMaTpyBaTh Kak NPOAOIDKEHHME HALIErO alropuT™Ma
IUIi OTHOMEPHOTO cilyyast, B KOTOPOM Mbl pacCMarpuBaeM BCE «MOYTH Mocie-
JoBaTeNibHbIe» napbl Toyek. Obluee YMcno urepaluil LKMKIa COCTABIAET MEHee

DTOT Lar BbINONHSAETCS, TOTOMY YTO Mbl OTCOPTHPOBAJIH TOUKY, 3alaHHYIO y-KOOPAHHATO#H
pa3 ¥ HaBceraa Ha HayallbHOM l1are npeaBapHTebHOM 06paboTku. [TockoabKy Mbl Ha-
ueJeHbl Ha IMHEHHY10 NOANpOrpamMMy, cefuac HET BpEMEHH UX COPTHPOBaTh!
? Ecnu Takoil napsl TO4eK Ha pacCTOSHHM MEHbLIE & HET, TO MOANpPOrpaMMa BO3BpalLaeT
NULL. B 3ToMm ciryyae B ClosestPair ata NULL-napa urHopupyercs, 4 OKOHYaTelb-
HO€ CpPaBHEHHE BBHIMONHAETCA TONBKO MEXIy NapaMH TOYEK, BO3BPAlLAEMBbIMH IABYMS
PEKYPCHBHbIMH BbI30BaMH.
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7€ <Tn = O(n), n ANTOPUTM BbINOIHAET NOCTOSHHOE YUCJIO IPUMUTUBHbIX Onepa-
UMH B K&KAOM UTepalny. Mbl 3aKiiouaeM, 4To noanporpamMma ClosestSplitPair
BbINONHsETCA 3a BpeMs O (n), kak 1 Tpedyercs. OaHako noyeMy 3Ta noanporpaMma
BOOOIIE AOHKHA HAlTH Omkaiiunyio napy?

3.4.7. NpaBUnNbHOCTb

[Noanporpamma ClosestSplitPair BbINONHAETCA 3a IUHEHHOE BpEMsl, IOTOMY YTO
U3 KBaIpaTH4HOIO YMCI/Ia BO3MOXHBIX Map TOYEK OHA ULLET TONBLKO JIHHEHHOe NX
yicno. OTKyaa Mbl 3HaeM, YTO OHA He MponycTuiia bmkaiiuyto napy ? Cnexyrowas
HUOXKE IEMMa, KOTOpast HEMHOTO LIOKUPYET, FapaHTUPYET, YTO NMPH YCIOBHH, KOTAA
Onuxkaliuias napa sBnseTcs pasJelieHHOH Mapoi, ee TOUKH MOABIAIOTCA MOYTH
MOCIEIOBATENBHO B OTGUIBETPOBAHHOM MHOXECTBE S,.

Jlemma 3.3. B noonpozpamme ClosestSplitPair nycme (p, ) ecmv pasoenennasn
napa c d(p, q) < 8, 20e 8 — 3mo Haumenbulee paccmosiHue mMexcoy neeou napou
wiu npasou napou moyex. Tozoa:

(a) p u g 6yoym exnoyenvi 80 MHONCECMBO S,;

(b) He bonee wecmu mouex 6 S, umelom y-koOpOUNAMY MENHCOY MOUKAMU P U .

3ra JieMMa JaJIeKO He O4E€BUJIHA, U MBI IOKAXEM €€ B ClIeaAYyIOLLEM pasaecie.

M3 nemmsl 3.3 BeITEKaeT, 4TO MoANporpaMMa ClosestSplitPair KOPPEKTHO Bbl-
TOJIHSET CBOIO 3a7a4y.

CaenctBue 3.4. Koz0a bnuxcatiwman napa sagasiemcs pasoeieHHot napoi, noonpo-
2pamma ClosestSplitPair ee Haxooum.

Hoxazamenvcmeo: [oNycTUM, YTO Ombkaiiiuas nmapa (p, q) ABseTCS pa3e/eHHON
napo#, ¥ noaromy d(p, q) <9, rae 8 — MUHUMAIbHOE PacCTOSHUE MEXY JIEBO#
1K npasoit napoi. JlemMa 3.3 rapaHTUpYeT, 4TO U p, U g PUHAJJIEKAT MHOXe-
cTBy S, B moanporpamMme ClosestSplitPair U UTO MeXay HUMM ecTh He Gonee
LIECTH TOYEK Sy no koopauHare y. [lockoneky noanporpamMma ClosestSplitPair
BbIMOJIHAET UCUYEPNbIBAIOLIMI MOMCK M0 BCEM MapaM TOYEK, YAOBRIETBOPAIOLUM
9THUM JBYM CBOHCTBaM, OHa BBEIYHCIIMT ONHOKaLIYIO TaKyO napy, KoTopas J0/kKHa
6b1Tb akTHueckoi Gnuxaiiiueil napoi (p, g). Y. m. 0.
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B npennsepuu Aoka3aTensCcTBa JeMMBI 3.3 Tenepb y Hac yke €CTb NPaBUIIbHBIi
Y HEBEPOATHO OBICTPBIH aNropuT™ AN pelueHHs 3a1a4u o 6nuxaitiueit nape.

Teopema 3.5 (BbluncaeHHe Oamxaiimei napsol). [{ns kaxaoro MHoxecTsa P u3
n > 2 ToYeK Ha NIIOCKOCTH alropuT™M ClosestPair MpaBUIbHO BblYUCIAET Onu-
Kaityto napy P 4 BeinonHsercs 3a BpeMs O (n log n).

Joxazamenscmao: Mbl C BAMHU Y)Ke OMpPEAETUIIA BPEMEHHYIO MPaHHLy: allfOpPHTM
tparut O(n log n) BpeMeHH Ha Liar npeABapuTeNibHOH 00paboTKU, U OcTallbHas
4acTh arOPUTMA UMEET Takoe K& aCHMANTOTHYECKOE BPEMs, YTO W alrOpUTM
MergeSort (C IByMs peKypPCHBHBIMH BbI30BaMH, K&X/blii C MOJOBUHON BXOAHBIX
JAHHBIX TUTIOC JOTIONIHUTENbHBIE JIMHEHbIE BRIYUCIIEHUS), KOTOPbIi TOXE Bbl-
nonusercs 3a O(n log n).

Ecnu 6nnxkaiiluas napa sBnseTcs JEBOH napoii, OHa BbIIAETCs NEPBbIM PEKYPCHB-
HbIM BBI30BOM (CTpoKa 5 B pa3aene 3.4.4); eciv 310 MpaBas napa, OHa BblaaeTcs
BTOPBIM peKypCHBHbIM BbI30BOM (CTpoKa 6). Eciu aT0 pasaenenHas napa, To cinen-
cTBHe 3.4 rapaHTHpYeT, YTO OHA BbIAAETCS NOANpOrpamMMoii ClosestSplitPair.
Bo Bcex cnyyasnx Gnukaiiasg napa HaXOAUTCSA CPEAH TPeX KaHAMAATOB, PacCcMO-
TPEHHBIX aNropuTMoM (cTpoka 9 B paszaene 3.4.5), u OyneT BblAaHA B KauyecTBe
OKOHYaTeabLHOro orseta. Y. m. 0.

3.4.8. lokazaTenbcTBO NIeMMbI 3.3 (a)

YacTs (a) neMmsl 3.3 sBnsietcs 6onee npocToi Ang AokazarenbeTsa. JJonycTiM, uto
CYLLUECTBYET pasjiesieHHas napa (p, ) ¢ p B JIEBOii MOJOBUHE MHOXXECTBA TOUYEK U g
B NIpaBOii NONOBKHE, Takas, uTo d(p, g) <90, rae 6 — 3To MUHUMANILHOE PacCTOsIHHE
MEX Iy JIeBoi Mk npaBoii napoid. O603Hauum p = (x,, y,) ¥ ¢ = (x,, y,) 1 0003HaUUM
yepe3 X KOOPAMHATY X CaMOii NpaBoii TOUKH JieBOM NMONOBUHBIL. [TocKONbKY p U g
HaXOJATCA B JIEBO M NPaBoii NOJOBHUHAX, COOTBETCTBEHHO, Mbl HMeEM

x, £Xx<x,

B T0 e BpeMs x| U x, He MOTYT ObITb CHIIBHO OTAaNeHbl. POpMaNIbHO, UCT0b3YA
onpejeneHue eBKIUI0Ba paccTossHuUs (3.5), Mbl MOXKEM HanucaThb
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3 >d(Ps q)
=\/(x1 -5) +(n-»)
ol ]

=max{|x, -x,

b2 —yzl}'

70 03HAYaeT, 4TO p U g OTJANIEHbl MEHEE YEM Ha § Mo 06eUM KOOPAMHATAM X U V:
lxl"x2|’|y1_y2|<6- (3.6)

[TockonbKy X, < X U X,, KAK MAKCUMYM, Ha § OoJble X, Mbl HMEEM X, < X + 8.
[TockonbKy X, > X ¥ X,, KAK MAKCUMYM, Ha § MEHBILLE X,, X, > X — 0.

B uacTHOCTH, p U ¢ IMEIOT X-KOOPAMHATBI, KOTOPbIE BKIIMHUBAIOTCS MeXay X — &
u X + 3. Bce Takue TOYKH, B TOM HUCIIE P U ¢, IPUHAIENAT MHOXKECTBY S,.

Puc. 3.6. JokasaTtenscrteo nemmebl 3.3(a). U p, U g UMeloT x-koopanHaThl
Mexay X-dux +95

3.4.9. loka3aTtenbcTBO Nemmbl 3.3 (b)

HanoMHUM yCTaHOBIEHHbIE HAMH JOMYIUEHWs: CYLIECTBYET pa3jeiieHHas napa
(p, q), B KOTOPO#i p = (x,, y,) HAXOAUTCS B JIEBOM MOJIOBUHE MHOXECTBA TOYEK
1 g = (x,, y,) — B MpaBOii NONOBHHE, TaKasd, YT0 d(p, q) <O, [Ae & — 3T0 MUHHMaJlb-
HOE paccTOsIHUE MEX Y JIeBOi unu npaso#i napoii. Jlemma 3.3(b) yTBepkaaer, uto
P ¥ g He TONILKO TOSBISIOTCS B MHOXECTBE S, (4TO COEPXKHUTCS B I0KA3ATENbCTBE

! Mpeacrasere cebe, YTO p U ¢ — 3TO JIIOAHU, CBA3AHHBIE 32 TAIHIO BEPEBKOH IIHHOIM O.
Touka p MOXET NEPEMELLATLCA BIPABO TONLKO Ha X, TEM CaMbIM OTpaHMYMBas mepe-
MELLEHUS g BETHYMHOM X + & (puc. 3.6).
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4acTH (a)), HO ¥ YTO OHH MOYTH MOC/IEAOBATENbHBIE, 1€ LIECTh APYrHX TOUEK S,
00najaloT y-KoOpAUHATaMU MEXAY ¥, U ¥,.

JIns noka3aTeNibCTBa Mbl HapyCyeM BOCEMb sfiueeK Ha MIIOCKOCTH 1o cxeMe 2 X 4,
rjie Kaxjas suyeiika UMeeT JUIMHY cTOpoHsl 8/2 (puc. 3.7). [lpa cronbua siueek pac-
MOJIOKEHBI N0 00 CTOPOHBI OT MeAHaHbl X-KOOpAUHATHI X. HiHAs YacTh aueek
BbIPOBHEHa ¢ Gonee HiKHel U3 Touek p M ¢ B min{y,, y,} y-KOOpANHaThI'.

p.

5/2 { q

& .
<€

x—90 X x+3d

v

Puc. 3.7. Ooka3atenbctso nemmel 3.3 (b). Touku p 1 g HacensioT ABe U3 aTUX
BOCbMM flYeek, U B KaXO0Wh a4eike eCcTb He 6onee 0aHON TOYKU

W3 nokasarenbcTBa yacTd (a) Mbl 3HaeM, UYTO U p, U ¢ UMEIOT X-KOOPAHHATHI
Mexay X — & 1 X + 6. JIns KOHKPETHOCTH NPEANON0XKUM, YTO ¢ UMEET MEHbLIYIO
y-KOOpAMHATY; Apyroi ciydyaii aHanoruueH. Takum obpazom, g nossisetcs
B HUXKHEH 4acTH HEKOTOpOH siueliKM B HUXKHEH CTpoke (B MPABOil MOJOBHHE).
[MTockonbky y-KoopauHaTa p MOXeT ObITh TONBKO Ha & Gonblue g (cM. (3.6)), To
P TaKxe MOABNAETCS B OHOMW U3 syeek (B JieBol nonosuHe). Kaxnas touka S,
C y-KOOPAMHATOM MEXIY p M ¢ UMeeT X-KOOPAHUHATBI Mexay X — & u X+ & (Tpebo-
BaHME /15l BXOXIEHHS B MHOXECTBO S)) M y-KOOPAMHATY MEXAY , Uy, <y, + &
U, CIIeIOBATEeNLHO, JIEXHUT B OAHON U3 BOCbMHU sueek. OCTaloTC COMHEHHS, YTO
B 3TUX AUeHKaX eCTb MHOTIO TOYEK, KOTOpbIE HMEIOT y-KOOPANHATY MEXIY Y, U ¥,.
YT06bI NOKA3aTh, YTO ITOIO HE MOXKET NPOU30HTH, 1aBaiiTe JOKOKEM, YTO Kaxaas
s4eiika cooep>xuT He Ooee onHoit Touku. Torna BoceMb sueek coaepixar He 6onee
BOCbMH TO4YeK (BKJIIOUas p U g), ¥, CIIeJOBATEIbHO, MEXAY P U g B y-KOOpAUHATE
MOJET ObITh TONBKO LUECTH TOYEK 7.

He 3a0biBaiiTe: 3TH A4eiikM NpeHa3Ha4Y€Hbl HCKIIIOUMTENbHO Ul PAacCyKIAEHHH O TOM,
noyemy anroputm ClosestPair aBnsercs npaBuwibHbIM. CaM aIFOPUTM HHYETO HE 3HAET
00 3THX fAYeiiKkax U OCTaeTca TOJILKO NMCEBIOKOAOM B pazaenax 3.4.4-3.4.6.

Ecnu ToYKa MMeEET X-KOOPAUHATY TOYHO B X, OTHECHTE €€ K A4eHKe CJIeBa OT KOOPAWHATSI.
Jpyrue TOYkH Ha rpaHHLIE HECKOJIBKUX S4€eK MOXKHO OTHECTH NMPOHU3BOJIBHO K ONHOM U3
HHX.
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[MoueMy kaxxaas sueiika conepXxuT He 6onee oaHOM TOUKK? ITa 4acTh apryMeHTa
MCToNb3yeT Halle HabnmoneHue B pazaene 3.4.5 U TOT ¢akT, 4To & — 3TO HaM-
MeHbLIEE pacCTOSHHE MEXAY IEBOI Mapoii unu npasoii napoit. YToObl norMueckn
BbIBECTH MPOTUBOPEYHE, AOMYCTHUM, YTO HEKOTOpas Auerka MMeeT ABE TOYKH,
au b (onHa U3 KOTOpPBIX MOXET OBITb p UM g). DTa Napa To4ek ABAseTcs 60
NeBO# Napoi (eC/M TOUKK HaxOOATCA B MEPBBIX ABYX cTONOLax), 1160 npaBoi
napoi#i (ec/ii OHM HaXOAATCS B MOCHeAHUX By X). Haubonbluee paccTosHue apyr
OT Apyra, Ha KOTOPOM MOTYT ObITb @ ¥ b, HAXOAUTCS B IPOTUBONONMKHBIX Yrilax
sueiikn (cM. puc. 3.7), # B 3TOM ciydae no teopeme ITudaropa' paccrosnue

Mexay a u b cocTanseT 2 x_z.<5. Ho 3To NpoTHBOpEYHT AOMYLIEHHIO, YTO

He CyLLEeCTBYyeT JIeBOi WJIH MpaBoif napbl Ha paccTosHUM MeHblie 3! U3 atoro
NPOTUBOPEUHUS CIEYET, HTO KaX/Ias U3 BOCbMH sueek Ha puc. 3.7 umeet He Gonee
OJHOM TOYKH; CIEJI0BATENBHO, He foJiee WEeCTH TOYEK S, UMEIOT Y-KOOPAHHATY
Mexay Toukamu p u q. 4. m. 0.

3.4.10. PewieHue TectoBOro sanavua 3.4

IpaBuabHblii oTBeT: (6). [IpaBunbHbI 0TBeT — O (1 log n). O (n) He aBaseTCs
NpaBUILHBIM, MOCKOJbKY, CPEAU MPOYHX MPUUMH, aNrOpUTM ClosestPair yixe
TpaTuT Bpems O (n log 1) Ha Luiare npeapapyuTeNibHONH 06paboTkH, co3naBas 0TCOp-
TMPOBAHHbIE CIUCKHU p, U p,. BepxHsa rpannua O (n log n) BeITEKAET U3 TOYHO
TaKOro XK€ apryMeHTa, YTO U [JI airopuT™Ma MergeSort: airopuT™m ClosestPair
JleNaeT qBa peKypPCUBHBIX BbI30Ba, KaXAblii CO BXOAHBIMU JaHHBIMHU B [Ba pasa
MeHbllIe, U ucrosHseTcs 3a BpeMs O (1) BHE CBOMX PEKYPCHBHBIX Bbi30BOB. (Ha-
MOMHHUM, 4TO cTpoku 1—4 u 8 MoryT ObITh peann3oBaHsbl co BpemeHeM O (), U Aas
3TOrO TECTOBOIO 3aiaHHs Mbl I0ITyCKaeM, YTO noanporpamMma ClosestSplitPair
TalOKe UCTONHAETCS 3a IMHEHHOe BpeMs.) DTH BbIBOAbI MI€AJIbHO COOTBETCTBYIOT
HalIKUM 3aKJIOUEHUSM s aJiropuTMa MergeSort, KOTOpblit ObUT MpoaHanu3u-
poBaH B pasaene 1.5. [ToaToMy Mbl 3HaeM, 4TO ofLiee YUCIO BbIMOMHAEMbIX
onepauwuii paBasetcs O (n log n). [Nockonbky wWwar npegsapuTenbHoi 06paboTku
TOXeE BblNonHseTcs 3a Bpems O(n log n), okoHYaTeNnbHass BpEMEHHAas rpaHuLa
paBusierca O(n log n).

! 1na npsAMOYTOBHOTO TPEYroJibHUKa CyMMa KBaipaTroB CTOPOH paBHa KBaJapaTy rHrore-
HY3bl.
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BbIBO/IbI

¥ ANrOpuTM TUNA «Pa3nensii ¥ BacTBy iy pa3buBaeT MCXOAHYIO 3aRauy
Ha Oonee Menkue noa3aday, peKypCHBHO peLlaeT 3TH Moa3afadu
1 00beIMHAET peleHUs NMOA3a4au B peLUEHNE NCXOAHOM 33aauM.

X BbluscaeHHe KONHUECTBA HHBEPCHI B MACCHBE MOXET ObITL MpH-
MEHWUMO AJ151 U3MEPEHHA TIOA00KS MEXKAY ABYMS PaHIKMPOBAHHBIMH
cnuckamu. ANrOpUTM Novcka METOAOM NONHOTO nepedopa Ans 3ToH
3a/1a4M BBIMOJHAETCA 3a BpeMs © (1?) [U1s MacCUBOB ANHHOIA 1.

* CylluecTBYET anropuT™ «pa3aensii ¥ BRacTByi», KOTOPbIA onupaeT-
Csl HAa AJITOPUTM MergeSort U BbIYMCISET KOJMYECTBO MHBEPCHIA 3a
Bpems O(n log n).

¥ Cy6kybuyeckuii anroput™ LLlTpaccena «pasznensii v BIacTBYyii»
AN YMHOXEHHSA MATPULl — 3TO NOPA3UTENbHBIA NPUMEDP TOro, KaK
aNropUTMUYECKas H300peTaTeibHOCTD MOXET YAYyULaTh NPOCTbie
pewienus. Ero kntoyeBas uaes COCTONT B TOM, YTOOb! 3KOHOMUTD Ha
PEKYPCUBHOM BbI30BE MO CPABHEHHIO € BOJIEE TIPOCTHIM ATrOPHTMOM
«pas3gensi u BIaCTBY H», YTO aHAOTMYHO OAXOAY, PEAIU30BaHHOMY
B yMHOXeHH#K KapauyObl.

* B 3anave o noncke 6ankaiiiueii Napbl BROAHLIMH JAHHBIMH ABISIOTCS
 TOMEK Ha MNOCKOCTH, H €€ Lieltb COCTOUT B TOM, YTOObI BLIYUCANTD
apy TOYEK C HAMEHbLUINM EBIUTHAOBBIM PACCTOSHUEM MEXY HUMM.
AJNropuT™M MOKUCKA METOIOM MOMHOro nepefopa BLIMONHAETCA 3a
Bpems O (n?).

¥ CyiuecTBYeT W30LUPEHHbIA aITOPUTM TUA «Pa3Aensii U BNacTBYH»,
KOTOpHIi peluaeT 3anady o Giwkaiiweii nape 3a spema O(n log n).

3apaua Ha 3aKpenneHue maTepuana

3agaua 3.1. PaccMoTpuM cneayowuii Huke NCeBAOKOM ISl BbIUKCTIEHHS ab, rae
a ¥ b — 3To NoNOKUTENBHBIE LieNbIE YUcna':

I | x ] o603HauaeT hynkumio «floor», KOTOpas OKpyIIAET CBOM apryMEHT BHU3 110 Grinxaii-
LLEro LEIoro Yucha.
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FASTPOWER
Bxoa: nMonoxuTenbHble LeNble Yyicaa a u b.

Buixoa: a.

if b = 1 then
return a
else
c:=bxb
ans := FastPower(c,Lb/ZJ)
if b is odd then
return a x ans
else
return ans

JonycTum Uit 3TOM 3ahauu, YTO KaxJ0e YMHOXEHHE U JeNeHHE MOXET ObITh
BbINOJIHEHO 32 MOCTOSHHOE BpeMsl. KakoBO acHMNTOTUUYECKOE BpeMst HCTIONHEHHS
3TOro aNnropuT™Ma kak dyHkunu b?

a) O(log b).
6) O(Vb).

B) O(b).

r) O(blogbd).

3anayuuv NOBbLILLEHHOMU CNOXHOCTHU

3anaua 3.2. JlaH yHumoOanbHbiti MACCHB U3 1 Pa3/IMUHbIX 3IEMEHTOB, 3TO 03HA-
YaeT, 4YTO €ro MEMEHTbI HAXOAATCS B CTPOrO BO3pAcTaroLLIEM MOPSAKE 10 CBOEro
MaKCHMaJIbHOTO 3JIEMEHTA, MOCJIe YEro ero 1eMEHThl HAXOAATCA B CTPOro yobiBa-
touem nopsake. PazpaboraiiTe anropuT™ BbIUMCICHHS MAKCHMAIBHOTO 3/IEMEHTA
YHHMOJAJIbHONO MaccuBa, KOTOPbIH BbinosHseTcs 3a Bpems O (log n).

3agaua 3.3. [laH 0TCOPTHPOBaHHBI# (OT HANMEHBILIETO N0 HAMOOJIBLIErO JIEMEHTa)
MacCHB 4 U3 1 pasHbIX LEbIX YHCEN, KOTOPbIE MOTYT ObITh MOJIOKHTENbHBIMY,
OTpHULATENbHBIMH UM HyNeBbIMU. OnpeaenuTe, CylIeCTBYET I HHAEKC | TaKoH,
uto A[i] = i. Pa3spaboTaiiTe camblit ObICTpbIH aNropUT™ IS peLUeHHs 3TOH 3aaauH.
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3amauya 3.4. (Cnoxnas.) [laHa pelueTka # Ha n pa3HbIX uuces. Yucao ssnsercs
JIOKATbHBIM MUHUMYMOM, €CIIA OHO MEHBLLIE, 4eM Bee ero coceau. (Coceo uncna —
3TO JNIEMEHT, KOTOPbI HAXOAMTCA BbILLE, HWXE, ClIEBa U cripaBa. BosbLIMHCTBO
YHCeNl MMEIOT YeThIPeX COCE/ei; YUCIia, pacnoNoXeHHbIe 0 CTOPOHAM peLleT-
KH, UMEIOT TPEX; YeTbIpe YIMOBbIX YHC/Ia UMEIOT ABYX cocenei.) Mcnonesyiite
napagMrMy paspaboTKH alrOpHTMOB «pa3fielisiii U BIacTBYi» U1 BbIYUCIIEHUS
JIOKaIbHOTO MUHMMYMa, CO CPaBHEHHAMHU MEXIy MapaMu 4Yuces, CO BpeMeHeM
ucnojHenus O(n).

(l'lpnmeanue: TNMOCKOJIbKY BO BXOAHbBIX JAHHBIX UMECTCA n? YHUCEJI, BBl HE MOXETE
No3BONUTH cebe npocMaTpuBaTh UX BCC.)

n n
[IMonacka3ka: BbIACHUTE, KaK BbINOJIHATE PEKYPCHIO HA peLLeTke Py Ha 3 3a Bpemst
ucnosHeHus O(n).]

3apauv no NnporpaMMupoBaHUIO

3apaua 3.5. Peanu3syiite Ha cBoeM JHOOMMOM f3bIKEe NMPOrpaMMHPOBaHHs aJiro-
pHMTM CountInv U3 pa3jena 3.2 Ans MOACYETA KOJMMUYECTBA WHBEPCHIl MaccHBa.
(Cm. www.algorithmsilluminated.org 1 TeCTOBBIX ciyuaeB U HaDOPOB HCXOAHBIX
JaHHbIX A5 3a/a4.)
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B 3T0# IMaBe NpeAcTaBeH METOM «HEPHOTO SALLMKa) IJIs ONpPEASNICHNs BPEMEHH
paboThl pEKYPCHBHBIX alTOPUTMOB — MOACTaBASEIb B GOPMYNY HECKONbKO
KJTIOYEBbIX XapakKTEepHUCTHK ajirOpUTMa U MOJyyaellb BEPXHIOIO MPaHULly BpeMe-
HU paboThI ANrOpUTMa. DTOT «OCHOBHOM MeTOa» MpUMEHsAeTCs K OONbLIMHCTBY
aNrOpMTMOB «pa3zeNsii U BnacTByi» U3 TeX, C KOTOPBIMU BbI KOrAa-nbo uMenu
JIeNI0, BKJIKOYAs aJITOPUTM LIEJIOUUCIIEHHOTO yMHOXeHUs: KapawyOsl (pa3aen 1.3)
u anroputm LlITpaccena ymMHoxeHus marpul (pasaen 3.3)'. Dra rmasa Taioke ui-
JocTpupyeT 6osee 001yt 061aCcTh B U3YYEHUH aTTOPUTMOB: NPaBUJIbHAs OLEHKA
HOBBIX AJITOPUTMHYECKUX HAEH YacTo TpeOyeT HEOUEeBUIHOIO MaTeMaTHYeCKoro
aHaJm3a.

[Tocne 3HaKOMCTBa C PEKypPEHTHBIMH COOTHOLUEHUSAMH B pazaene 4.1 Mbl Jaaum
($hopmynupoBKy OCHOBHOIO MeToaa (paszen 4.2) ¥ pacCMOTPHUM LIECTh NPUMEPOB
npunoxeHuii (pasaen 4.3). B pasaene 4.4 paccMaTpuBaeTcs J0Ka3aTe/bCTBO OC-
HOBHOI0 METOJIa C aKLIEHTOM Ha CYLIHOCTH €ro TpeX 3HaMeHUThIX ciydaes. [1pa-
BHJIbHOE MOCTPOEHME JOKA3aTENILCTBA TPOM3BOAUTCS Ha OCHOBE HALLETO aHannu3a
anropuTMa MergeSort B pasgene 1.5.

4.1. KBonpocy 0 ueno4YNCNeHHOM
YMHOXEHUU

Yr1obbl 060CHOBaTL OCHOBHOM METOA, AaBalTe BCMOMHHM OCHOBHbBIE aCMeKThl
Hauero o0CyKAeHHs LeouNCIeHHOro YMHOXeHus (pasaenst 1.2-1.3). 3apaua
COCTOMT B TOM, YTOOb! yMHOXHTb /IBa H-3HAYHBIX YHCIIA, TPUYEM NPUMUTHBHBIMH
onepauusaMu ABJISAIOTCSA CJIOXKEHUE UNM YMHOXKEHHME ABYX OJAHO3HAYHbIX YHCE.
UreparuBHbIi WKOBHBIA aroput™ Tpedyet O(n?) onepauuii, 4ToObl YMHOXKHTD
JIBa n-3HAYHBIX YUcIa. MOXKEM JIM Mbl CZIeNIaTh 3TO TPOLIE MPY NOMOLLM MeToaa
«pasfensd v B1acTByH»?

4.1.1. Anroputm RecintMult

Anroput™ RecIntMult u3 pasaena 1.3 co3naet 6onee Menkye noa3asaqu, pazousas
3a/laHHbIE #-3HAYHbIE YHCA X U Y HA UX MIEPBYIO U BTOPYIO MONOBUHBIL: X = 1072 X

' OCHOBHO#M M€TOJI Tak)Ke Ha3bIBAaETCA «OCHOBHOH TEOPEMOI».
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xa+buy=10"xc+d, rae a, b, c,d— 310 n/2-3Ha4Hble Ynucia (AN NPOCTO-
Tbl 3aaUM, 4TO # — ueTHoe). Hanpumep, ecnn x = 1234, Toa =12 u b = 34.
Toraa

xxy=10"x (@x ) + 10 x (@xd + b xc)+bx d, @1

KOTOpOE MOKa3bIBaET, YTO YMHOXEHHE [BYX #-3HAYHBIX YHUCEN CBOJUTCA K YMHO-
KEHHIO YeThIpeX map »/2-3Ha4HbIX 4ucen, mioc O(n) JONOAHUTENbLHAs paboTa
(ans noOaBNeHUst COOTBETCTBYIOLUMX HYJNEH M LIKOJBLHOTO CIIOKEHUS).

DopManbHO 3TO MOXKHO ONHUCATh Kak pekyppenmHoe coomuouterue. O603HAYNM
yepe3 7'(n) MakCMMAaJIbHOE YHCIIO ONEpaLHii, UCNIONb3yEMbIX 3TUM PEKYPCHBHBIM
IFOPMTMOM YMHOXEHHS [BYX 1-3HAYHbIX YHUCEJ, — 3TO KOJIMYECTBO Mbl XOTHM
OrPaHUYMTb CBEPXY. PEKyppEeHTHOE COOTHOLIIEHHE BBIPA)KAET BPEMEHHYIO IPaHHLLY
T'(n) B pamKax KOJIMYECTBA ONMEPALIMiA, BBINOIHAEMbIX PEKY PCHBHBIMU BbI30BAMU.
PexyppeHTHOE COOTHOILEHHE JJIst AIrOpUTMA RecIntMult paBHsETCS

T(n)< 4xr(ﬁ) )
2 ——
paboTa BHE PCKYPCHBHBIX BEI30BOB

\_w—/
paboTa peKypCHBIIBIX BLIZOBOB

Kak ¥ 1)1 peKypCHBHOTO airopuTMa, ANl PEKYPPEHTHOTO COOTHOLLEHHUS TakKxke
Hy>xeH 0a30Bblii Cllyuaii, B KOTOPOM YCTaHaBIMBAeTCA, kakoii apnserca T(n) ans
3Ha4ueHUH 1, KOTOpbIE CIMLIKOM MaJibl IS 3aMyCKa PeKy PCHBHBIX BBI30BOB. 31€Ch
6a30BbIM ABISETCA Cllydaii, NPU KOTOPOM 1 = | ¥ aJITOPUTM MPOCTO BbINOMHSET
OIHO YMHOXEHHe, noatomy T'(1) = 1.

4.1.2. Anroputm Karatsuba

PekypcuBHbIii aroput™ KapauyOb! 10151 LeTOUMCIEHHONO YMHOXKEHHUS HCTIONB3YeT
metoz ["aycca, yToObl COKOHOMHTL Ha OJHOM peKypPCHBHOM BbI3oBe. CyTh MeToaa
3aKJIHO4AEeTCA B TOM, YTOObI PEKYyPCUBHO BLIYUCIATH MPOU3BEAEHUA a U ¢, b U d,
ua+buc+duusnekars cpeaHnit k03QPULHEHT a X d + b X ¢ NOCPEeACTBOM
(a+ b)(c+d) — ac — bd. IToro 10cTaTOYHO AJ1s1 BEIYUCIICHHA NpaBoi yacTH (4.1)
¢ O(n) NOCpeACTBOM JOMOJHUTENbHBIX IPUMUTHBHLIX ONEpauuii.
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TECTOBOE 3AJ1AHHME 4.1

Kakoe pexyppeHTHOE COOTHOLLIEHHE NyULLE BCEro ONHCHIBAET BpeMst
paboTbl anropuT™a Karatsuba A LeNOUHCIEHHONO YMHOXEHHSA?

a) T(n)<2xT| 2|+ 0.
6) 3 T(%) + 0((23).
B) 3 x T(%) +0(m).

M 4 x T(%) +0n).

(PewieHue 1 NOACHEHUE CM. HUXKE.)

IIpaBuasbHblii oTBeT: (6). EAMHCTBEHHOE H3MEHEHKHE MO CPABHEHHIO C aNINOPUT-
MOM RecIntMult COCTOMT B TOM, YTO YHUCJIO PEKYPCHBHBIX BbI30BOB NPHILIOCH HA
eavHuuy. CripaBeABO OTMETHTD, 4TO 00bEM paboThbl, BbINONHAEMOH BHE PEKYP-
CHBHbIX BbI30BOB, 6oblLiie B anropuT™Me Karatsuba, HO TONbKO Ha MOCTOAHHbIH
MHOXHTENb, KOTOPBIH ycTpaHseTcs B 0603HaueHHH O-6onblioe. COOTBETCTBYOLLEE
PEKYpPPEHTHOE COOTHOLLEHHE A AIrOpUTMa Karatsuba, ClieJoBaTeNbHO,

T(n)< 3xr(§) +mm2@ -

e ——t
PaboTa peXypCHBHEX BAIOBOB

cHoBa ¢ 6a30BbIM ciyuaem T(1)=1".

4.1.3. CpaBHeHne peKyppeHTHbIX COOTHOLWEHUNA

Ha naHHblii MOMEHT Mbl He 3HaeM BpeMs paboThi anroputMa RecIntMult uiau
Karatsuba, HO HHCMEKTUPOBaHHE WX PEKYPPEHTHBIX COOTHOLICHWI HAaBOAUT Ha
MBIC/Ib O TOM, YTO NOCNEAHMH MOXET ObITh TONBKO ObicTpee, yeM nepblii. Ewe

! TexHHUYECKH PEKypCHBHBIN BbI30B C a + b 1 ¢ + d MOXeT coepxarb (% + 1)-3Ha4HbIE
uucna. JlasaiiTe 10roBOpUMca Mexay cobOM, 4TO MbI 3TOT GaKT NPOUTHOPHPYEM —
B KOHEUHOM MTOT€ 3TO HE HMEET 3HAYEHUS.
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O/IHAM MPUMEPOM NS CpaBHEHUSA ABJSETCS arOPUTM MergeSort, B paMKax Ko-
TOPOIO Halll aHanu3 B pasjene 1.5 NpuBOAMT K peKyppeHTHOMY COOTHOLLEHHIO,

T(n)< 2xT|2| + o(n)
2 hf—"
paboTa BHE PEKYPCHBHLIX BLI30BOB
—
PpaboTa pexypCHBHBIX BH3OBOB

rie n — JJMHA COPTUPYEMOro Maccusa. OTO FOBOPUT O TOM, YTO BPeMEHHbIE
rpaHuLbl ANs ANropMTMOB RecIntMult u Karatsuba He MoryT ObITh GonbLUE, YEM
rpaHuua ans MergeSort, paBHas O(n log »). 3a HCKIIIOYEHHEM 3THX MOACKA30K,
Mbl JeCTBUTENLHO HE HMEEM TOHATHSA, KAKOBO BpeMs pabGoThl 1060ro u3 3TuX
anroput™oB. O3apeHre NPUAET BMECTE C OCHOBHBIM METOAOM, KOTOpbIi Oyaer
PaccMOTpeH HHXKE.

4.2. DopmynmpoBka

OCHOBHOIi METOA — 3TO HIMEHHO TO, YTO BaM HYXHO /I aHaIM3a PEeKypPCUBHBIX
anroput™oB. Ha BXxone OH NpHHIMAET peKy ppeHTHOE COOTHOLUEHHE JUTS alrOpHT-
ma n — Ga-6ax! — Ha BbIXOZIE MepecekaeT BEPXHIOW 'paHULy BpeMeHH paboTsl
aJropuTMa.

4.2.1 CraHpapTHble peKyppeHTHbIe COOTHOLWEeHUNA

MbI 06cyauM BepcHIO OCHOBHOrO MeToAa, paboTaroLylo ¢ TeM, YTO Mbl GyaeM
Ha3bIBATh «CTAHAAPTHBLIMU PEKYPPEHTHBHIMM COOTHOLLUEHUAMH), KOTOPbIE UMEIOT
TpH cBOOOAHBIX NapameTpa U GopMy, yKka3aHHYIO HHxKe'.

! 370 npeacraBieHHe OCHOBHOIO METO/IA YEPIAeT BIOXHOBEHHE U3 MaBbl 2 KHUTH «ANro-
putmbDy Cankon lacryntsl, Xpucrtoca [Nananumurpuy, YMelua Basupanu (Algorithms,
Sanjoy Dasgupta, Christos Papadimitriou, Umesh Vazirani; McGraw-Hill, 2006).
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®OPMAT CTAHJIAPTHOI'O PEKYPPEHTHOI'O
COOTHOLWEHHUA

Ba3oBnlii cayuvaii: 7'(n) aBnsercsa He 6osee 4eM KOHCTaHTOH Ans
BCEX JOCTATOYHO MabIX n'.

O6mmit cayyaii: ans 6oabLIMX 3HAYEHHUH h

n
T(n)<axT| = |+0(n").
(zaxt(}}+o(x)
ITapamerpsi:
* @ = KOJINYECTBO PEKypPCUBHbIX BbI30BOB;

* b = k03¢ PULMEHT CxaTUs pa3Mepa BXOAHBIX JAHHBIX;

* d = 5KCMOHEHTa BO BpeMeHH paboThl «1lara 06beJUHEHHS.

R L, o T T RSl 0 TR T

Ba3oBbiii cnyvail cTaHAAPTHOrO PEKYpPPEHTHOrO OTHOLUEHUS YTBEPXKAAET, YTO,
KOrAa pasMep BXOAHbIX JAHHBIX HAaCTOJIbKO Maj, YTO PEeKYypPCHBHbIE BbI30BbI
He HYXHbI, 331a4a MoXxeT ObITh peleHa 3a Bpems O(1). DTo kacaeTcs Bcex
paccMaTpMBaeMbIX HaMH NpuioxkeHHi. OOwmii ciyyaii npuHUMaeT aonylue-
HHE, YTO AINOPUTM JIeNaeT @ PEKYPCUBHbIX BbI30BOB, KX bl ¢ noa3anavei,
uMmerollel pasmep Ha k03pGULMEHT b MeHblle, YeM ero BXOAHbIE JaHHble,
¥ BbinonHseT O (n”) paboTy BHe 3THX peKypCHBHBIX BbI30BOB. Hanpumep, B a-
ropuTMe MergeSort €CTb [1Ba PeKypCHBHbIX BbI30Ba (a = 2), KaX1blii U3 KOTOPbIX
C MacCHBOM, HMEIOLLIUM pa3Mep B NMOJOBHHY pa3Mepa BXOAHbIX AaHHbIX (b = 2),
1 O(n) paboTa BLIMOJNHAETCS BHE PEKyPCHBHBIX BbI30BOB (d = 1). B uenom a
MOXET ObITb JIIOOBIM MOJOXKUTENLHBIM LIENbIM YUCTIOM, b MOXET ObITh J1106BIM
JNeHCTBUTENBHBIM unciom bonblue 1 (ecnu b < 1, To aIrOPHUTM He 3aBEpLUUTCS)
U d MOXeET ObITh JIIOObIM HEOTPHLIATENbHBIM BELLIECTBEHHBIM YKCIIOM, rae d =0
yKa3blBaeT TOJIbKO Ha NocTosHHYI0 (O(1)) paboTy BHE PeKypPCHBHBIX BbI30BOB.

n
Kak 06b14HO, Mbl HTHOPHpYEM TOT (aKT, YTO, BOSMOXHO, 3 norpedyercs okpy-
MIMTb BBEPX MM BHHM3 A0 LENOro 4MCia, — M, Kak OObIYHO, ITO HE BIUAET Ha

HaluK¥ OKOHYaTesbHble BhBOALL. He 6ynem 3abbiBath, 4TO @, b 1 d AOMKHBI ObITH

! ®opMasIbHO CyLIECTBYIOT MOJIOXKHTENbHBIE LIE/IbIE YHCAA 7, U ¢, HE3aBUCHMBIE OT N,
Takue, yto T(n) <c ans Bcex n < n,,.
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KOHCMaHmMamu — YUCJIaMU, KOTOpble He 3aBHCAT OT pa3Mepa 1 BXOAHBIX JaHHbIX' .
TUnUYHBIMY 3HAYEHUSAMHU ITUX NapaMmeTpoB BT 1 (A1 a u d), 2, 3 u 4.
Ecnn Bbi koraa-HUOyAb OOHAPY>KUTE, YTO FOBOPUTE YTO-TO BPOAE «IPUMEHHMTh

OCHOBHOW MeTOA Ca=nunn b = ——», TO Bbl HCNIOJIL3YETE €0 HENPAaBHJIbHO.
n —_—

OnHo orpaHHyeHKe B CTAHAAPTHBIX PEKYPPEHTHBIX COOTHOLIEHUSX COCTOMT B TOM,
4T00BI KaXAbIH PEKypPCHBHBIN BbI30B enacs ¢ noa3aaadeii 0AMHAKOBOIO pa3Mepa.
Hanpumep, anroputm, KOTopblii enaet OAUH PeKYPCHUBHbIH BbI30B C IEPBOIi TPETHIO
BXOJIHONO MAacCHBa U €LLe OMH C OCTaBLUeHCs YacTbio, MPUBEAET K HECTAHAAPT-
HOMY PEeKYPPEHTHOMY COOTHOLUEHHIO. BONBUIMHCTBO (HO HE BCE) €CTECTBEHHBIX
aJITOPUTMOB «pas3fensil U BAaCTBY#» MPUBOAAT K CTAHAAPTHBIM PEKYPPEHTHBIM
cootHoleHusM. Hanpumep, B aroput™e MergeSort 00a peKypCHBHBIX BbI30Ba
paboraloT ¢ 3a1a4aMH, pa3Mep KOTOPBIX BIBOE MeHbLIlE pa3Mepa BXOAHOIO MacCHBa.
B Hatumx anropuTMax peKypCUBHOIO LETOUHCIEHHOTO YMHOXEHHUS PeKY PCUBHBIM
BbI30BaM BCETa NEPENAtOTCs YHCIa, KOTOpbIE BABOE MEHBIIIE?,

4.2.2. dopmynmpoBKa n 06cyxaeHue 0OCHOBHOrro Metoaa

Teneps Mbl MOXeM c(hOPMYIHPOBATH OCHOBHOM METOM, KOTOPbIii MPEACTaB/SeT
BEPXHIOIO IPaHMLY CTaHIAPTHOMO PEKypPPEHTHOTO COOTHOILEHUS Kak (hyHKUHUIO
KJTIOYEBBIX NTApaMeTpoB a, b u d.

Teopema 4.1 (ocHoBHO# MeTon). Ecau T(n) onpedensiemcst cmanoapmuuim pexyp-
peHmHuM coomHowenuem ¢ napamempamu a > 1, b>1ud >0, mo

O(n" logn) ecma =b? |Cywait 1|
T(n)= O(n") eciua < b® |Cnyuait 2| (4.2)
O(n'”““) ecnua <b? |Cnyuaii 3|.

! B 6a30BoM ciyuae u B wieke «O (n)» eCTb KOHCTaHTBI, KOTOPBIE TAKXKe ObUTA YCTPaHEHB,
HO BbIBOJ OCHOBHOTO METOAA HE 3aBUCHT OT UX 3HAYCHUI.

2 CyuiecTBYIOT Gonee o0LIHe BEPCMH OCHOBHOTO METONA, KOTOPblE MOAXOAAT ans Gonee
IIMPOKOTO CEMENCTBA PEKY PPEHTHBIX COOTHOLLIEHUH, HO NPE/ICTaBIEHHOMH 31€Ch MPOCTOIH
BEPCHH JOCTATOYHO VIS MOYTH JIOOOro aNropuTMa «pasnensii U BIacTBYi», C KOTOPBIM
Bbl, BEPOATHO, CTONIKHETECH.
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Yro 3TO 3a TPH cllyyast M MO4eMy OTHOCHTEINIbHBIE 3HaYeHHs a ¥ b¥ Tak BaxHbI?
MoxeT Ji1 BO BTOpPOM cilyyae BpeMsi paboThbl BCETo alropuTMa JeiCTBUTENBLHO CO-
CTaBNATh TONbko O (1), B TO BpeMsl Kak BHELIHHNIi PeKyPCUBHbIN BBI3OB yXKe Aenaet
pabory 3a Bpems O(n)? 1 4TO NPOMCXOAUT € SK30THYECKUM BpeMeHeM paboTbl
B TpeTbeM cnyuae? K koHLy 3Toi rmaBbl Mbl y3HaeM yAOBJIETBOPSAIOLLME HAC OT-
BETbI HA BCE 3TH BOMPOCH], U HOPMYINpPOBKAa OCHOBHOrO MeToaa OyneT kasarbcs
caMo#i ecTeCTBEHHO# BeLUbIO B MHUpe.'

ELLIE PA3 O IOTAPUOMAX

Ewe oanH 03agaqmBsaiowwmnin acnexT Teopembl 4.1 kacaeTcs HenocnenoBarenb-
HOro UCNoNb3oBaHusA norapndmMoB. B TpeTbemM cnyyae ¢ NpeaoCTOPOXHOCTHLIO
AenaeTcs 3asiBNeHne, 4To paccMaTpuBaeMbii norapudm meeT OCHOBaHME b,
TO €CTb CKOJIbKO pa3 MOXHO Ae/mTb N Ha b, Noka pe3ynbTaToM He 6yaeT 4ucno
He 6onee 1. Mpu 3TOM B NepBOM Cnyyae oCHoBaHue norapugma soobue He
ykasbieaeTcsi. [puyanHa B TOM, 4TO /1106bie ABe norapugpmmyeckne yHkumm
pPasnnNYaloTCs TOJILKO NOCTOSAHHLIM MHOXUTENEM (KoapPuumeHTom). Hanpu-
mep, norapncdm No OCHOBAHUIO 2 BCerga npeebillaeT HaTypaibHbiv Norapudm
(TO ecTb Nnorapudm NoO ocHoBaHUIO e, rae e =2,718...) B 1/In 2 = 1,44 pa3a.
B nepBOoM cny4yae OCHOBHOro Metoaa U3MeHeHne OCHoBaHWA norapudma
N3MEHSIET TONbKO NOCTOSHHBIN MHOXMWTE b, KOTOPbIN N1erko onyckaeTcs B 060-
3HayeHun O-6onbwoe. B TpeTbem cnyyae norapmdm nosBnAeTCs B 3KCNO-
HeHTe, rae pasHbie NOCTOAHHBIE MHOXUTENW NPe0bPa3yI0TCs B O4EHb Pa3Hble
BpEeMeHHbIE paMku paboTbl (Hanpumep, n? NpoTuB n'®).

! T'panuupt B Teopeme 4.1 umeror popmy O(f(n)), a He O (f(n)), NOTOMY UYTO B HalleM
PEKYPPEHTHOM COOTHOLUEHHH MBI JOMYyCKAaeM TOJILKO BEPXHIOIO rpanuuy 7'(n). Ecnun
B ONpeaeNeHHH CTaHAAPTHOrO PEKYyPPEHTHOrO COOTHOLLEHHA 3aMeHUTh < Ha =, a O (1)
Ha O (), To rpanuLbl B TeopeMe 4.1 cobmoparotcs ¢ 3ameHoit O(-) Ha © (+). Bepudu-
KaLKMsA 3TOro YTBEPHAEHHA CTAHET XOpollei NpoBepKOi Ha MOHMMaHHe 10Ka3aTebCTBa
B pasaene 4.4.
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4.3. llecTb NnpuMmepoB

OcHoBHoi#i MeToz (TeopeMa 4.1) oueHb TPYIHO YCBOHUTb B NMEPBbIH pa3, koraa Bbl
ero BuauTe. JlaBaiiTe ero KOHKPETH3UPYEM LIECTHIO Pa3HBIMH NPUMEpPaMH.

4.3.1. KBonpocy 06 anroputme MergeSort

B kauecTBe npoBepkH paboTOCNOCOOHOCTH 1aBaiiTe BepHEMCS K allTOPHUTMY, BpeMs
paboTbl KOTOPOro MbI yxke 3HaeM, — k MergeSort. UToObl NPUMEHHTH OCHOBHOM
METOJ, OT Hac TpeOyeTCs TONBKO ONPEAENUTh 3HaUYEHUS TpeX CBOOOMHbIX MapameT-
POB: G, KOJIM4ECTBO PEKYPCHBHbBIX BbI30OBOB; b, K03 pULMEHT, Ha KOTOpbIii pazmMep
BXOJHBIX JAHHBIX CXXMMAETCs Nepe]l peKypCHUBHBIMU BbI30BaMH, U d, Moka3areb
CTeNeHH B rpaHuLie 00beMa paboThl, BLIMONHAEMOH BHE PEKYPCHBHBIX BbI30BOB'.
B anroputme MergeSort MMeeTCs 1Ba pEKYPCHBHBIX BbI30Ba, MO3TOMY a = 2.
Kaxxaplii pexypCHBHBIH BbI30B NONYYaeT MOJOBHHY BXOJAHOTO MacCUBa, MO3TOMY
b =2 toxe. Pabora, BbINoJIHAEMad BHE 3THX PEKyPCHBHbIX BHI30BOB, ONpEAENseTCs
NOANPOrpaMMoii Merge, KOTOpas BbIIIOJHAETCS B IMHEHOe BpeMs (pasaen 1.5.1),
v noatomy d = 1. CnienoBarenbHo,

a=2=2'=p4

4TO BO3BpALIAET HAC K MEPBOMY CJly4alo OCHOBHOIO Metoza. [1pu noacrasnennun
rapaMeTpoB U3 TeopeMbl 4.1 crenyer, 4To Bpems paboThi airoputMa MergeSort
O(n? log n) = O(n log n). Takum 00pa30M, MOTOPSETCS HAl aHAJW3 U3 pa3-
nena 1.5.

'Y Bcex peKyppeHTHBIX COOTHOLLEHHH, KOTOPbIE MbI PaCCMaTpHBaeM, €CTh 6a30Bblii CTy-
yaii B hopMe, HEOOXOAMMO# TS CTAHAAPTHBIX PEKY PPEHTHBIX COOTHOLUIEHHU, M € 3TOr0
MOMeHTa MbI He GyaeM uX o0CyKaars.
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4.3.2. 1BOUYHbIA NONCK

B KauecTBe BTOpOro npruMepa Mbl PACCMOTPUM 331a4y MOMCKA 331aHHOTO AIEMEHTa
B OTCOPTHPOBaHHOM MaccuBe. [Togymaiite, Hanpumep, 0 NOUCKe COOCTBEHHOrO
UMeHH B andaBUTHOM crucke GonblIoi KHUrK'. Bbl MOXeTe UCKaTh JIMHEHHO,
HauMHasg ¢ CaMoro Hayaja, HO TOra MPeuMYyLIeCTBO CIUCKA B ajiaBUTHOM Mo-
psake Oyaet yrpaueHo. bonee pa3syMHBIH NOAXOA 3aKJ/IIOYAaETCH B TOM, YTOObI
OTKPBITb CEpeAMHY KHUIM M PeKypCHBHO MCKaTh 1100 B NEpBOii MonoBHHe (ecnu
MMS B cepealHe MIET MOCJie Baillero COGCTBEHHOTO), MO0 BO BTOPOH MONOBHHE
(B IPOTUBHOM Cllyuae). DTOT AITOPUTM, TPAHCIUPOBAHHBIH B 3a1a4y NOKCKa B OT-
COPTMPOBAHHOM MAacCHBe, Ha3bIBAaeTCS TBOUYHBIM MOMCKOM?.

KakoBo Bpems paboTsl qBOM4HOrO noucka? Ha 3ToT BONpOC JIErko OTBETUTD Ha-
NpsiMy0, HO JaBaiiTe MOCMOTPUM, KaK ¢ HUM 00paLLaeTcs OCHOBHOMH METOA.

TR TR

TECTOBOE 3AJIAHME 4.2

o b S e S T T T e S S S B e 2

KakoBbl cOOTBETCTBYIOLLME 3HAYEHUS a, b U d g anropuT™Ma J1Bo-
MYHOro noucka?

a) 1,2,0 [cnyuaii 1].
6) 1,2, 1 [cnyuaii 2].
B) 2,2, 0 [cnyyaii 3].
r) 2,2, 1 [cayuait 1].

(Pewenne n noscHexue cMm. B paszene 4.3.7.)

N N TR e N s B S T M e 0 LA AT I TR A 0 e M M i L

! Yyrarensm cpeHUX JIET 3TO HATIOMHHUT TeNEOHHYIO KHHTY.
2 Ecnu Bbl €llle He 03HAKOMHUIIUCH C KOJOM 3TOrO alrOpHTMa, MOCMOTPHUTE €ro B CBOEH
N06MMON KHHATE MO OCHOBAM MPOrpaMMHMPOBAHUS UIH B y4eGHOM NocoOHu.
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4.3.3. PekypCUBHOE LeNI0YNCNEHHOE YMHOXEeHue

Tenepb Mbl nepeiiiemM kK XOpOLIMM BeLlaM, AITOPUTMAM «pa3fensiii ¥ BIacTBy iy,
JUISl KOTOPBIX MBI €Ll He 3HaeM rpaHuLly BpeMeHd paboThl. HauHeM ¢ anroputMa
RecIntMult Aas UENOYUCIEHHOrO yMHOXEeHHS. B pasaene 4.1 Mbl BUaenu, 4to co-
OTBETCTBYIOLLEE PEKYyPPEHTHOE COOTHOLLEHHE IS 3TOTO aJIrOPUTMA BbIPAKAETCS
tdopmynoii

T(n)s4xT(§J+o(n),
U noatoMy a =4, b=2 u d= 1. CnegosarensHo,
a=4>2=2"'=b4

YTO BO3BpALLAET HAC K TPETbEMY CIy4yald OCHOBHOro Metoaa. B atom ciyuae
Mbl MOJTy4aeM NPUUYAIMBO BBIMIAAALLYIO FPAHULY BpeMeHH paboTul O (n'%%).
Jlng Hawmux 3HadeHuii napameTpoB O (n'"%%) = O (n?). CneoBaTeNbHO, alrOpUT™
RecIntMult COBMAaaeT, HO HE MPEBOCXOANT UTEPATHUBHBII LIKOIBHBIN aJIrOPUTM
UETOYHCIEHHOO YMHOKEeHHs (KOTOpBIi Ucnonb3yeT O (n?) onepauuii).

4.3.4. YMmHOXeHue KapauyObl

[Moaxon «pa3mensit U BNacTBy#» K LIeTOYMCIEHHOMY YMHOXEHHUIO OKyMaertcs,
TONLKO KOrja ucrnosib3yetcsi Meton 'aycca, KOTOpbIii 3KOHOMUT Ha PEKYPCHBHOM
Bbi3oBe. Kak Mbl Buienu B pasnene 4.1, BpeMs paboThl ajqroputMa Karatsuba
onpefensieTcs peKyppeHTHbIM COOTHOLUEHHEM

T(n)$3xT(§)+0(n),

KOTOPOE OTJANYAETCS OT NpeblAY LIEF0 PEKYPPEHTHOTO COOTHOLUEHHS TOJILKO TEM,
4TO g cHU3MICA ¢ 4 10 3 (b no-mpexkHeMy paBeH 2, d NO-NpeXXHeMy paBeH 1).
Msl1 oxuaaem, uro BpeMs pabotsl Oyaet rae-to Mexxay O (n log ») (rpaHuua npu
a =2, kaK B anroput™e MergeSort) u O (n?) (rpaHuLa Npu a = 4, KaK B aITOPUTME
RecIntMult). Ecnu HeusBecTHOCTh Bac yOMBaeT, OCHOBHOW MeTOJ MpeaJsiaraet
ObICTpOE peLeHMe: Y Hac €CTh

a=3>2=2"'=p¢

¥ TIO3TOMY MbI NO-MpPeXHEMY MCNONb3yeM TPETHH Cily4aii OCHOBHOIO METOAa, HO
C yBeJIMUEHHBIMU BPEMEHHBIMU paMKaMK paboTel: O (1'% %) = O (n'*%%) = O (n"*).
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Takum 06p8.30M, OKOHOMHS Ha PEKYPCHBHOM BbI3OBE NMPUBOAUT K 3HAYUTEJILHO
60J'Ibl.l.leMy BPEMEHH paGOTbl, U AJINOPUTM LEJIOYHUCIIEHHONO YMHOXEHMUA, KOTOpblﬁ
Bbl U3YYUJIU B TPETHLEM KJIACCE, HE ABJIACTCA CaMbIM 6blCprlM 13 BO3MOXHBIX'!

4.3.5. YMHOXeHue maTpuu,

B pasaene 3.3 paccmarpuBanach 3ajaya yMHOXEHUs ABYX n X n-marpuu. Kak
Y B Clly4ae C LieJIOYUCIIEHHBIM YMHOXEHHUEM, Mbl 00CYAMNU TPHU AJIFOPUTMA: Npo-
CTOM UTEPATUBHBIN AJIFOPUTM, IPOCTOH PeKYPCHBHBII aNropuT™M RecMatMult u re-
HUANbHBII anropuTM Strassen. UTepaTuBHbIi anroputm ucnonssyer @ (n°) onepa-

uuii (TectoBoe 3anaHue 3.3). Anroput™ RecMatMult pa3buBaeT KaXayo U3 ABYX
n_n

BXO/IHBIX MaTPHLL Ha HeTbIpe - X 7 Marpubl (o oxHOM Ang KaX0ro KBaJApaHTa),

BbITMOJIHAET COOTBETCTBYIOLIUE BOCEMb PEKYPCHBHbBIX BBI30BOB € 00JIee MEKUMH

MaTpHLAMH H COOTBETCTBYIOILUM 00pa3oM 0ObeAMHSET pe3ybTarhbl (MCNONb3ys
NpOCTOE CIOKEHUE MaTpUL). ANITOPUTM Strassen JIOBKO MAEHTHDUUHMPYET ceMb

n n ~
nap Marpuu E X E , MPOU3BEACHU M KOTOPBIX JOCTATOYHO AJ11 PEKOHCTPY UPOBAHUA

NMPOU3BEACHHUS NEPBOHAYAIbHBIX BXOAHbIX MAaTpULl.

o e S O R PO O

TECTOBOE 3AJJAHHUE 4.3

R AR S A P A VA B RO e S T T

Kakue BpeMeHHbIe paMky paboThbl pelycMaTpUBaeT OCHOBHOH METO]
INs anropuTMOB RecIntMult U Strassen COOTBETCTBEHHO?

a) O(n)u O@).

6) O(n*) n O(n"%").

B) O()u O®@).

r) O’ logn)u O(n).

(Pewenne n noscHenue cMm. B paszene 4.3.7.)

A A A A TS e T T P T i O N0 s M Y SR A e W T D T S G S

' HHTepecHbIt dakT: B A3blke NporpaMMupoBakus Python BcTpoeHHas noamporpamMma
YMHOXEHHSA LIENIOYHCIIEHHBIX OOBEKTOB MUCMONb3YET ArOPUTM HayabHOM ILKOMbI AN
LIeNbIX YHcen ¢ He Honee yueM 70 3HakaMu M anropuT™ Karatsuba B npoTHBHOM cityuae.



4.3. WecTb NpuMepoB 141

4.3.6. DUKTUBHOE PEKYPPEHTHOE COOTHOLLEHUe

B Hawmx naTH npeaplaylUx NpuMepax ABa PeKyppeHTHbIX COOTHOLUEHHS OT-
HOCATCS K MEPBOMY CJIy4aro OCHOBHOTO METOJa, a OCTallbHble — K TPETheMy
cayuato. KpoMe Toro, CyLecTBYIOT €CTECTBEHHBIE PEKYPPEHTHbIE COOTHOLIEHMUS,
KOTOpBIE OTHOCATCS KO BTOpPOMY Ci1y4aro. Hanpumep, NpeanonoxuMm, uTo y Hac ecTb
ANTOPUTM «pa3eNisiii U BNAcTBY#i», KOTOPbIH paboTaeT kak MergeSort, 3a HCKIIO-
YEHHEM TOTO, YTO 3TOT ATOPUTM paboTaeT ClOXHEE BHE PEKYPCHBHEIX BbI30BOB,
BBIMOJIHAS KBAJpaTH4HbIi, a He JINHeHHbIH 06beM paboTel. To €CTh pacCMOTPUM
PEKYPPEHTHOE COOTHOLICHHE

T(n)SZxT(§]+O(nZ).

3nech Mbl BUAUM
a=2<4=22=p"

4TO BO3BPALIAET HaC MPAMO KO BTOPOMY Clly4ar0 OCHOBHOTO METO/Ia U BpEMEHHO#M!
rpaHuLbl O(n) = O (n?). DTO MOXKET NOKa3aThCs HEMOrHYHBIM. C y4eTOM TOro, YTO
aNrOpUTM MergeSort BbIMOIHSAET JHHEHHYIO paboTy BHE ByX PEKypPCHBHBIX BbI-
30BOB U €ro Bpems paboTsl O (1 log 1), MOXKHO ObLIO 0XKUJATH, YTO KBaIPaTHYHbIH
war o6beaUHEHHs NpUBEAET K BpeMeHH paboTel O(r? log n). OCHOBHOM MeToq
TMOKa3bIBAET, YTO 3TO 3aBbILIEHHAs OLEHKA, U 00eCreynBaeT caMylo BbICOKYHO
BepXHIoto rpanuly O (n?). [IpuMedartesnbHO, YTO ITO O3HAYAET, YTO ObLUEe BpeMs
paboTsl aniropuT™a onpeaensiercs paboTo, BEINOJHAEMOIA B CAMOM BHELLIHEM BbI-
30B€ — BCE MOCNEeNYIOIHE PEKYPCUBHBIE BbI30BbI TOJBKO yBEIWUUBAIOT O0LIee
YMCJIO onepaLyil, BLIMOIHAEMBIX C TOCTOSHHBIM MHOXHTEIEM' .

! MBI yBHAMM ellle ONMH NPUMEp Cyyas 2 OCHOBHOrO MeToaa, Koraa Oyaem o6cyxaarh
JIMHelHHBIHA BHIGOp B raBe 6.
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4.3.7. PeweHus TeCTOBbIX 3aaaHuit 4.2-4.3

PeweHne TecTroBoro 3agaHns 4.2

IIpaBuiabHLIA 0TBeT: (a). [{BONWUHbI NOKCK BHINOIHAET PeKYPCHIO JIM6O ¢ neBoi
TOJIOBHHOH BXOHOTO MacCUBa, THO0 ¢ MpaBoii MONOBUHOM (M HUKOTAA ¢ 06euMn),
NO3TOMY CYLUECTBYET TONbKO OIMH PeKypPCHBHBIN BbI30B (a = 1). ITOT peKypcHB-
HBIA BbI30B BLIMIOJIHAETCA C MOJOBHHON BXOAHOTO MaccHBa, NO3TOMY b CHOBa
paBHsieTcs 2. BHe pekypcHBHOro BbI30Ba JBOMUHBIH MOUCK BHIMOIHAET I OJHO
€IMHCTBEHHOE CpaBHEHHE (MY CPEIMHHBIM 3lIEMEHTOM MacCHBa U 3JIEMEHTOM,
KOTOPBIA UIUETCS), YTOOBI ONPENENUTD, CIENYET JIK PEKYPCUBHO BbIMOMHATD MO-
UCK B JIEBOH MM NpaBoi NOJ0BHHE MaccuBa. D10 TpaHcaupyetes B O(1)-paboty
BHE PEKYpPCHBHOIO BbI30Ba, 03TOMY d = 0. [Tockonbky a = 1 = 2° = b, mMbl cHOBa
BO3BpALLAEMCsl K IEPBOMY CJly4al0 OCHOBHOIO METOJA M MOJlyvaeM BPEMEHHYIO
rpauuy O(n? log n) = O(log n).

PewueHue TecroBoro 3agaHusa 4.3

IpaBuabHblii orBet: (6). Haunem c anroputMa RecMatMult (paszen 3.3.4).
O6o3HaunM uepe3 7'(n) MakcUMallbHOE YHUCIIO TPUMHTHUBHBIX ONepaLuii, KOTopble
ITOPUTM UCMOJIb3YET A1l YMHOXKEHHUS IBYX 1 X n-Marpul. Y1cao pexypcHBHbIX
BBI30BOB paBHAeTCA 8. Kaxkaplif M3 3THX BBI30BOB BBIMONHAETCS € Mapoil MaTpuLl

n n
— X —, [I0O3TOMY b=2. Pa60Ta, BbINOJTHAEMAas1 BHE PEKYPCHBHbIX BbI30OBOB, BKJIIOYACT
2 2

MOCTOSHHOE YKMCIIO CIIOXKEHUH MaTpull, U UM HyXHO BpeMms O(#?) (MOCTOsIHHOE
BpeMs U1 KaXI0ro U3 »? 31eMeHTOB Matpull). Takum o6pa3oM, pekyppeHTHOe
COOTHOLIEHHE paBHAETCA

n
T(n)SSxT(5)+0(n2),
U TTOCKOJIbKY
a=8>4=22=p",

MBI BO3BpalLaeMcs K TPEThbeMy CIIy4ar0 OCHOBHOIO METOAA, KOTOPbIH Onpeaenser
BPEMEHHYIO rpaHuLly

O(nlosb a) = O(nlogzs) = O(n3).



*4 4, [loKa3aTensCTBO OCHOBHOMO METOAa 143

EnvHCTBEHHOE pa3jinuie MeXIy peKyppPEeHTHBIM COOTHOLIEHUEM IS alirOpuT™Ma
Strassen M peKyppPEHTHbIM COOTHOLLEHHUEM, TPUBEAEHHBIM BbILIE, COCTOUT B TOM,
4TO KOJIMYECTBO PEKYPCHBHbIX BbI30BOB @ nanaet ¢ 8 a0 7. HECOMHEHHO, 4TO 1Mo
aNropuTMy Strassen nonyuaetcs 60JbLIE MaTPUUHbBIX CJIOKEHHUH, YEM O airo-
pUTMY RecMatMult, HO TOJILKO C MOCTOAHHBIM MHOXUTEINIEM, H, CIIEIOBATENbHO,
d no-npexHeMy paseH 2. CnefoBarenibHO,

a=7>4=22=b"

MBI no-npexxHeMy HCMONb3yeM TPETHH Cllydaii OCHOBHOTO MeToJa, HO C yBeJU-
YeHHBIMU BPEMEHHbIMH paMKaMHi paboThl:

O(n"®*) = 0m"%") = O(n**).

CnenoBarenbHO, alrOPUTM Strassen AEHCTBUTEIbHO aCUMITOTHYECKH MPEBOC-
XOIMT NPOCTOH UTEPATHBHbIH anroputm'!

*4.4. lokasaTenbCTBO OCHOBHOro metoaa

B atom pasnene nokasbiBaeTcsi OCHOBHOM MeTof (TeopeMa 4.1): ecnu T'(n) ynpas-
JIS€TCA CTaHAAPTHBIM PEKYPPEHTHBIM COOTHOLUEHHEM BUja

n
T(n)SaxT(;)+0(nd),
TorIa
O(n" logn) ecmi a =b* | Criyuait 1]

T(n)= O(n") eci @ < b |Crryvait 2|
O(n""“’) ecnu a > b?  |Coryqaii 3.

! CyuiecTByeT ueblii pJ UCCIEA0BATENbCKMX PaboT, B KOTOPLIX pa3pabaTbiBaloTCs BCE
0onee CIOXKHbIE AITOPUTMBI YMHOXEHHUS MATPHULL CO BCE YITyYIIAIOLIMMUCA HAUXYALUMH
aCHMINTOTHYECKMMH NEPHOAAMHU paGoThl (XOTA U ¢ GONBIIMMY MOCTOAHHBIMH MHOXHTENS-
MH, KOTOPbIE HCKJIIOHAIOT MPaKTHYEeCKHe peanu3aLuu). Tekyuit MUpOBO# pexopa — 3To
BPEMEHHBIE PaMKH paGoThI puMepHo O (1n*7%%), U, HACKOBKO HAM U3BECTHO, OKMAACTCS
oOHapy)xeHHe anropuT™a co BpemeHem O (n?).
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BaxHO MOMHHUTH 3HAYEHUA TpeEX CBOOOAHBIX napamMeTpoB:

Napa-
"e':; 3HaueHune
a YHUCIO PEKYPCHBHBLIX BbI30BOB
b KOD(P(ULIHEHT, C KOTOPBIM pa3Mep BXOAHBIX AaHHBIX CKMMAETCS B PEKYPCHB-
HOM BBI3OBC
d 3KCMOHEHTA paboThl, BHINOAHAEMOI BHE PEKYPCHBHBIX BbI30BOB

4.4.1. Npeambyna

JlokazarensCcTBO OCHOBHONO METOIA BAXKHO HE MOTOMY, UTO Mbl 3a00THMCS O popMaib-
HOCTH pajii Hee CaMoid, a NIOTOMY, YTO OHO JaeT $hyHAaMEHTaTIbHOE OObACHEHHE TOMY,
noyeMy Bce TakK, KaK €CTb, — HalpUMeEp, MOYEMY B OCHOBHOM METOJE TPM Cly4as.
HMes 310 B BUAY, BbI JO/DKHBI Pa3TH4arTh 1Ba THNA COAEP)KUMOTO B OKA3aTENbCTBE.
B HEKOTOpbIX MOMEHTaX Mbl NPHOErHEM K anreOpanvyeckuM BbIUMCIIEHHSM, YTOObI
MOHATD, YTO MPOKUCXOAUT. ITU PacCueThbl CTOUT YBUIETh OAAMH Pa3 B )KM3HH, HO HX HE
0COOEHHO BOXKHO MOMHUTB B IONIOCPOUHOH nepernexTuBe. CTOUT NOMHUTH KOHLEN-
TyanbHbIA CMBICI TPEX CllyYaeB OCHOBHOIO MeToza. JlokasarenbcTBo GyaeT uenonb-
30BaTh MOAXO/ AEPEBA PEKYPCHH, KOTOPbIi Tak XOPOILO NMOCTY)XH1 HaM U1l aHau3a
anropur™a MergeSort (pazaen 1.5), ¥ TpH City4ast COOTBETCTBYIOT TPEM Pa3HbIM THIAM
JlepeBbeB peKypcHH. Ecniv Bbl TOMHHTE 3HaY€HHE TPEX CITy4aeB, HET HEOOXOAMMOCTH
3allOMHUHATB BpeMs paboTbl B OCHOBHOM METOJIE — Bbl CMOXKETE PEKOHCTPYHPOBATh UX
M0 Mepe HEOOXORMMOCTH, HCXOA M3 BALLIErO KOHUENTYaNbHOIO MOHUMAHUs METOJA.

B uensx (bOpMaJ]bHOl"O A0Ka3arejbCTBa Mbl JOKHBI ABHO BbIMMHACATb BCE MOCTO-
AHHbIC MHOXXUTEJIM B PEKYPPEHTHOM COOTHOLUCHHUU:

Ba3osuiii cayyvaii: 7(1) <c.
OO6mmii cayyaii: s n> |

T(n)SaxT(%}-cn". 4.3)

JUns npocTOThl MBI PUHHMAEM AOMYLIEHHE, YTO KOHCTAHTA 1, yKa3blBaloLlasd,
Koraa HayrHaeTcs 6a30Bblii cilyyai, paBHieTCs 1; 10Ka3aTenbCTBO AJIs OTIMYAI0-
LIeHics KOHCTAHTBI 11, NOYTH OAMHAKOBO. MBI MOXKEM AOMYCTHTD, YTO OIyLUEHHbBIE
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KOHCTaHTbI B 6a30BOM cityyae W wieH O (1) B 00LIEM Cilyyae paBHBI OAHOMY U TOMY
Ke Yuchy c; ecau 6bl OHM ObLIKM pa3HbIMH KOHCTAHTaMU, Mbl MOIIIH Obl MPOCTO
pabotatb ¢ 66nbweii U3 nABYX. HakoHel, nasaiiTe cocpefoTOYUMCS Ha ciyuae,
KOTZa 11 ABJIAETCA CTENeHbto b. Jloka3aTenbcTBO A 00LIEro ciyyas aHaJloruuHo,
6e3 IOMONHUTENBLHOIO KOHLENTYalbHOIO COAEpXkaHUs, HO Bonee KPONOTIMBOE.

4.4.2. K BONpoOCY O AepeBbsaX peKypcumn

BbICOKOYpPOBHEBBI MI1aH 10Ka3aTe/]bCTBA SABIAETCA HACTONbKO €CTECTBEHHbIM,
HACKOJIBKO 3TO BO3MOXKHO: 0000LUMTH apryMEHT AepeBa peKypCHH s anroputMa
MergeSort (pa3aen 1.5), uToObl OH BMeLIAN ApYrye 3Ha4eHHs KIIOYEBbIX MapameT-
poB a, b u d. HanoMHuM, 4T0 AepeBo pekypcuu obecneurBaeT NPUHIUNHANbLHbIH
cnocob oTcaexuBaHus Bcell paboThbl, BBIMOTHAEMOH pEKYPCHBHBIM aITOPUTMOM,
BO BCEX €r0 PEKYPCUBHBIX BbI30BaX. Y3/bl IEpeBa COOTBETCTBYIOT PEKYPCHBHbBIM
BbI30BaM, @ JOYEPHHUE BMEMEHTHI Y3718 COOTBETCTBYIOT PEKYPCHUBHBIM BbI30BaM,
BBIMOJHAEMbIM 3THM y310M (puc. 4.1). Takum oOpa3zoM, kopeHb (ypoBeHb 0)

\

yposers 0 nepeoHauaibHble 6X00HblE ()am{bte :
(camblit AR TTTTTTTTTTTmTmTmTeTameeeees
6HewHUL 6b1308) K03 HIHEHT BETBICHHS = O

ypogeHns |
(nepevie st NN W J4adutsatntedisal
peKypcugeHbie
8b1308b1)

YpogeHb 2

OO000O0000O00000,

ypoeens log, n: yanet (6azoevie cayuau)

Puc. 4.1. lepeBo pekypcumn, COOTBETCTBYIOLLLEE CTaHAAPTHOMY PEKYPPEHTHOMY
COOTHOLLEHWIO. Y3nbl COOTBETCTBYIOT PEKYPCUBHBIM Bbi30BaM. YpoBeHb O
cooTBeTCcTBYEeT Hanbonee yaaneHHOMy BbI30BY, YPOBEHb 1 — CBOUM
PEKYypPCUBHbLIM BbI30BaM, U Tak aanee
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JlepeBa peKypPCHUH COOTBETCTBYET CAMOMY BHELLHEMY BbI30BY &/ITOPUTMA, YPOBEHb 1
HUMEET Yy3/Ibl, COOTBETCTBYIOLIHE €0 PeKYPCUBHBIM BbI30BaM, U Tak Aanee. JIncTbs
B HIKHE! 4acTH JiepeBa COOTBETCTBYIOT PEKYPCHBHBIM BbI30BaM, NPH KOTOPbIX
cpabarbiBaeT 6a30Bbiii clyuai.

Kak u B HauleM aHanu3e MergeSort, Mbl XOTelH Gbl BECTH NOYpPOBHEBbIH yyeT
paboThl, BLINOMHAEMOH MO PEKYPCUBHOMY aIrOPUTMY. DTOT NuiaH TpeGyeT MOoHU-
MaHMs BYX BeLlEi: KOMMUYECTBA pa3HbIX M0J3a/1a4 Ha 3aJaHHOM YPOBHE PEKYPCHH j
¥ ANMHBI BXOJHBIX JaHHBIX ANs KKAOH W3 3TUX MOA3ajay.

WG T T B P AT R SR P A L o e SO 7 e S Do vt

TECTOBOE 3AJAHUE 4.4

B uyeM wabnox? 3anonHUTE NPOMycky B CAEAYIOILEM BbICKa3bIBAHHU:
Ha KaxaoM yposHe j = 0, 1, 2, ... nepeBa peKypcuu umeercs [mpo-
nyck] nojasajay, Kaxaas M3 KOTOpbIX ONepUpYeT C NOAMACCHBOM
JJIMHO#M [npomyck],

a) a’u n/a’ COOTBETCTBEHHO.

0) a’ u n/b’/ COOTBETCTBEHHO.

B) b’ M n/a’ cOOTBETCTBEHHO.

r) b’ u n/b/ COOTBETCTBEHHO.

(PeuieHue u noscHeHue cM. B pasgene 4.4.10.)

4.4.3. Pa6oTa, BbinONHAEeMana Ha OAHOM YPOBHe

BroxHoBieHHbIH HallMM aHAIH30M MergeSort, NiaH COCTOMT B TOM, YTOOBI
noAcyMTaThL obLiee YKCa0 onMepauuil, BLINIONHAEMBIX MOA3a4a4aMy yPOBHA j
B JIFOPUTME «pa3densii ¥ BIacTByi», a 3aTeM CYMMHPOBATH 110 BCEM YPOBHAM.
[TosTOMy BO3bMEM YPOBEHD j PEKYPCHU KPYMHBIM M1aHOM. COMNIaCHO PELUEHHUIO
TECTOBOro 3ajaHus 4.4 Ha ypoBHe j UMeeTcs @' pas3HbIX MoA3ajay, kaxaas M3
KOTOpbIX HMEET BXOZIHbIE AaHHbIE pa3MepoM n/b. Hac uHTepecyeT pasmep noa-
3ala4¥ HacCTOJbKO, HACKOJILKO OHA onpejensieT o6beM paboThl, BbINONHAEMON
peKypcHBHBIM BbI30BOM. Hallle pekyppeHTHOe cooTHowueHue (4.3) yTBepxkaaceT,
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4To pabota, BbINOJHAEMAs B MOA3afaye YPOBHA j, HE cuuTas paboThl, BHIMOJ-
HAEMOil B peKyPCHUBHbIX BbI30BaX, He 0OJbLIEe MOCTOAHHON, MOMHOXKEHHOH Ha
pa3Mep BXOAHBIX JaHHbIX, BO3BECHHOM B cTeneHb d: c(n/b)’. CyMMupoBaHue
BCEX M0A3aAa4 YPOBHS j Ja€T BEPXHIOIO rpaHuLy o0beMa paboT, BbINOJHIEMbIX
Ha ypOBHE j IepeBa PEKYpPCHH:

PpaboTa Han Mo3anaty
——t
b

——
pasMep sxoza

d
pabota Ha ypoBHe j < gi X € X [n]

THCNO Do/3aAaY

JlaBaiiTe ynpocTHM 3T0 BbIpaXeHHE, BbIAEUB YACTH, KOTOPbIE 3aBUCAT OT YPOBHS J,
"M YacTH, KOTOPbIE OT HETO He 3aBUCAT:

J
pa6ora Ha yposue j < cn’ x[bi”] .

TMpaBast 4acTb OTMEYAET MAPaJHBIi BXOA KPUTHUUECKOTO COOTHOLIEHHS a/bY. YunThl-
Basi, YTO 3HAYEHHE a N0 CPABHEHUIO C b IBNAETCS HMEHHO TEM, KOTOpOE JUKTYET
COOTBETCTBYIOLUMH ClTyyai OCHOBHOIO METOAA, Mbl HE JOIKHBI YAUBIATLCS, YTO
3TO COOTHOILEHHE MOABUTCS B AHANIU3E.

4.4.4. CymMmunpoBaHue ypoBHEN

Ckonbko UMeeTcs ypoBHel? Pazmep BXOAHBIX AaHHBIX M3HAYANLHO pPaBeH n
M YMeHbluaeTcs ¢ kodpduuueHToM b ¢ kaxapiM ypoBHEM. [T0CKOIBKY Mbl HCXO-
MM M3 TOTO, YTO 1 ABJSIETCA CTENEHbIO b M 4TO 06a30BbIi ClyUaif aKTUBUpYETCH,
KOrZia pazMep BXOAHBIX JaHHBIX PaBHAETCA 1, KOJMYECTBO yPOBHEH B TO4HOCTH
PaBHSAETCS KOJIMYECTBY pa3, KOraa Hy>KHO pa3Je/uThb 1 Ha b, 4TOObI JOCTUTHYTH 1,
Tak HasbiBaeMoro log, n. [IpocymmupoBas Bce yposuu j = 0,1,2, ..., log, n, Mbl
NONy4aeM CIIEAYIOLLYI0O HEMOCTHXHMYIO BEPXHIOIO MPaHULY BpPEMEHH paboThl
(Mcnonb3ys TOT (akT, YTO #¢ HE 3aBUCHT OT j M MOXET ObITh BHIHECEH HAPYXKY):

log, n a Jj
o6mias pa6ora< cn’ x ;0 {b—‘] . 4.4)

XoTuTe BepbTe, XOTHTE HET, HO MbI JOCTUIIIM BaXKHOH BEXHM B J0Ka3aTeNbCTBE OC-
HOBHOro mMetoza. Bo3MoxHo, npaBas yacTs (4.4) ¥ BRIIAAUT KakK «cym U3 OykB»,
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HO npH npaaunmoﬁ WUHTEPNpETALUA U3 HEC MOXKHO H3BJICUb KJTKOYH, KOTOPbLIC
«OTKpbIBAKOT» FHyGOKOC [MOHUMAHHUE OCHOBHOI'0O METOAA.

4.4.5. 0o6po npoTuB 3na: NOTpeOHOCTL
B Tpex cny4asx

[Janee Mbl NpeaCTaBUM HEKOTOPYIO CEMaHTUKY BpEMEHHBIX paMOK paboThl B (4.4)
M Pa3’OBbEM MHTYMLUMIO B OTHOLUEHHH TOTO, MO4YEMY IpaHHULbl BpeMeHH paboTbl
B OCHOBHOM METO/I€ TaKHe, KaKue OHU eCTb.

[Mouemy cooTHowuenue a u b* Tak Baxuo? I1o CyTH, 3TO CpaBHEHHE MPEACTARIAET
coboil nepetaruBaHue KaHaTa Mexay cuiamu aobpa u cunamu 3na. 3no npea-
CTaBlIEHO a, memnom paszpacmarnusi nodzaoauu (TPIT) — c kaxapiM ypoBHEM
PEKYPCHH YHCJIO MoA3agay B3pbIBAETCA C KOOPPHLUHEHTOM a, U 3TO HEMHOIO
nyraet. JJoOpo nputumMaet dopMy b¢, memn cocamus pabomer (TCP). Xopoiuas
HOBOCTb 3aKJIIOYAETCH B TOM, YTO C KaX/bIM YPOBHEM PEKypcUH oObem paboTsbl
Ha noa3anavy yMmeHsluaeTcs ¢ kodadduuuentom b¢'. Torma kioueBoii Bonpoc
B ClleAyIoLeM: kakas CTOpoHa nobeauT, Cuiibl 100pa unu cunbl 3na? Tpu ciayvas
OCHOBHOIO METOZIa B TOYHOCTH COOTBETCTBYIOT TPEM BO3MOXKHBIM MCXO/1aM 3TOTO
neperaruBanus kaHara: Huubs (TPIT = TCP), mobena nobpa (TPIT < TCP) unu
no6eaa 3na (TPI1 > TCP).

YT06b! MyyLIe 3TO NOHATH, MOTPATLTE HEMHONO BPEMEHH Ha pa3MblLIEHHs 00
obbeme paboThl, BbINONHAEMON Ha KaXx/J0M ypoBHe AepeBa peKypcHH (puc. 4.1).
Korna o6bem BbInonHseMoit paboTbl yBENHUMBAETCA BMECTE C YPOBHEM j lepeBa
pexkypcun? Koraa oH ymesbluaetca? OcraeTcs JIn OH BCerja OAMHAKOBLIM Ha
K&XJIOM YpOBHe?

! Touemy b9 a He b? [TOTOMy YTO b — 3TO TEMI, C KOTOPBIM CHKHMAETCS pa3mMep BXOAHBIX
JaHHBIX, M HaC MHTEPECYET pasMep BXOAHBIX JAHHBIX TONLKO B TOH Mepe, B Kakoi OH
onpenenser oObeM BhIMONHAEMO# paboTsl. HanpuMmep, B anroputMe «pa3aensi u sna-
CTBY#H» C KBQApaTHYHbIM LIAromM 00beaAuHeHHs (d = 2), Koraa pa3mMep BXOAHBIX JaHHBIX
COKPAILAETCA HAMONOBUHY (b = 2), ANA peleHus Kaxaoi Gonee Menkoi noaszanadu
(nockoneky b = 4) Tpebyercs ToNbKO 25 % paboTs.
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TECTOBOE 3AJJAHME 4.5

Kakoe 3 cneaylowux Bbicka3biBaHUi HcTHHHO? (Bblbepute Bee,
4YTO NPUMEHHUMO.)

a) Ecnu TPI1 <TCP, T0 06beM BbinonHseMO# paboTbl yMeHbLIAETCs
C YPOBHEM j PEKYPCHH.

6) Ecnu TPIT> TCP, To 06beM BbinonHsemoli paboThbl yBenuu1BaeTcs
C YPOBHEM j peKypCHH.

B) Hukakue BbIBOABI O TOM, kak 0ObeM paboTbl MeHseTcs
B 3aBUCMMOCTH OT YPOBHS j PEKYpPCHH, CAenaTb Helb3s, eclii
TPIT e paBen TCP.

r) Eciau TPI1=TCP, To 006beM BbinoaHseMoli paboTbl 0AUHAKOBbIH
Ha KaX/J0OM YPOBHE PeKYpPCHH.

(Pewenue 1 noscHeHue cMm. B pazaene 4.4.10.)

4.4.6. Npepcka3aHue rpaHuL, BpemeHu paboThbl

Tenepb Mbl TOHUMaeM, TOYEMyY OCHOBHOW MeTO] BKJTIOUaET TpH ciyyas. CyulecTy-
€T TPH NPUHLMIHAJILHO Pa3HbIX TUIA JEPeBbeB PEKY PCHH — C pabourM YPOBHEM,
KOTOpblii OCTAaeTCS NPEXHUM, YMEHbIUAIOIUMCS WM yBEIMYUBAOLLUMCS, U OT-
HocuTenbHble pasmepsl a (TPIT) u b (TCP) onpeaensioT THN Jepesa peKypcuH
aNropuT™a «pasaensii U BIacTByi».

U paxe nyduue, y Hac Tenepb €CTb JOCTATOYHO HHTYMTUBHOIO MOHUMaHHS, YTOObI
TOYHO NMpeACKa3aTh BPEMEHHbIE paMKU paboThl, KOTOpblE MOABIAIOTCA B OCHOB-
HOM MeToze. PaccMOTpuM nepBeiii ciyyaid, korna a = b? 1 aIrOpUTM BbINOJHSET
O/IMHaKoBbl#i 00beM paboThl Ha KaXk[OM YpOBHE CBOEro AepeBa pekypcHu. Mbl,
Ge3yClIOBHO, 3HaeM, CKOJIbKO paboThl cAenaHo B KOpHe, Ha ypoBHe 0 — O (nY), co-
TNIaCHO IBHOMY OMMCAHHUIO B PEKYPPEHTHOM cooTHoweHuu. C paboToii B oOGbeme
O(n”) B pacuere Ha ypoBeHb 1 ¢ 1 +log, n= 0O (log n) ypoBHAMH B 3TOM Ciy4ae Mbl
JOJDKHBI OKMAATh BpeMeHHy1o rpanuuy O (n log n) (cp. cayuaii 1 Teopembi 4.1)'.

! Coxpame}me «CPp.» O3HAYAET CPABHUTLY.
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Bo BropoMm ciyyae nobexparor a < b¥ u cunbl 106pa — 00bEM BBINOIHAEMBIX
paboT ymeHbLIaeTcs BMecTe ¢ ypoBHeM. ClieoBaTesibHO, Ha ypoBHe 0 BbINOJHS-
eTcs 6onbiue paboTkl, 4eM Ha JIToOOM ApyroM yposHe. CaMbiii IPOCTOM M Ny4 Ui
pe3yJibTart, Ha KOTOPbIH Mbl MOTIIK Obl HAZIEATHCS, 3aKJTFOUAETCS B TOM, YTO pabora,
BbINOJIHAEMas B KOPHE, IOMUHHPYET HaJl BpeMeHeM paboThl anropuT™Ma. [lockonbky
O(n”) paboTbl BHINOJHAETCA B KOPHE, 3TOT HaWy4LWii CLEHApHii OyaeT npeo6-
pa3soBaH B obLuee Bpems pabotsl O (n) (cp. ciyuaii 2 Teopemsi 4.1).

B TpeTheM ciyuae, koraa noasanaqd pa3pactarorcs ele ObictTpee, YeM COKpalla-
eTcs paboTa Ha noa3aaauy, 00beM BbIMONHAEMON paboThl yBeIHYNBaeTCs BMECTeE
C YPOBHEM PEKYpCHH, NpuueM Ooblas 4acTh paboThbl BLINOJHAETCS B JIUCTbAX
aepesa. OnsTh xke, caMblii IPOCTOM M HAMJTYYLLIMH CUEHApUil 3aKJII0YAETCA B TOM,
410 BpeMs paboTbl onpeaensercs paboToi, BbINOMHAEMO# B INCThAX. JIUCT cOOT-
BETCTBYET PEKypCUBHOMY BbI3OBY, IpH KOTOpPOM cpalarbiBaeT 6a30Bblii ciyuaii,
MO3TOMY AITOPUTM BbINMONHAET ToNbko O (1) onepaunii Ha nucT. Ckonbko UMeeTcs
nucTheB? M3 peLieH|s TeCTOBOTO 3aJaHus 4.4 Mbl 3HaeM, 4TO Ha KaXKIOM ypOBHe
J umeercs a; y3i0B. JIMCTb HAaXOAATCs Ha TIOCNEIHEM ypOBHE j = log, 1, no3TOMY
umeercs @°*" nucthes. Cle0BATENLHO, HAMNYYLIMH CLiEHApHii TpaHcanpyeTcs
BO BpeMeHHYI0 rpaHuLy O(a*®").

Ocraercs 3arajikoii CBA3b MeX1y HaLIMMHU NpeJcka3aHHbIMU BPEMEHHBIMH paMKa-
MM paboThl /1 TPETBLETO Ciydas OCHOBHOrO Metona (O(a® ") u dakTuyeckumu
BPEMEHHBIMM PaMKaMH, KOTOpble NOABAAIOTCH B Teopeme 4.1 (O(n"**)). Cas3b
COCTOMT..., 1a, OHH a0CONIIOTHO ofMHakoBbie! ToXKaecTBO

1
alog,n - nog,,a

—— [ N
6oslee HETYHTHBHO NOBNTHRH  JieT9e OPUMCHAM

BEPOSATHO, BBINIAUT Kak olIM6Kka HOBHYKA, CIENaHHas CTY€HTOM-TIEPBOKYPCHHU-
KOM, HO Ha caMOM fene 3To npasaa’. Takum o6pa3oM, BpeMeHHble paMKH paboTbl
O(n"*“) npocTO rOBOPAT O TOM, 4TO paboTa, BLINONHAEMAs B JICTBAX JAepeBa
PEKypCHHU, JOMUHHPYET B BBIYMCICHHH, TPUYEM BPEMEHHBIE PaMKH M3J0XKESHBI
B opme, ynoOHOH Ans NOACTABIEHNs NapaMeTPoB (OTHOCHTEIBHO arOPUTMOB
YMHOXEHHs LeJIbIX YHCeNl U MaTPHLL, NPOaHaIM3UPOBaHHbIX B pasaene 4.3).

' YTo6BI IPOBEPHUTD ITO, NPOCTO BO3BMHTE JIorapudM 1o ocHoBaHHI0 b 06enx yacreii: log,
(@™ =log, n x log, a =log, a x log, n = log,(n®“). (W, nockonbky log, sensercs
MOHOTOHHO BoO3pacTalolleii GyHKuUneH, enMHCTBEHHBIH cnocob, npH koTopoM log, x
u log, y MOryT ObITh PaBHBIMH, — 3TO €CJIH X U y PaBHBI.)
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4.4.7. 3akniounTtenbHble pacyeTbl: cnyyan 1

Hawm Bce ellle Hy>KHO MPOBEPUTH, YTO HAllla HHTYHLUS B MpedbIAYLIEM pa3aene
cpaboTayia NpaBUJILHO, U 3TO MOXKHO CJlefiaTh NMOCPeACTBOM (popManbHOro 1o-
Ka3arenb¢TBa. KynbMuHauuel Haluux npeapiayux pacueToB ObLIM CEAyIOLHre
nyratoue BepxHue BpeMeHHbIE paMKH paboThl aITOPUTMAa «pa3ziensii U RIacTByi»
B 3aBUCHUMOCTH OT NapaMeTpoB a, b u d:

logy n J
d a
o6as pabora < cn’ x ; lib_d} ' (4.5)
MBIl MOMYYHIIH 3TH PaMKH, aKUEHTMPOBaB BHUMaHHe HAa KOHKPETHOM YpPOBHE j
JepeBa peKypcuu (¢ ero a, noAsana4amu u ¢ (n/b’)’ paboroi Ha noazanady) u 3a-
TEM NPOCYMMHPOBAB YPOBHHU.

Korna cunbl 106pa ¥ 3/1a HAXOAATCA B PEKPACHOM PaBHOBECHH (TO ecTb a = b¥)
¥ aNTOPUTM BLIMOJIHAET ONMHAKOBbIH 00beM paboThl Ha KaXKAOM YpPOBHE, NIpaBas
4acThb (4.5) CyLIECTBEHHO YNPOLLAETCA:

J

log, n

en’x Y o =cn’ x(1+1+..+1)
: | S —)
j=0 '?r' 1+log, 7 pas
=1 ma KaxaOro j

koTopas pasusiercs O(r log n)'.

4.4.8. OTKNOHEHne: reoMmeTpUyYeCcKuin paa,

MBI HasieeMcs, UTO 1J11 BTOPOro U TPEThEro THIOB AEPEBLEB PEKYPCHH (COOTBET-
CTBEHHO YMEHbLUAIOLLecs 1 yBenurBatolielics paboTol B pacueTe Ha ypOBEHb)
obuee BpeMs paboTbi onpeaensercs paboToi, BBIMOMHAEMOl Ha CAMOM CJIOKHOM
yPOBHe (KOpHE U JIUCTbSIX COOTBETCTBEHHO). Jli1s peann3auuy 3Toi HaJEXKAbI Tpe-
OyeTcs NOHUMAaHUE FEOMETPUUECKUX PAAOB, KOTOPbIE SBISIOTCS BbIPAKEHHAMU
Buaa 1 +r+r2+ ... + r¥ 1nd HEKOTOPOrO BELIECTBEHHOrO YHCIA F U HEOTpHULIA-
TENILHOTO LeNOoro uucha k. (Jns Hac r OyaeT KpUTHYECKUM COOTHOLIeHHeM a / b?.)
Besiknii pa3, koraa Bbl BUAMTE TAKOE NTApaMETPU30BAHHOE BbIpaXKEHUE, PEKOMEH Y-

! TTomHuTeE, YTO, MOCKOJILKY pa3Hble lorapupMudeckue GyHKLUMN Pa3NHYAIOTCS MOCTOSH-
HbIM MHOXUTENIEM, HET HeOOXOIMMOCTH yKa3blBaTh OCHOBaHHUe Jiorapudma.
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eTcs UMETh B BUAy Mapy KaHOHHUECKUX 3Ha4YeHUi napaMetpoB. Hanpumep, ecnn
F =2, TO 3TO CyMMa MOJIOKUTENbHBIX CTeNeHel ABoiKkH: 1 +2 +4 + 8 + -+ + 2K
1 1

1 11
Korpar= > TO 3TO CyMMa OTPULATEbHBIX CTENEHe ABOHKH: 1 + 3 + 1 + 3 +...+ o

Korzna r # 1, cywecrByer none3sas 3aMmkHyTas GopMyIa reoMeTpuyeckoro psaa':
l _ rk+l
l4r+rt+.+rf =—— (4.6)
1-r
Jns Hac BaKHBI Ba CNEACTBUA 3TOi (opMmyibl. Bo-nepsbix, koraa r <1,

2 k 1
l+r+ri+..+r < l—=1<onc'ram~a (uesaBucumas ot k).
-r
CnenoBaresnbHO, 8 Kaxcoom zeomempuieckom paoy ¢ r < 1 domunupyem ez2o nepauiii
uneH — NepBbIii UieH paBeH 1, a cymma coctasnsier Bcero O(1). HanpuMep, HeBaxHO,

CKOJILKO CIOXHTB CTerneHel /2 , pe3y/IsTUpYIoLas CyMMa HUKOTZa He NpeBbliaer 2.

Bo-Bropbix, korma r > 1,

k r

]
IA
I
~
X

l+r+ri+..+r .
r-1 r-1 r-1
CnepoBatenbHO, 8 KaXCOOM ceomempudeckam paoy c r> 1 damunupyem e2o nocieo-
HUtl Wien — NOCTEAHWH YIeH paBeH r*, B TO BpeMs Kak CyMMa sBIIsieTcs He Goliee ueM
MOCTOSIHHBIM MHOXUTENEM (7/(r — 1)), YMHOXKEHHBIM Ha 370 uncio. Hanpumep, eciun
CyMMHpOBaTh cTenexu ot 2 1o 1024, utoropasi cymma Oyznet MeHbLue 2048,

4.4.9. 3aknoumTenbHble BbiMUCNeHUus: cnyyam 2 mu 3

Bosspaluasich k HaweMy aHanusy (4.5), gonyctum, 4to a < b¥. B 3ToM ciyuae
paspacTaHde B Moj3aayax KOMMeHcUpyeTcs S5KoHOMUel B paboTe B pacuere Ha
noz3ajayy, a UMCJIO BBIMNOJNHAEMBIX ONepaluil yMeHbLIaeTcs BMECTe C YPOBHEM
AepeBa pekypcuu. 3aaaauM r = a/ b% nockonbKy a, b v d IBIAIOTCA KOHCTAHTaMH
(He3aBUCHMBIMH OT pa3Mepa 7 BXOJHBIX JaHHBIX), TO U ¥ Toxe. [Tockonmbky r < 1,
reomeTpuyeckuii pa B (4.5) sBnsgercs He Gonee yeM koHcTaHTOH 1/(1-7), a rpaHnua
BpeMeHU paboTsl B (4.5) CTaHOBUTCH

! Y1oObl MPOBEPUTH 3TO TOKAECTBO, MPOCTO YMHOKETE 06e yactiHa 1 —r: (1 —r)(1 +r +
tr+ .t =l—rtr—r+r-r+r-. —r=1-rk.
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log, n
d J d
cn® x Zr = O(n )’

Jj=0

D

=0(1)
rze BbipkeHne O-00ibLIoe yCTpaHseT koHcTaHTei ¢ U 1/(1 —r). D10 noarBepxaaeT
Hauly HaJex.y Ha TO, YTO B Cily4yae CO BTOPbIM THIIOM JiepeBa peKypcuu ofluas
CyMMa BbINoHAeMol paboTel onpeaenseTcs paboToii, BEIMONHAEMON B KOPHE.

B nocnenHeM ciiyyae JOMyCTHM, 4TO a > bY, rae paspacTaHue 4HCia Moa3aaad
ornepexaeT CKOpPOCTb C)kaThs paboTbl B pacyeTe Ha Mmoj3ajgady.

YcranosuM r = a/b?. [ockonbky r Tenepsb Gonblie 1, MOCNEAHHH YIeH reOMeTpH-
4ecKOro psiia AOMUHUPYET, U rpaHuLa B (4.5) craHOBUTCSA

log, n . a log, n
cn? x Zr’ =0(n"xr'°‘°")=0 n"x(b—d) . 4.7
=0
=0(rl°“”)

3TO BBINIAANT 3allyTaHHO, MOKA Mbl HE B3IVITHEM Ha HEKOTOPBIX YYAECHBIX KaH-
IMAATOB Ha cokpallueHue. [Tockonbky Bo3BeneHHe B cTeneHb b U norapudm no
OCHOBaHMIO b ABIAIOTCA OOPAaTHLIMU ONEPaLUAMHU, Mbl MOXEM 3aNUCaTh

( b )'°3b" = pdlomn _ ( ploss )"’ =
CnenosarenbHo, une (1/ b)“’"‘" B (4.7) OTMEHsET 4lieH n’, NpUBOAs K BEpXHei
rpanuue O(a®"). DTo NOATBEPXKAAET Hallly HaleX/Iy Ha TO, UTO obluee Bpems
paboTbl B 3TOM ciyyae OyneT onpeaensiTbcs paboTol, BLIMOIHAEMOMN B JIMCTBAX
nepeBa pexypcuu. [Tockoneky a'®”
CTBO OCHOBHOro Meroga. 4. m. 0.

COBMAJIaeT C 7'°“, MbI 3aBEPILMIH JJOKA3aTENb-

4.4.10. PewmeHus TectoBbiX 3anaHvii 4.4-4.5
PeweHne TeCcToBOro 3agaHusa 4.4

IIpaBuabHblii oTBeT: (6). CHayana, no onpeseNieHUo, ko3 dunueHToM BeTBINE-
HUA» AepeBa peKypCUH SARIIETCA g — KaX/blif peKypCHBHbIi BBI30B, KOTODbIi He
3anyckaeT 6a30Bblii cllyuail, AenaeT HOBblE peKypCHBHBIE BHI30BBI. DTO O3HAYAET,
4TO KOJMYECTBO Pa3HbIX MOA3aJay YMHOKAETCA HAa a C KaXAbiM ypoBHeM. Ilo-
CKonbKy Ha ypoBHe 0 uMeeTcs 1 moa3ajaya, Ha ypoBHe j MMeeTcs a’ moa3ajad.
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Yo Kacaercs BTOPOH 4acTH peLLEeHUs, ONATh XKe [0 ONpeAesIEHHIO, pa3Mep Noj3a-
Jlauu yMeHbluaercs B b pa3 ¢ kaxabiM ypoBHeM. [lockonbky Ha ypoBHe 0 pa3mep
3aaauu paBeH 1, BCe NoJ3aaaiul Ha YpOBHe j UMeloT pasMmep n/b/ L.

PelwueHune TecroBoro 3aganuma 4.5

IIpaBuabHblie 0TBETHLI: (a), (6), (r). CHauana npeanonaoxumM, yto TPIT < TCP,
a 3HaYMuT, CUJIbI 10Opa MOLIHee cu 311a: cxkaTue B paboTe, BHIMOJIHAEMOl B pac-
yeTe Ha noa3anayy, 0onblie KOMINEHCalUMii 32 yBenMueH e yicna noaszaaad. B atom
cllyyae alropuT™M paboTaeT MeHbLUE € KaX/AbIM MOCIEAYIOLUM YPOBHEM peKyp-
cuu. CneroBatenbHO, NiepBOe YTBEPIKAEHHE UCTUHHO (a TpeThe YTBEepXKAeHHe
NokHO). BTopoe yTBepxaeHe HCTHHHO MO TEM XKe PUYUHAM: eClY NoA3aaaun
PacTyT HAaCTOJbKO OBICTPO, YTO OMEPEXAOT IKOHOMHUIO B pacueTe Ha noasajsayy,
TO Kax/Jblli YypoBeHb peKypcuH TpebyeT Oonblue paboThl, YeM NpeablayLunii.
B 3axntounTenbHOM yTBepKaAeHHH, koraa TPI1 = TCP, cyluecTByeT coBeplueHHoe
paBHOBeCHE Mexay cunamu nobpa u 3na. [loa3anauu pa3pactarorcs, HO Halla
3KOHOMHS B paboTe B pacueTe Ha Moj3ajiayy yBEIUUUBAETCA TOUHO TAKMMU XKe
TeMnamu. OTH IBE CUJIbl YPaBHOBELUMBAOTCS, H paboTa, BbINOJIHAEMast Ha KaXKIOM
YPOBHe iepeBa peKypCHH, OCTAETCS HEN3MEHHOM.

! B omiM4He OT HalleTo aHalW3a aIropuTMa MergeSort, TOT (akT, 4TO YMCIO Moa3anay
Ha YpOBHE j paBHAETCA a@’, HE O3HAYaeT, YTO pa3Mep KaXAOH noa3anayu paseH n/a’.
B anroputMe MergeSort BXonHbIE JaHHbIE AN NOA3a]a4 YPOBHEH j 00pasyIoT CErMEHT
nepBOHaYaJIbHBIX BXOAHBIX JaHHBIX. DTO HE OTHOCUTCA KO MHOTHM [PYTHM HauluM
ITOPUTMaM «pa3fensii 1 BlacTByii». Hanpumep, B pekypCHBHBIX alrOPUTMax LIENOUHC-
JIEHHOTO M MaTPHYHOTO YMHOXK€HHS 4aCTH NIEPBOHAYATBHBIX BXOAHBIX AAHHBIX IOBTOPHO
UCTIONb3YIOTCA B Pa3HBIX PEKYPCHBHBIX BbI30BaX.
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BbIBO/IbI

PekyppeHTHOe COOTHOLLIEHHE BbipaxcaeT rpaHuny 7 (n) BpeMeHH
paboThl C TOYKH 3peHrA YKCa Onepalluii, BHIMONHAEMbIX PEKYPCHB-
HBIMH BbI30BaMU.

CraHpapTHoe peKkyppeHTHoe cooTHoweHnue T(n) < aT (%) +0(n")

OnpeAendeTcs TPEMA NnapameTpaMy: YUCJIOM a PEKYPCUBHBIX Bbl-
30BOB, KO3 ULNEHTOM cKaTUA b pazMepa BXOAHBIX AaHHBIX 4 3KC-
MOHEHTO# d BO BpeMeHHu paboTe! 1ara oobe AMHeHUS.

OCHOBHOM MeTO/ MPeCTaBIsET ACHMIITOTHYECKYIO BEPXHIOKO TPa-
HULY A0S KDKAOTO CTaHJAPTHOTO PEKYPPEHTHONO COOTHOMIEHHA
Kak pynkumo a, b n d: O(nlog n), ecnu a = b¥; O(n), ecnu a < b,
u O(n"*), ecan a > bé.

YacTHble cydau BKIIOYAIOT BpeMeHHYIO rpannny O(n log n) ans
anroput™a MergeSort, BpeMeHHy10 rpanuny O(n'>) ans anroput™a
Karatsuba u BpemenHyo rpavuiy O (#>%') 1ng anroputMa Strassen.

Jloka3arenbCTBO OCHOBHOIO MeToAa 0600wWaeT apryMeHT Iepesa
peKypcuH, UCNOAb30BaHHBIH g aHaNK3a anropuT™a Mergesort.

Konuuectsa a v b? npencTaBasior cuiibl 31a (TEMN pa3pacTaHUs
noa3aziay) u cuisl 1o6pa (TeMn CxaTns paboThbl).

Tpu cnyuass OCHOBHOTO METOAA COOTBETCTBYIOT TpeM Pa3IMYHbLIM
THMaM AEPEeBbER PEKYyPCHH: Te€, B KOTOPLIX BbINONHAeMas paboTta
B pacyeTe Ha YPOBEHb ONMHAKOBAA HAa KAXKIOM YPOBHE (COBNageHHe
MexXxy TOOpOM U 3710M), YMEHBLIAETCS ¢ KXKABIM YPOBHEM (KOraa
J06po nobexaaer) U yBeTUUUBALTCS C KAKABIM YpOBHEM (KOTAA 3/10
nobexaaer).

3 cBO/CTB reOMETPUYECKOTO PA/Jla BLITEKAET, YTO paboTa, BbIMOAH-
eMasl B KOpHe JiepeBa pekypciu (KoTopasi pasHa O (#?)), IoMUHIpYeT
HaJl NOMHbLIM BpeMEHEM PaboThl BO BTOPOM ClTyuae, B TO BpeMs Kak
paboTa, BbINONHAEMas B THCThAX (0 (@ ") = O (), noMHHHupYeT
B TPETLEM CJlyyae.
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3afaum Ha 3akpenseHve matepuvana

3anaua 4.1. BcnoMHMTE OCHOBHOI MeToz (TeopeMa 4.1) 1 ero Tpy napameTpa: a,
b v d. UTo 13 HIKECTEAYIOILETO SBNSETCS Jylleil HHTepnpeTauueii b*?

a) Temr, ¢ KOTOpbIM pacTeT NoyiHasi paboTa (B pacueTe Ha ypOBEHb PEKYPCUH).
6) Temn, c KOTOPbIM pacTeT YUCIIO NIOA3aAa4 (B pacyeTe Ha YpOBEHb PEKYPCHH).

B) TeMmn, ¢ KOTOPbIM YMEHbUIaETCs pa3Mep noa3anay (B pacueTe Ha ypoBeHb
peKypcHu).

r) Temn, c KOTOpBIM yMeHbLIAETC paboTa B pacueTe Ha noa3aaauy (B pacuere
Ha YpPOBEHb PEKYPCHH).

3apaua 4.2. DTOT M cieAyloLMe ABa BONpoca AadyT BaM JalbHEHLINWiA onbIT
paboThbl ¢ OCHOBHBIM MeToioM. JlomycTuMm, uto Bpems paboTbl T(n) anroputma

OrpaHMY€eHO CTaHAAPTHBIM peKyPPEHTHBIM COOTHOLIEHHEM, rae T(n) <7 x T| (g) +

+ O(n?). Kakas u3 npuBeeHHBIX HUXKE MPaHULL IBISAETCS HaUMEHbLIEH NpaBUIBHOM
BepXHeii rpaHULIeii aCHMIITOTHYECKOr0 BpeMeHH paboThb! anropurma?

a) O(nlog n).

6) O(nd).

B) O(n? log n).

r) On>%).
3agaua 4.3. JJonmycTtum, yTo Bpems paboThbl 7(n) aropuTMa orpaHH4eHo CTaH-
JAPTHBIM PEKypPPEHTHbIM COOTHOLUEHHEM, Tae T(n) <9 x T (g) + O(n?). Kakas

13 NMPUBEACHHBIX HHXXE IPaHML ABISETCS HauMEHbLIEH MPaBUNbHON BepXHEH
rpaHHLel acCHMITOTHYECKOrO BpeMeHH paboThl anropurma’?

a) O(nlog n).
6) O(n?).

B) O(n* log n).
r) O(n*").
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3agaya 4.4. [lonyctuM, 4To Bpems pabotsl T(n) airopuTMa OrpaHUyYeHO CTaH-

JapTHBIM PEKYPPEHTHBIM COOTHOLLEHUEM, rae T (n) <5 x T G) + O(n). Kakas

M3 MPUBEAEHHBIX HIKE PaHUL] ABIAETCS HaMMeHbIUeH NPaBUIbHOM BEpXHei
rpaHMLEell aCHMOTOTHYECKOrO BpeMeHH paboThl anroput™a’?

a) O(n"%’).
6) O(nlog n).
B) O(n"%.
r) O

n) o).

e) O(n*®).

3aaada NOBbILLEHHOW CNOXHOCTHU

3anaua 4.5. JlonycTum, q‘@%ﬁ%ﬁﬁa@&ﬁ?ﬁ(@%ﬁma OrpaHUyeHo (HecTaH-
JIapTHbIM!) peKyppeHTHbIM cooTHouleHueM, rae 7'(1)=1uT(m) <T (I_Jr_: J) + 1 a0s
n>1'. Kakast 13 npyBeeHHBIX HI)KE TPaHHULL ABNAETCA HAWMEHBLLEH MPaBHIbLHOM
BepxHei rpaHuueit acHMNTOTUYECKOro BpeMeHH paboThl anroputma? (Obparute
BHMMaHHe, YTO OCHOBHOH METOA HENMPUMEHHUM!)

a) O(1).

6) O(log log n).
B) O(logn).

r) O(n).

' 3necs | x| o6o3nauaer dyHkuuio «floor», KOTOpas OKpPYMISET CBOM apryMeHT BHU3 A0
Gnuxaiiuero uenoro Yucha.






5.1. 0630p 159

B 3to0it raBe paccMarpuBaeTcs ObIcTpas COPTUPOBKA QuickSort, arOpuT™, Ko-
TOpbIif 3aHMMAET NOYETHOE MECTO B 3aJIe AITOPUTMUYECKOi cnasbl. [IpenocTaBub
BbICOKOYPOBHEBBbIH 063op\ TOro, Kak 3TOT aJiropuT™ pabotaet (pazaen S.1), Mbl
06cyMM, Kak MopasfeNiaTh MacCUB BOKPYI «OMOPHOTO 3MIEMEHTay» 3a JIMHEHHOe
BpeMs (pazaen 5.2) ¥ kak BbIOMpaTh XOpOLLKi OnopHbIA dneMeHT (pazaen 5.3). Pa3-
aen 5.4 BBOAUT paHAOMHM3HPOBaHHbIi alropuUT™ QuickSort, 1 pasaen 5.5 noxassl-
BAET, YTO €r0 aCHMNTOTUYECKOE cpeiHee Bpems paboTsl paBHseTcs O (n log n) nns
n-3JIEMEHTHbIX MaccuBOB. Pa3nen 5.6 3aBepluiaet Halle 00Cy>XIeHHE COPTUPOBKH
J10Ka3aTeNbCTBOM, YTO HMKAKOH alrOpUTM COPTUPOBKHM «HA OCHOBE CPABHEHUS)
He MoxeT ObiTb ObicTpee O (n log n).

5.1. 0630p

[MonpocuTe npodecCHOHANBHOro CneuranucTa B 001acty HHQOPMAaTHUKK HITH
NporpaMMHCTa NMEPEUNCINTb CBOKO JECATKY JYYLIMX aJrOPUTMOB, U Bbl HalieTe
aNropuT™ OLICTPOI COPTUPOBKH Quicksort BO MHOTHX CIIUCKaX (BKJIHOYAs U MOH).
M B uem xe npuurHa? Mbl yxe 3Ha€M OJMH HEBEPOATHO OBICTPBIit aJIrOPUTM CO-
PTUPOBKH (MergeSort) — 3ayeM Hy>XEH eule OAuH?

C npaKTU4eCKOii TOYKH 3peHHs aANrOPUTM OLICTPO#i COPTHPOBKH QuickSort KOHKY-
peHTOCNOCOOEH, HEPEAKO NPEBOCXOAUT AITOPUTM MergeSort M 10 3TOii MPUUYKMHE
ABJIAETCS METOOM COPTHPOBKH, MPUHATOMN MO YMOJYaHHIO BO MHOIMX GuOnHO-
Tekax NporpaMMHUpoBaHus. Bosbluoe NpeMMyILECTBO aNropuT™a QuickSort Hag
AJITOPMUTMOM MergeSort 3aK/IFOYaeTCs B TOM, YTO OH BBIMOJNHACTCA HA MOM Jce
Mmecme — OH paboTaeT ¢ BXOAHBIM MacCHBOM TOJILKO MyTeM MOBTOPSIOLIErocs
npsMoro oOMeHa nap 3MeMEHTOB, U M0 3TOM NpUYUHE TPeOyeT BhIAENCHNS JIMLIb
He60IbLLIOr0 00beMa JOMONTHUTEILHOMN ONEPaTHBHOW MaMSITH IJ1s IPOMEXYTOUHBIX
BblYMCIIeHHUi. C 3CTETHUYECKOl CTOPOHBI AIMOPHTM QuickSort — 3TO MPOCTO yAH-
BUTEJIbHO KPacHBBbIii aJITOPUTM C OJMHAKOBO KPaCHBbLIM aHATW30M BpeMeHH paboThl.

5.1.1. CopTunposka

Anroput™ Quicksort pelaet 3agauyy COPTUPOBKM MAacCHBa, TY XK€ 3aJayy Mbl
pewanwu B pazaene 1.4.
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3AJJAYA: COPTUPOBKA
Bxo/1: MaccB U3 n YACEN B IPOU3BOBHOM MOPALKE.

BbIX0I: MacCHB TeX )K€ CaMbiX YUCEJ, OTCOPTUPOBAHHBIX OT Hau-
MEHbLLEro 10 HanbonwLIero.

Takum 06pa3oM, eciii BXOAHOH MaccHB

Kak u B Hauiem O6C}’)KI[CHHI/I anropuTMa MergeSort, Ans NpoCTOTbl NOHUMAHUS
AONMYCTHUM, 4TO BXOJAHOM MAacCHUB MMEET pa3HbIC JJIEMEHTHI, oe3 LlyﬁIlHKaTOBI.

5.1.2. PazpeneHne BOKPYr ONOPHOro afieMeHTa

QuickSort nocTpoeH BOKpYr ObICTpOii MOANPOrpaMMbl «YaCTHYHONW COPTHPOB-
KH», 33a1a4a KOTOPOH COCTOMT B TOM, YTOObI A€JMTH MACCHB BOKPYI «OMOPHOro
3/1EMEHTa».

Ilar 1: Bei6paTh onopHbiii 3aemeHT. CHauasna BbIOMpaeM OJMH 1EMEHT MacCH-
Ba, KOTOPbIi OyAeT BBICTYNaTh B KaUeCTBE onopHo2o snemenma. Paznen 5.3 Gyner
MOJIHOCTBIO MOCBALUEH TOMY, KAK HMEHHO 3TO JOJDKHO ObITh CieNnaHo. A noka
OyaeM HauBHBI H IPOCTO BOCMOJIb3YEMCA NEPBBIM 3NEMEHTOM MaccuBa («3» Ha
PUCYHKE BbiLlIE).

! B MaslOBEPOATHOM CITyuae, €C/IM BaM HY)XHO peann3oBarb anroput™ QuickSort camo-
CTOATENBHO, HMEHTE B By, YTO NpaBWIbHas K 3¢ dexTnBHas 06paboTka coBnaaromx
3JIEMEHTOB HEMHOTIO CIIOXHeEE, YeM B anropurme MergeSort. [Moapo6Hoe noscHeEHHE CM.
B pasaene 2.3 «AnroputmoB» (4eTBeproe u3gaHue Pobepra Cemxsuka v Kepnna Yoitna
(Algorithms, Robert Sedgewick, Kevin Wayne, Addison-Wesley, 2011).
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Iar 2: [leperpynnupoBaTh BXOAHOH MacCHB BOKPYT ONOPHOI0 JJ1€EMEHTA.
Tpu HaNM4YMK OMIOPHOIO 3EMEHTA CleYIOlas 3aa4a COCTOMT B TOM, YTOGbI
CrpyMMUPOBATh NEMEHTbI MaCCHBA TakK, YTOObI BCE, YTO PACMONOKEHO B MACCUBE
nepea p, 6bLI0 MEHbILE p, a BCe, 4To nocie p, Gbuto Gonblue p. Hanpumep, B cryuae
C MPUBEJECHHBIM BbILIE BXOAHBIM MacCHBOM OOUH M3 3aKOHHBIX CMIOCOOOB mepe-
rpyNNUpPOBaHHs NIEMEHTOB OyaeT CleAy IOLIuiA:

(3l)8l2]s[i]4]7]6] = [2[1]3[6 [7]4]5]8]

———ea®

OITOPHBIH JJIEMEHT f
P MEHBILLIE OMOPHOro GOJIbLIE ONOPHOrO

DTOT NpUMeEp ACHO MOKa3bIBAET, YTO JIEMEHTHI NMEPEA OMOPHBIM HE HY)XHO pa3-
MeLLaTh B MPaBUJIbHOM OTHOCHTENbHOM Mopsike («1» U «2» HHBEPTHPOBaHbI)
M TO JK€ KacaeTcs 3JIEMEHTOB MOoC/ie OMOPHOro. JTa MOANporpaMma pasaesieHus
MOMeEILAET (HEOMOPHBIE) IEMEHTHI MaccHBa B Ba 6/I0Ka, OAUH Ui JJIEMEHTOB
MEHbLLE OMOPHOI0, a APYroi — AJIs 3MeMeHTOB 00Jiblle ONOPHOrO.

[TpuBenem npa kodeBbIX (akra 00 3TOH NoANporpaMMe pasaeieHus MaccHBea.

BeicTpora. [TognporpamMMa pa3sjenieHus HEBEPOATHO OBICTPO BHeapseTcs, 3a-
nyckasch 3a jauHeiHoe O(n) Bpema. U, naxe ayduie, KIOYOM K NpakTHYECKOH
M0/1€3HOCTH ANIMOPHTMA QuickSort SBIAETCS TO, YTO AaHHAs NOANpPOrpaMmMa MOXET
ObITb pean30BaHa Ha TOM XK€ MECTE C MPAKTUIECKH HYNIEBbIM TOTpedieHueM one-
PaTHBHOIA MaMATH, He CYMTas TOH, KOTOpasi 3aHUMaeT BXOJHOM MaccuB'. B pasaerne
5.2 9Ta peanu3aLus ONUCbIBAETCS MOAPOOHO.

3HaYHTeNbHbIH nmporpecc. Pa3nenenue Maccupa BOKPYTI' OMMOPHOIro 3JIEMEHTA
NMPpUBOAUT K COPTHPOBKE MacCHBa. BO-l'lepBle, Oﬂoprlﬁ JJICMECHT OKa3bIBACTCA
Ha CBOEM 3aKOHHOM MECTE, TO €CThb B TOH € NMO3ULMUH, YTO U B OTCOPTHPOBaHHOf;l
BEpPCHH BXOAHOIN0 MacCHUBa (F 1€ BCE 3JIEMEHTbI MEHBLLE OMMOPHOI0 HAXOAATCA nepea
HUM U BCe 3JieMeHTbI 00JlblIe OINOPHOINO — Mnocie Hel"O). BO-BTOple, pasaeneHue
MacCHBa CBOAUT 3aga4y COPTUPOBKH K IBYM Oonee MENKUM 3a1a4aM: COPTHUPOBKE
JIEMEHTOB MCHbLLE OMOPHOIO (KOTOpble y)106H0 pasMeLaloTCad B CBOEM cobcTBeH-

' OTO KOHTpPACTHpYeT C anropuTMoM MergeSort (pasaen 1.4), KOTOpbI# MHOFOKPaTHO
KOMHUPYET NEMEHTBI M3 OAHOr0 MacCHBa B APyrof.
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HOM TMOJMAcCCHBE) U 3JIEMEHTOB G0JIbLIE ONMOPHOrO (TakXke B CBOEM COOCTBEHHOM
noaMaccuse). [locne pekypCHBHOH COPTUPOBKHM 3IEMEHTOB B KaXXAOM M3 3THX
JIByX MOAMACCHBOB aJITOPUTM 3aBepLiIaeT pabory'!

5.1.3. BbiICOKOypOBHEBOE OnucaHue

B npuBeEHHOM HIKE BBICOKOYPOBHEBOM OMMCAHHHU alnropuTMa QuickSort «mep-
Bad YacTb» M «BTOpPAst 4acTb» MACCHUBA OTHOCATCS K 3NIEMEHTaM, KOTOpble COOT-
BETCTBEHHO MeHblle U 60blIe ONOPHOro:

<plp > p

\ 4

nepBas 4acTh BTOpas 4acThb

QUICKSORT (BbICOKOYPOBHEBOE OIITHCAHHE)
Bxoa: MaccuB 4 U3 1 pa3HbIX LUEbIX YUCEIL.

Bouixoa: aneMeHTbl MaccuBa A OTCOPTHUPOBAaHbI OT HAUMEHBUIETO 10

HaubonbLiero.

if n <1 then // 6a30Bblit cityuail — y)ke OTCOPTUPOBaH
return

BbIOpATh ONOPHBIi 3JIEMEHT p // NpeACTONT peann3oBarb

pasnenuTb A BOKpYT p // mpeacTouT peann3oBarb

PEKYPCHBHO OTCOPTHPOBATh MEPBYIO YacTb A
PEKYPCHUBHO OTCOPTHPOBATh MEPBYIO YacTh A

XoTs anropuT™bl MergeSort ¥ QuickSort U ABISIOTCS alrOPUTMaMH «pazaensi
W BNacTBY#», MOPAAOK Onepauuii B HUX pasdnuuaercsa. B MergeSort cHayana Bbl-
TMOJIHSAFOTCS PEKYPCHBHBIE BBI30BBI, a 3aTeM Liar o0benHeHus, Merge. B anroputme

! OznHa K3 Noa3ajaay MOXKET OBITH IyCTOMH, €C/H B Ka4ECTBE OMOPHOTO BRIOpaH MUHUMAJTb-
HBI MM MaKCHMAallbHbIH 371EMEHT. B 3TOM Ciyyae COOTBETCTBYIOLIMI PEKYpPCHBHBIH
BBI30B MOXET OBITH MPOMYILEH.



5.1. O630p 163

QuickSort peKypCHBHbIE BBI30BbI IIPOUCXOAAT MOC/E pa3Ae/ieHHsi MacCHBA, M UX
pe3ynbTaThl He HY)KHO 0ObeUHATL BooOLLe!'!

5.1.4. 3aberas Bnepeps,

Haw ocTaBLINIACS CIMCOK HEOTJIOXKHbIX A€:

1. (Pa3pen 5.2.) Kak peanu3oBars noAnporpaMmy pasieieHust MaccuBa?

2. (Pazpen 5.3.) Kak BbiOparh OnopHbiii 3eMeHT?

3. (Paspmensi 5.4 1 5.5.) KakoBo BpeMst paboTbl ajiropuT™Ma QuickSort?

Ewie oqnH BONPOC COCTOMT B CIIEAYIOLLEM: Mbl AEHCTBUTENBHO YBEPEHbI, UTO aJl-
ropuT™ QuickSort Bceraa NpaBUIIBHO COPTUPYET BXoAHOH MaccuB? Jlo cux nop
s MaJIo yAeNsl BHUMaHHs aprymeHTam GopMasibHOH NpaBUNBHOCTH, OTOMY 4YTO
Y CTYIEHTOB, Kak MPaBKJI0, UMEETCS yBEPEHHOE M TOYHOE HHTYUTHBHOE OHUMaHHe
TOro, MOYEMY arOpUTMbI «pasAensii U BnacTByid» npaBuibHble. (CpaBHUTE 3TO
C MOHMMAaHWEM BpPEMEHH paboTbl AIrOPUTMOB «pa3felisdil U BIacTByi», koTopoe
00bIYHO Janeko ot oueBraHoro!) Ecnu y Bac ocranuch kakue-aubo BOnpocsl, 10-
CTaTO4HO NMPocTo GOPMANBHO PACCMOTPETH NPaBHIILHOCTH AJITOPUTMa QuickSort,
MCMONB3Ys 10Ka3aTebCTBO MO UHAYKLHHKZ.

' Anroput™m QuickSort 6buT mpuaymad Toun Xoapom B 1959 ronmy, koraa emy ObLio
Bcero 25 net. Xoap Npoao/HKWI BHOCUTH OONBILION GyHAaAMEHTANBHBINA BKIaA B A3bIKH
NpOrpaMMHUpPOBaHMA U ObLT HarpakaeH npemueil ToropuHra, BpyuaeMoi Accoudauuei
BbIUHMCIUTENBHOM TeXHHKU (ACM) — skBuBaneHToM HobGenesckoit npemuun B odbnactu
computer science — B 1980 roay.

2 Cnemys wabaoHy 1S WHIYKTHBHBIX JOKA3aTe/bCTB, PACCMOTPEHHOMY B NPUIIOKEHHH A,
0603HauuM uepe3 P (n) BbICKa3bIBAaHUE IS KAXOr0 BXOAHOTO MAacCHBa JUTMHOM 1 ajl-
roput™ QuickSort €ro COpTHpyeT npaBuiabHO». basoBelit ciyuyait (n = 1) HeMHTepeceH:
MaccHB C | 31IeMEHTOM HEW30€IKHO COPTHPYETCA, M MOITOMY IrOPUTM QuickSort aBTO-
MaTHYECKH MPaBUJICH B 3TOM ciyuae. B kauecTBe MHAYKUHOHHOIO Mepexoia 3aJaIuM
MPOM3BOJILHOE MONOKUTENBHOE LIEOE YUCIO /7 > 2. MBI MOXXEM MPUHATHL AOMYLIEHHE
MHIYKTHBHOI rHNOTE3bI (TO ecTh P (k) ABNAETCA MCTUHHOI A1 BCeX k < 1), YTO O3HAYAET,
YTO QJINOPUTM QuickSort NMPaBWJIbHO COPTHPYET KaXablii MAaCCUB C MEHBLIMM KOJIHYE-
CTBOM 3JIEMEHTOB, YEM 7.

Mocne wara pasneneHus ONOPHBIM MEMEHT p HAXOANTCA B TOH ke MO3KLIMHU, YTO U B OT-
COPTHPOBAHHO# BEPCHH BXOJHOTO MacCHBA. DEMEHTBI NEPE] p TOYHO TAKHE e, KaK U Te,
4TO NEPEA p B OTCOPTHPOBAHHOM BEPCHH BXOJHOIO MacCHBA (BO3MOXHO, B HEMPaBHILHOM
OTHOCHTENLHOM MOPAZKE), U TO HKE CaMOe KacaeTcs NeMeHToB nocie p. Cnenosarens-



164 lna.a 5. Anroputm QuickSort

5.2. PazpeneHne maccusa BOKpyr
OMNOPHOro 3JyiIemMeHTa
Janee mbl pasbepeMcs ¢ JeTansiMu TOro, Kak HEOOXOAUMO pa3feNiiTb MacCHB

BOKPYT OMOPHOTO 3MEMEHTa, TO €CTb PEOPraHM3aLMI0 MacCHBa Tak, 4ToObl OH
BBIITIAZEN Cleay oMM 00pa3oMm:

<p|p P

5.2.1. Jlerkvui BoiXxoa U3 NONOXEHUA

Jlerko npuaymarb TMHeHHYIO NOANPOrpaMMy paszieNieHHs, €ClIH HaC He HHTepecyeT
BbICNICHHE JOMONHUTENBHON onepaTiBHONW naMsaTH. OAMH U3 NOIXOA0B COCTOMUT
B TOM, YTOObI BbINONHUTb OAMHOYHBI NPOCMOTP BXOAHOIO MaccHBa A U CKOTTHPO-
BaTb €0 HEOMOPHbIE JEMEHTbI OIMH 3a IPYTUM B HOBbIH MaccHB B To# e JHHBI,
3anoyiHMUB B kax cniepeau (Ans 3M1EMEHTOB MEHbLLE p), TaK U ¢3aau (115 JIEMEHTOB
fonblue p). ONopHbIA 31EMEHT MOXKHO CKONMPOBaTh B OCTABIIYIOCS Aueliky B B
nocne 06paboTku Bcex HEONOPHBIX 3eMeHTOB. B kauecTse paborarowero npumepa
BXOHOTO MacCHBa NPHBEAEM CHUMOK CEPEMHbB! 3TOTN0 BHIYMCIIEHHS:

Cleayrowun ClIeAYIOILHH d1eMeHT < 3
KOMUPYEMBIH IJIEMEHT N
CJIEAYIOLHH JIEMEHT > 3

sfs2s i f4]7]6] =D |2 518

N——t S

OMOPHbBIN DAEMEHT ﬂ /

MEHbLIE ONIOpHOro  6oJbLIE OMOPHOro

[Tockonbky o6bem paboThbl AN KaXKAOTO U3 71 IIEMEHTOB BXOAHONO MaccHBa Co-
crasnset Bcero O(1), Bpems paboTsb! 3T0if nporpammsl pasHsetcs O (n).

HO, EAMHCTBEHHO OCTaBLIEHCA 3a1aueii ABNAECTCA PEOPraHN3aLUs JIEMEHTOB MEpen p
B OTCOPTHPOBAHHOM MOPAIKE H TO XKE caMoe I dNeMeHToB nocne p. [Tockoneky oba
PEKYPCHBHBIX BBI30BA BBITOMHAIOTCS C NMOAMACCHBAMM LTMHOM He Gonee n — 1 (p uc-
KJTIOYAETCS, €CJIU MHOE HE MPOUCXOAMT), U3 MHAYKTHBHOMN [MIOTE3bI CAEAYET, YTO 00a
BbI30BA NPABHJILHO COPTUPYIOT CBOM NOAMACCHBbLI. Ha 3TOM 3aBepiiaeTcs HHIY KLIMOHHBIA
nepexoa ¥ (hopMaNbHOE JOKa3aTENbCTBO NPABUILHOCTH alropuT™a QuickSort.
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5.2.2. Peann3auusa Ha TOM Xe MecTe:
BbICOKOYPOBHEBbIWA NNaH

Kak pa3zgenuTh MaccuB BOKPYT OMOPHOTIO 3JIEMEHTA, HE BbIAENUB MPU STOM MOYTH
HHUKaKO# 1ONOJIHUTENbHOH onepaTuBHOM NaMaATU? Halll BbICOKOYpOBHEBbIH Noaxo/
Oynet aenarb €JMHCTBEHHbIH MPOCMOTP MaccHBa, OOMEHMBAs Napbl IEMEHTOB
no Mepe HeoOXOAUMOCTH, YTOOBI MacCHB OblL1 MPaBUIIBHO pa3fie/ieH K KOHLLY Mpo-
XOXJEHHS.

JlonycTUM, YTO OMOPHBIi 3NIEMEHT ABIAETCA MEPBbLIM JJIEMEHTOM MacCHBa; 3TO
Bceraa MoxeT ObITh noakpenneHo (3a Bpems O(1)) 3a cuer oOMeHa ONOPHOTO
3JIEMEHTa C NEPBbIM JIEMEHTOM MacCHBa Ha Liare NnpeiBapUTeNbHON 06padoTkH.
[To xony npocmoTpa ¥ npeobpa3zoBaHUs BXOAHOTO MaccBa Mbl OyJeM craparbcs
obecneunBarb, 4ToObl OH UMenN cieayouyo GopMmy:

p|l <p |>p ?
yXe pasfeneH He pa3fienieH

TakuM o6pasoM, noanporpamMma noAAep>KUBaeT cledyoUnii HHBapUaHT': nep-
BbIM SIBIIAETCS OMOPHBIH 2MEMEHT; Janee UAYT HEOMOPHbIE 3NEMEHTbI, KOTOPbIE
yxe ObLTH 06paboTaHbl, MPH 3TOM BCE TaKUe EMEHTbI MEHbLLE OMOPHOTO Mpea-
LIECTBYIOT BCEM TakWM dJ1€MEHTaM OoJiblie OMOPHOro; 3aTeM B MPOM3BOIbLHOM
nopsake UAYyT elle He 00paboTaHHbIE HEOMOPHbIE ANEMEHTHI.

Ecnu Haw naad 6yeT ycnelHbIM, TO NO 3aBepLueHHH IMHEHHOro NpocMoTpa Mbl
npeodpa3yemM MacCHB TaK, YTOObI OH BbIMNIALEN CJEAYIOWNM 06pasoM:

P <p >p

YT06b! 3aBepILUTL pa3fiesleHHe, Mbl MOXEM NOMEHATb OMOPHbIi 3MeMEHT C 1o-
CJIEHHM JIEMEHTOM, KOTOPbIN MEHBLLE HETO:

! MiHBapuaHT anroputMa — 3TO CBOICTBO, KOTOPOE BCeraa MCTMHHO B 3aA@HHBIX TOYKAX
€ro UCMONHEHNS (KaK B KOHLE KQXKIO0M MTepaLuy LUMKIIA).
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I_P <p >p |:> <p |p >p

oOMeH

5.2.3. Npumep

Janee Mbl o1IaroBo pacCMOTPUM Ha KOHKPETHOM MpHMepe NMOANpOorpamMmy pas-
neneHus, paborarolylo Ha ToM e MecTe. [lolaropoe paccMOTpeHHe npumepa
[pOrpaMMmbl 10 TOrO, Kak Bbl TO3HAKOMHIIMCH C €€ KOJAOM, MOXKET 10Ka3aTbCsl CTPaH-
HbIM, HO NIOBEPLTE: 3TO CaMblii KOPOTKHH Ny Tb K NOHUMAHUIO 3TOi MOANPOrpaMMBl.

OCHOBbIBasACh Ha HallleM BBICOKOYPOBHEBBIM NJIaHe, Mbl Oy/IeM OTCIIEKUBATh 1BE
rpaHMLbl: FTPAaHULYY MEXIY HEONMOPHBIMH 3JIEMEHTaMH, KOTOPbIE MbI Yike paccMo-
TpeJiy, U TEMHU, KOTOpBIE ellle HET, U BHYTPH NepBoil MpyNINbl — IpaHHLy Mexay
3/leMEHTaM1 MeHbLle OMOPHOro, U TeMH, KoTopble Gonblue onopHoro. Ml Oyaem
KCIO0JIb30BaTh HHAEKCHI j M i COOTBETCTBEHHO, YTOOBI OTC/IEKUBATH 3TH ABE Ipa-
HuUbl. Haw xenaeMblii MHBApUAHT TOra MOKHO Niepedpa3upoBaTh Tak:

HWHBapuaHT: BCE 3NIEMEHTbI MEXY OMOPHBIM U | — MEHbLLIE ONIOPHOIO M BCE
3NIEMEHTBI MeXIY i U j — GoMblle ONOPHOTO.

WHaekchl i U j UHULMATIU3UPYIOTCS IpaHuLieil MexIy ONOPHBIM 3JEMEHTOM
¥ ocTanbHbIMK. Toraa MeXc Ly ONMOPHBIM M j HET 3NIEMEHTOB, H MHBAPUAHT CoObJ110-
JlaeTcs B MyCTOM BHJE:

ij

)82 ][5 |1 ]4]7]6]

—~—

'\ He pa3zeneH

OMNOPHBIH IEMEHT

Bo BpeMst kaxk110# HTEpaLK MOANPOrpaMMa paccMaTpUBAET OAHH HOBBIH JIEMEHT
W yBenuuueaer j. J[ns noanepxkaHus HHBapMaHTa MOXET NOTpeboBaTbCs AOMNON-
HUTENbHas paboTa. B nepBelil pa3, kOraa Mbl yBeNMYHBAEM j B HALUEM MPUMEDE,
MBI NONTy4aeMm:
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BN E]7]s]
[Sp—— —~ -

pasacineH HE€ pa3aeineH

Mexxay ONOpHbIM 3/IEMEHTOM U i HET 2NIEMEHTOB, U €JMHCTBEHHbI JJIEMEHT MEXIY
i v j («8») — GosIbLiE ONOPHOTO, TOITOMY MHBAPUAHT MO-NPEXXKHEMY COONIOAaeTCs.

Tenepr unTpyra Hapactaert. [locne npupalueHus j BO BTOpOii pa3 Mexay i Uj ecTb
3JIeMeHT, KOTOPbIi MeHbLlie ONOPHOTro («2»), 3TO HapylleHe MHBapuaHTa. UYto6sbl
BOCCTAHOBUTb WHBApUAHT, Mbl 0OOMEHHBaeEM «8» Ha «2», a TaKXKe yBEJIMUUBAEM i,
4TOObI OH BKIIMHUIICA MEXKAY «2» U «8)» U CHOBA O4EPTUJ FpaHULy Mexay obpa-
6aTbiBacMbIMHU 3NIEMEHTAMH MeHbLIE U 00JbLiIe ONOPHOro:

i J i

00OMEH
oy oy
[3]8]2]s]1]4]7]6] =D[3]2[8[s]1]4]7]s]
7N ? N

€LIC He pasaciCH HEpa3CICH paszeiieH HE pa3acieH

TpeTbs uTepauus aHanoruyHa nepBoi. Mol 06pabarbiBaeM cleyrouil aneMesT
(«5») n yBenuuusaeM j. [Tockosnbky HOBBbIi 3/1eMeHT OOJbLIE ONOPHOTO, MHBAPUAHT
NpoJoJDKaeT cobmonarses, U Oonblile Aenarb Heyero:

[3]2[8]5[1]4]7]6]

L. -
~

/ N

pa3aciicH HE pa3acicH

YeTBeprad uTepalds aHanornyHa BTopoit. [TpupatieHne j BHOCHT 3NIEMEHT MeHblLle
onopHoro («1») Mexay i 1 j, 4To HapyllaeT UHBap1aHT. Ho BOCCTaHOBUTb MHBa-
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pUaHT JOCTATOYHO JIETKO — MPOCTO HaJ0 OOMEHATH «1» C MepBbIM 3JEMEHTOM
6onblie onopHoro («8») M YBENUUHTS i, 4TOObI OTPA3UTH HOBYIO MPAHULY MEXAY
00pabaTbiBaeMBIMH 3JIEeMEHTAMHU MEHbLIE H OOJIbLIE ONOPHOIO:

i J i J

oOMcH
\lf\dv/ v Vv
[3] 2] 8]s5]1]4]7]6] =D 3[2]1]|5]8]4]7]s

7 x r

€lle He pa3fesieH  HE pa3fic/IeH pasaeineH HE pasjie/ieH

[MocneaHue Tpu utepaii 00pabaThiBAIOT JIEMEHTDI, KOTOPBIE GOJIbLLE ONOPHOTO,
MO3TOMY HWYEro He HYXXHO lieNnaTh, KpoMe npupalueHus j. [Tocne Toro kak Bce
3/71eMeHTbI ObLTH 06paboTaHbl U BCe 3IEMEHTBI 1OCIE ONIOPHOTO ObUTH pa3aeneHbl,
Mbl 3aBepLIaeM OKOHYaTelbHbIM OGMEHOM OMOPHOrO MIEMEHTA U MOCJEAHEro
2]leMEeHTa MeHblLIe Hero:

i j

~ !
3 2|1|5 [8|4[7 6_JI:>|1|2|3|5|8]4| |6|

OIOPHBIH JIEMEHT pas,ueneﬂ paszaeneH

B cooTBeTcTBUU C TpeGOBaHl/leM B KOHCYHOM MaCCHBE BCEC JJIEMCHTbI MCHbLIEC
OIMOPHOro UAYT NEpea HUM, H BCE IJIEMEHTDI Gonblie OIOPHOIo HAYT NOCJIE HETO.
To, uto «1» U «2» HAXOHATCS B OT COPTUPOBAHHOM MOPAAKE, ABIIECTCA COBNAAL-
HUeM. DJIEMEHTHI Noce OMNOPHOro, O4YEBUAHO, HAXOAATCA HE B OTCOPTUPOBAHHOM

nopsiake.
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5.2.4. Ncesnokopn Partition

[ceBnokoa noanporpamMmbl pasaesieHus Partition — 3TO HMEHHO TO, YTO Bbl
oXuJaere yBUIeThb nocie npumepa’.

PARTITION

Bxoa: MaccuB A4 U3 1 pa3HbIX LEJNbIX YUCEI, JIeBast U ITpaBasi KOHEUHbIE
Touku, £, r€ {1,2,...,n},tne {<r

MocTycaoBue: 3nemenTsl noamaccusa A[£], A[£ + 1], ..., A[r] pa3-
JeneHbl BoKpyr A[f].

Bbixon: kOHEYHas No3uUUs OMOPHOIO JJ1EMEHTA.

p := A[€]
1:=€+1
for j ;=€ + 1 to r do
if A[j] < p then // ecnn A[j] > p, Huuero
He penaTtb
obmeHATb A[j] c A[1]
1:=1+1 // BOCCTaHaBAUBAET MHBAPUAHT
obmeHaTb A[€] ¢ A[1 - 1] // NOMECTUTb ONOPHLIA SNEeMeHT
npasunbHO
return i - 1 // COO6UMTb KOHEYHYK MO3MLMI

ONOPHOrO 3NneMeHTa

[TonnporpaMma Partition npuHUMaeT B kaueCTBE BXOAHBIX JAHHbIX MAcCUB A,
HO paboTaeT TONBKO ¢ MOAMACCUBOM 3J1eMEHTOB A[{], ..., A[r], rae € u r — 310
3ajaHHble napaMeTpsl. 3aberas Brepen, KOKAbIA peKypPCUBHBINH BLI30OB AJMOPUT-
Ma QuickSort GyaeT oTBe4aTh 3a ONMpeAeNeHHOE HENPEPLIBHOE MOAMHOXECTBO
NnepBOHaYaNbHOrO BXOJHOIO MaccHBa, a napameTpbl £ U r GyayT 3anaBarh COOT-
BETCTBYIOLLUME KOHEYHBIE TOUKH.

' Ecnu Bbl 3arisHeTe B Apyrue Y4eOHUKU WK B UHTEPHET, TO YBUIAMTE HECKO/IBKO Ba-
PHAHTOB 3TO# NOANPOrpaMMbl, KOTOpble padnuyaiorca B aetanax. (Ectb naxe Bepcus
B HCMOJIHEHHH BEHIE€PCKOro aHcaMO1s HapoaHbIX TaHueB! CM. https://www.youtube.com/
watch?v=ywWBy6159z8.) DTy BapHaHTbl ONMHAKOBO MOAXOAAT JJIA HALIMX LieNeN.
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Kak u B mpumepe, HHIEKC j OTCIEKMBAET, KakHe 3eMeHThbl Oblii 06paboTaHsl,
B TO BpeMs KaK i OTCIIe)KHBAET IpaHuLly Mexay o0paboTaHHBIMH 3IE€MEHTaMH,
KOTOpble MeHblle U Gonblue onopHoro (rae A{i] — 3To caMblii NneBblid 00pabo-
TaHHBIH SNeMeHT 6oJblle ONOPHOTO, eClH TakoBoi umeercs ). Kaxxnas nrepauus
uuKiia oopabarbiBaeT HOBBIH dneMeHT. Kak ¥ B npumepe, Koraa HOBbIA 3/1EMEHT
A[j] — 6onblue oNOpHOro, UHBAPUAHT BLIMOJHAETCH aBTOMATUYECKH, U JenaTh
Hedero. B npoTuBHOM cnyyae ¢yHKUMS BOCCTaHABINBAET HHBAPHAHT, MEHSS Me-
ctaMu A[j], HOBBI# 2n1eMeHT, U A[i], caMblif JIEBBIH 3J1eMeHT OonblIe OMOPHOTO,
W yBeJU4UBas i, YT0ObI OOHOBUTD MPAHKLLY MEXIY IEMEHTaMH, KOTOpbIE MEHbLUE
u Gonbilie onopHoro' 2. ITocneanuit 1war, kak ObLIO OOBIABNEHO paHee, CTaBUT
OMOPHbIH 3MEMEHT Ha CBOE 3aKOHHOE MECTO, CMeLlas NpaBblii 37IEMEHT MEHbLUE,
ueM ero. [TognporpamMma Partition 3aBepluaercs, BO3Bpallas 3Ty NO3HLIMIO Ha3a
B BBI30B aJIrOpUTMa QuickSort, KOTOpbIii ee BbI3Ball.

OTa peanu3auus HeBepoATHO ObicTpa, OHA BbINOIHAET TOJIbKO MOCTOSHHOE YHCI0
onepauuii Ans kaxzaoro snementa A[{], ..., A[¥] cOOTBETCTBYIOLLErO NOAMACCHBA,
1 TI03TOMY BbINONHSAETCS 33 BpeMs, TMHeHOe Mo JJIMHE 3Toro noaMaccusa. BaxHo
OTMETUTb, YTO MOANpPOrpaMMa paboTaeT Ha 3TOM MOJMACCHBE Ha TOM XK€ MECTE,
He BbIJEJsAs HUKAKO# JOMONHUTENbHOH namaTy 3a npeaenamu O(1) obbema, He-
00X0IMMOro Aj1s OTCIIEXKUBAHUS MEPEMEHHBIX, TAKMX KaK [ U J.

I OGMeH He HyXeH, eCITH 37IeMEHThI G0JIbLLIE ONMOPHOTO elle He BCTPeYaluch, — NOAMAacCUB
o6pabaTbiBaeMbIX IEMEHTOB pa3fiensercs TpUBHAIbHO. Ho nononHUTeNbHbIH 00MEH
6e3BpeneH (Kak Bbl JOJDKHBI yOeaHThCs ), NO3TOMY Mbl OyJIEM NMPHAEPKUBATLCSA HALLEro
MpOCTOro NMCeBAOKOAA.

[ToueMy 3TOT 06OMEH M NpHpalleHHe HHAEKCAa BCEraa BOCCTaHaBIMBAlOT HHBApHAHT?
HHBapuaHT cobmonaeTcs nepe caMbIM MOCNEIHUM NPUpaLieHHEM j (0 MHAYKUHH, €CIIH
BbI XOTHTE NOAOWUTH K 3TOMY HopMaibHO). DTO O3HAYAET, YTO BCe MeMeHTul A [ + 1], ...,
A[i — 1] — MeHbLIe ONOPHOTO, U BCE IMEMEHTH A [i], ..., A[j — I]— 6onbiue onopHoro.
EauHcTBeHHas mpobema 3akiirouaercs B ToM, uto A [j] — MeHslue omopHoro. [Mocne
obMeHa A4 [i] ¢ A[j] anementsl A[€ + 1],..., A[i] u A[i + 1],..., A[/], cOOTRETCTBEHHO
MeHbllle U Gonblue onopHoro. [Tocne yBenuueHus i sneMeHTol A[€ + 1], ..., A[i — 1]
uA[i], ..., A[j] cOOTBETCTBEHHO MeHbLIE U HONbLIE OMOPHOrO, YTO U BOCCTAHABIMBAET
MUHBapUaHT.



5.3. BaXHOCTb XOPOLWMX OMOPHbIX 3N1EMEHTOB 171

5.2.5. Ncespokop anroputma Quicksort

Tenepb y Hac ecTb NOJNHOE ONKCAaHUE aNropuTMa QuickSort, B ocTaTke NoAnpo-
rpamma ChoosePivot, KOTopas BLIOUpAeT ONMOPHBIHA 3JIEMEHT.

SRR e

QUICKSORT

e T a—

Bxoa: maccuB 4 U3 n pa3HbIX LiENbIX YUCEN, JIEBast U NpaBasi KOHEUHbIE
Touku, £, r€ {1,2,...,n}.

ITocTycnoBue: aneMeHTsl noaMaccuBa A(£], A[€ + 1], ..., A[r] oTtcop-
TUPOBaHbl OT HAUMEHBLIETO 10 HanGoJbLIETO.

if €2 r then // ©- nnu 1-3neMeHTHbLIA NOAMACCHB

return
i := ChoosePivot(A, €, r) // npeacTtouT peanu3osaTb
obmeHAaTb A[f] ¢ A[1] // chenaTtb ONOpHbLIA NepBbiM

j := Partition(A, £, r) // j = HOBaA onopHas NO3UUMA

QuickSort(A, €, j - 1) // peKkypcuBHO BbiI3BaTb C NepBOW
YacTbio

QuickSort(A, j + 1, r) // peKkypcuBHO Bbi3BaTb CO BTOpPOM
4acTb

CopTHpoBKa n-371EMEHTHOTO MaccuBa A CBOAUTCA K BbI30By QlyHKUMH QuickSort
A, 1, n).

5.3. BaXHOCTb XOPOLUMX ONOPHbIX 3/1IEMEHTOB

JelicTBuTenbHO 11 Quicksort — GbicTpblif airopuT™M? CTaBKH BHICOKH: POCThIE
aNrOpUTMbl COPTUPOBKH, TaKHe Kak InsertionSort, BBIOMHSAIOTCS 32 KBapaTHy-
Hoe (O(n?)) BpeMsl, U Mbl y>Ke 3HaeM OJHMH aIrOpHUTM COPTHPOBKH (MergeSort),
KOTOpblIii BbiMosHseTcs 3a Bpems O(n log 7). OTBET Ha 3TOT BOMPOC 3aBUCHT OT
TOrO, Kak Mbl peanu3yeM ¢yHKLHIO ChoosePivot, koTopasi BEIGHpAET OAUH IEMEHT

' Maccus 4 Bceraa nepenaeTcs 1Mo CCbLIKe, TO €CTh BCe BBI30BH (PyHKUMI paboTaloT He-
MOCPEACTBEHHO C HCXOQHOM KOMUeH BXOOQHOrO MaccuBa.
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13 yKa3aHHOro nogmaccusa. Yto0bl QuickSort 6bL1 ObICTPbIM, BAXKHO, UTOOB! ObLIH
BbIOPAHBI «XOPOLLUHEY OMOPHBIE 3TIEMEHTDI, TO €CTh OMOPHbIE 3NEMEHTbI, KOTOPbIE
NPHUBOASAT K ABYM NOA3a7a4aM MPUMEPHO OAAMHAKOBOIO pa3Mepa.

5.3.1. HanBHas peanu3zauus noanporpamMmmbi
ChoosePivot

B Hauiem 0630pe anropuTtMma Quicksort Mbl YNOMSHYIH HaWBHYIO pealn3aluio,
KOTOpasi Bcera BbIOMpaeT NepBblii 3EMEHT.

CHOOSEPIVOT (HAHBHASI PEAJII/I?.AI.IPU[)

Bxoa: MaccuB A U3 n pa3HbIX LEJbIX YKCeJ, JIeBast U paBasi KOHeuHble
Touku f, re {1,2, ..., n}.

Bouixoa: unaekcie {£,£+1,...,r}.

return €

Pa3Be 3Ta HauBHas peanu3alus yxe HeJOCTaTOYHO Xopolua?

TECTOBOE 3AJIAHME 5.1

KakoBo Bpems paboTb! anroput™a QuickSort ¢ HauBHOI peanu3auyeii
noAnporpamMbl ChoosePivot, €CIH #-3NIeMEHTHbIH BXOIHOI MaccuB
YK€ OTCOPTUPOBaH?

a) O(n).
6) O(nlogn).
B) ©(n?).
r) 0.

(PewieHue u noscHeHue cM. B pasaene 5.3.3.)
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5.3.2. U36biTo4Has peanu3auua ChoosePivot

TectoBoe 3anaHue S.1 pUCyeT HauXyaulyto KapTHHY TOTO, YTO MOXET NPOU30ATH
B aJiropuTMe QuickSort, KOria B pacueTe Ha peKypCUBHbI BbI30B yaanseTcs
TOJIbKO OAWH 3eMeHT. Kakum Oynet nawrywwui cueHapuii? UneanbHo cbHa-
JTaHCMpOBaHHOE pa3OUeHHe JOCTUrAETCS MeOUaHoll dNEMEHTa MacCHBa, TO €CThb
3JIEMEHTOM, AJIs KOTOPOro OIMHAKOBOE KONHYECTBO APYTHX JIEMEHTOB MEHbLIE
Hero U Gonblue Hero'. [To3ToMy, eclii Mbl XOTUM MPHIIOKUThL YCHIHS B padoTe
C OMOPHbIM 3IEMEHTOM, Mbl MOXXEM BbIYMCIUTbL MEAUAHY EMEHTA 331aHHOr0
noamaccuBsa.

CHOOSEPIVOT (M3BbITOUYHAS PEAJIM3ALINA)

Bxoa: MaccuB A 13 1 pa3HbIX LENbIX YUCEI, JIEBast U NpaBasi KOHEYHbIE
Touku €, r e {1,2, ..., n}.

Buixoa: uuaexcie€ {£,€+1,...,r}

BEPHYTb MO3ULMIO MeAHaHbl anemenTa {4 [{], ..., A[r]}

B cnepytoueii mase Mbl YBUAWM, YTO MeHaHa dIEMEHTa MAacCHBa MOXET ObITh
BblYUC/IEHA 33 BpEMS, JIMHEHHOE MO ATMHE MacCUBa; faBaliTe NpuMeM 3TOT dakT
Ha Bepy A5 ClleAyIOLLero TecToBoOro 3afaHus’. CyluecTByeT I kakas-To Harpazia
3a ycepAHYy1o paboTy Mo BbIYUMCIIEHHIO HAEAIBHOIO ONOPHOIO 3NIeMeHTa?

! Hanpumep, MeanaHoii Maccusa, conepxauwero {1, 2, 3, ..., 9}, 6yner 5. [lna Maccusa
YETHOH [/IMHbI €CTh 1Ba 3aKOHHBIX BapHaHTa BbIOOpa MeuaHbl, H OO0 U3 HUX NOAX0-
AMT Ang Hawux uenei. [To3ToMy B MacchBe, KOTOpbIi comepxut {1,2, 3, ..., 10}, MOoxHO
CYMTATh CPEANHHDBIM 3JIEMEHTOM 5 MIH 6.

? Ha nanHblii MOMEHT Bbl 3HaETe anropuT™ co BpemeneM O(n log n) ANa BbIYHUCIEHHUS
Meauanbl MaccuBa. ([Toackaska: COpTHpPOBaTh!)
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USRI 5 AR e L e HATSTAP T,

TECTOBOE 3AJJAHME 5.2

KakoBo BpeMs paboThi anroputma Quicksort ¢ peanusaumu-
el u30bITOUHOH nmoanporpaMmel ChoosePivot Ha MPOU3BOJNLHOM
n-311EMEHTHOM BXOJHOM MaccuBe? Mcxonure U3 Toro, YTo Noanpo-
rpamma ChoosePivot BbINONHAETCA 3a Bpems O (n).

HenocrarouHo undopmauuu ans oTeera.
a) O(n).

6) ©(nlogn).

B) O®).

(Pewenne u noscHeHue cM. B pasgene 5.3.3.)

5.3.3. PeweHuns TecToBbix 3anaHnin 5.1- 5.2
PeweHune TeCcroBoro safganma 5.1

IIpaBuabHBIH 0TBeT: (B). CoucTaHHe HAWBHO OTOOPAHHBIX OMOPHBIX 3NEMEHTOB
M YX€ OTCOPTHPOBAHHOTO BXOIHOIO MAacCHBA MPHUBOAMT K TOMY, YTO aJIrOPHTM
QuickSort BeIMONHsETCS 3a BpeMst ®(n?), 4TO HAMHOIO XyXe ajropuTMa MergeSort
H HE JTyMLIe NPOCTBIX aJIFTOPUTMOB, TaKHX Kak InsertionSort. Uto xe npousowno?
[NoanporpamMma Partition B caMOM BHELIHEM BBI30BE airopuTMa QuickSort ¢ nep-
BbIM (HaMMEHBLINM) 3MIEMEHTOM B KaueCTBE OMOPHOrO HUYETro He JeNaeT: OHa Npo-
HOCHTCS 110 MacCHBY, H, TIOCKOJIbKY BCTPEUYAET TOJBKO 3JIEMEHTHI, KOTOpble Gonblue
OMOPHOTO, OHA HU pa3y He MEHAET MECTaMH HHU OflHY napy sneMeHToB. [Tocne Toro
KaK 3TOT BbI30B MOANPOrpamMMBI Partition 3aBepiunTcs, kapTiHa OyneT cneayoneii:

PEKYPCHUBHO BBI3BIBATH C 3TUM

|

<p |pP >Dp
T — T —
yCTO n—1 aneMeHTOB

(BCe ellte COPTUPYIOTCA)
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B HenycToM pexypcHBHOM BbI30BE 3TOT LablOH MOBTOPAETCS: MOAMACCUB YXe
OTCOPTHPOBaH, MepBblii (HAMMEHbLIKI) 37IEMEHT BbIOpPaH B Ka4yeCTBE OMOPHOrO,
M €CTb OJIUH IYCTO/ peKypCHBHBIH BbI30B H OJIMH PEKYPCHBHbII BBI30B, KOTOPOMY
nepenaeTcs NoAMaccuB U3 1 — 2 anemeHToB. U Tak nanee.

B koHLUe noanporpaMma Partition BbI3bIBAETCS € NOAMAcCUBaMU AMUHOH n, n— 1,
n—2, ..., 2. [lockonbky pabota, BbINONHSAEMasi B OJHOM BbI30Be MOANPOrpaMMbI
Partition, mponopLMOHaibHa JJIMHE MOAMAcCHBa BbI30Ba, 001K 00beM paboThl,
BbINOJIHAEMO# aropUTMOM QuickSort B 3TOM clyyae, MPONnopLHOHaNeH

n+(n-)+(n-2)+...+1
=0 ()

H, CIEA0BATCNILHO, KBAAPAaTHY€H MO AJIMHE n BXOAHbIX JNaHHbIX'.

PeweHune TecroBoro 3afaHuma 5.2

IIpaBuabHBIH oTBeT: (B). B 3TOM HaunyuweM cueHapuu anroputM QuickSort
BbINOJHAETCS 3a BpeMs O (n log »). [Ipuuunna B TOM, 4TO ero Bpems paboThl onpe-
AenseTcs TEM JKe CaMbIM PEKYPPEHTHBIM COOTHOILEHHEM, KOTOpOE YNpaBiseT
BpeMeHeM paboThl MergeSort. To ecTb ecnu T'(n) 0603HauaeT BpeMs paboThl ITOH
peanu3auum QuickSort Ha MaccuBax JUIMHOI 1, TO

T(n)= 2xr(§) + 9n)

ChoosePivot u Partition

OcHoBHas paboTa, BbINOJHAEMas BbI30BOM ajiropiuT™Ma QuickSort BHE peKypcHUB-
HbIX BbI30BOB, AEJAETCs B €ro noamnporpammax ChoosePivot v Partition. Mbl
MCXO[MM M3 TOrO, 4YTO NepBas cocTaBnser ® (n), U pasgen 5.2 AOKA3BIBAET, YTO
nocneanss Toxe cocranser O (n). [lockonbicy B ka4eCTBE OMOPHOTO IEMEHTA MBI
MCNIONb3yEM MeUaHy 3JIEMEHTA, MBI M0JlyyaeM ueanbHoe pa3dreHue BXOJHOro
MaccuBa, U KaXIblH peKypCHBHbIHA BbI30OB MOMy4YaeT MOAMAcCUB ¢ He Oonee 4eM
% 3NIEMEHTaMH:

! BeicTphlii cnocob yBugets, yton +(n— 1) + (n —2) + - - - + 1 = @ (n?), — obparuts
BHHMAaHHeE Ha TO, 4YTO 3TO BbIpaXeHHUe He Gosiee n* (KAXKIBIi U3 /7 YJICHOB COCTABJISET HE
6onee n) 1 He MeHee n*/4 (Kaxablil U3 MEPBBIX 1/2 WICHOB COCTAB/IACT HE MEHEE H/2).
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<p p >p
———— S —
<50 % maccuBa <50 % maccuBa

ITpuMeHeHne ocHoBHOTO MeToza (TeopeMa 4.1) a=b=2ud= 1 Torna naer 7'(n) =
=0 (nlog n)'.

5.4. PaHAOMN3NpPOBaHHbINA aNropuTMm
Quicksort

Bri6op nepBoro anemeHTa NoAAMaccHBa B Ka4eCTBE OMOPHOro 3aH1umMaeT Becero O(1)
BPEMEHH, HO MOXKET MPHBECTH K TOMY, 4TO alrOPUTM QuickSort Oyaer paborarh
3a BpeMs © (n?). BeiGop MeauaHb! dj1eMEHTa B KaueCTBE ONMOPHOIO rapaHTHpyeT
obiee Bpems paboTsl © (n log n), HO 3aHKWMaeT ropasao 6oblie BpeMEHH (€CIH
OHO Bce elle JIMHEHOEe). MOXXHO M Nony4nTh Nyduiee U3 oboux mupos? EcTb
JI¥ MPOCTOH M Nerkuit cnocob BbIOpaTh OMOPHBIN NEMEHT, KOTOPbIii NPUBOAUT
K NpUMepHO cbaaHcupoBaHHOMY pa3buenuio maccuBa? OtBeT — fa. KitoueBas
Hies — WCMONb30BaTh PAHOOMUZAYUIO.

5.4.1. PanaoMmu3anpoBaHHas peann3sauvs
noanporpammbl ChoosePivot

PaHa0MHU3UPOBAHHBIH ATTOPUTM — 3TO AIMOPUTM, KOTOPBIH MO X0y paboTh! «noa-
OpacbiBaeT MOHETBI» H MOXXET NPUHMUMATh PELIEHHUS Ha OCHOBE Pe3yJIbTaTOB 3THX
noabpacwiBaHuii MOHeT. Eciii Bbl CHOBa M CHOBA 3alycKkaeTe paHI0MH3HPOBAHHBIH
aJTOPUTM C OJHUMH U TEMH XK€ BXOAHBIMH JaHHBIMH, TO yBUAWTE Pa3HOE MOBe/e-
HKE B pa3HbIX MporoHax. Bce 0CHOBHbIE A3bIKM NMPOrpaMMHPOBAHHS BKIIOYAIOT
616MHOTEKH, KOTOPbIE MO3BOJIAIOT JIETKO BHIOHPATH CllydaiiHble HHCIa N0 CBOEMY
YCMOTPEHHIO, U paHAOMH3aL1sl — 3TO HHCTPYMEHT, KOTOPbI# 10KEH ObITb B ap-
ceHaJie moboro cepbe3HOro NPOeKTUPOBLLKKA ANTOPUTMOB.

! TexHHYECKH MBI MCMOb3yEM 3[AECh BApHAHT OCHOBHOIO METOAA, KOTOpbIH paboraer
¢ o0o3HayeHHeM O-Oonblioe, a He O-00/blIOE, HO B OCTALHOM OH TaKOH ke, Kak
1 B TeopeMe 4.1.



5.4. PaHAOMN3MPOBaHHbLIM anroputm Quicksort 177

C Kkakoii ctaTi BO3HMKaeT NOTPEOHOCTb BBECTH CITy4alHOCTb B CBOM anroputm?
Pa3Be anropuTMel He camas 1eTEPMUHUPOBAHHAsA Belllb, KOTOPYIO TOJIBKO MOXHO
npeactaBuTh? OKa3biBaeTCs, CYIIECTBYIOT COTHH BbIYMCIUTENbHBIX 3aaay, ANs
KOTOPbIX PaHAOMH3HPOBAHHbIE ANrOpPUTMBI ObIcTpee, 3¢ dekTHBHEE MK Nerye
NporpaMMHpoBarh, YeM WX JETEPMUHUPOBaHHbIE aHaIOrH'.

Camblit npocToii cnoco® BHEAPHUTL CNY4aiHOCTh B aNropuT™ QuickSort, KoTo-
pblii OKa3bIBaeTCs Ype3BbluaifiHO IPHEKTUBHBIM, — Bceraa BbIOMpaTh OMOpPHbIE
ANEMEHTBI PABHOMEPHO CIYyHaliHbIM 0b6pazom.

CHOOSEPIVOT (PAH}IOMI’BI’IPOBAHHAH PEAJII/BAU,I’ISI)

Bxoa: MaccHB A U3 1 pa3HBIX LEbIX YKCEN, JIEBasi U NPaBast KOHEUHbIE
Touku ¢, r € {1,2,...,n}.

Boixoa: uspaekc i€ {f,£+1,...,r}.

BEpHYTb anieMeHT {{, £ + 1, ..., r}, BbiOMpaemblii paBHOMEpHO Cly-
yaiiHbIM 0Opa3om

Hanpumep, ecnu € =41 n r =50, To y kaxaoro u3 10 anemeHToB A[41], ..., A[S0]
ecTb 10 %-Hblii 11aHC ObITh BLIOpaHHBIM B KauecTBE OMOPHOIO dIeMeHTa’,

5.4.2. Bpema pa6oTbl paHAOMN3UPOBAHHOIO
anroputma Quicksort

Bpems paboTbl paHNOMH3HPOBAHHOrO anropuT™Ma QuickSort ¢ OMOPHLIMHU 3Jie-
MEHTaMH, BBIOMpAaEMBbIMHK Clly4aiiHbIM 00pa3oM, He Bcerga ofMHakoBo. Beeraa
€CTb KakoH-To LIaHC, XOTS M OTAANIeHHbIi, YTO aIrTOPUTM Bceraa OyaeT BbIOUparh

Cneunanuctam B obnactu computer science notpe6boBasoCh HEKOTOPOE BpeMs, YTOOBI
3TO BbIACHHTB, PUYEM LUTIO3bI OBIIH OTKPLITHI B cepenuue 1970-x roqos BMecTe ¢ Obl-
CTPbIMH PaHAOMH3HPOBAHHBIMH AITOPHTMAMH TS TIPOBEPKH TOTO, ABJIAETCA JIH LENOE
YHUCINO MPOCTHIM.

Eie onHMM He MEHEE NONE3HBIM CMOCO60M ABIAETCA pAHAOMH3UPOBAaHHAs MEPETACOBKA
BXOZIHOIO MacCHBa Ha 3Tane npeaBapHTensHoi 06paboTKH H 3aTEM BBINONHEHHE HAUBHOM
peanu3aunH anroputMa QuickSort.
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MHHHMMAJIbHBIA 31EMEHT B KaY€CTBE ONOPHOIO M3 OCTaBLUErocs MoaMacCHBa, YTo
NPUBOAMT K BpeMeHH paboTbl O (1), HabnmonaBIueMycs B TECTOBOM 3afaHuu 5.1'.
EcTb Taioke HeOONbLIOH 1IAHC, YTO IMOPUTM, O HEBEPOSATHO CYACTIMBOMY CO-
BMAJIEHHIO, BCEra B KaueCTBe OTOpHOro OyaeT BbIOUpaTh CpeAMHHBIN 21EMEHT Noj-
MacCHBa, B pe3y/ibTaTe NpUBOAs kK BpeMeHU pabotsl O (n log ), HabnonaBLueMycst
B TECTOBOM 3anaHuu 5.2. TakuM oGpa3om, BpeMs paboThbl airopuT™a koneobnercs
mexay O (n log n) u ©(n?) — u Toraa Kakoi cueHapuii MPOUCXOAUT yalle: Hau-
NyYLKA WM HAaUXyAWKA? YAUBUTENbHO, HO MPOU3BOAUTENLHOCTD ANropuTMa
QuickSort moury Bceraa GM3Ka K €ro HaWJly4Lel MPOU3BOANTENBHOCTH.

Teopema 5.1 (Bpemsi paboTbl panaomMusupoBanHoro Quicksort). /lia kaxcoozo
8X00H020 Maccuga OnuHou n > | cpeonee apems pabomuvl paHOOMU3UPOBAHHO20
aneopumma Quicksort pasusemcs O(n log n).

CnoBo «cpenHee» B GOpMyTUPOBKE TEOPEMbl OTHOCHTCS K C1y4alHOCTH B CAMOM
anroput™me QuickSort. TeopeMa 5.1 e UCXOAUT U3 TOIO, YTO BXOAHOH MaccHB
ABJIAETCA Cly4yalHbIM. PaHIOMH3HPOBaHHbIA anropuTM QuickSort ssnsercs
YHUBEpCAIbHBIM aNropuTMoM (cp. paszen 1.6.1): HE3aBUCHMO OT TOTrO, YTO CO-
Ooii npeacTaBnseT Ball BXOAHOH MAacCHB, €CJIM BBIMONHATb alrOPUTM C HUM
CHOBA U CHOBa, cpeaHee Bpems paboTbl 6yaer O(n log n), TO €CTb 1OCTAaTOYHO
XOPOLUUM, 4TOOBI KBATUGHUMPOBATHCA Kak OecnaTHblii npuMUTUB. B npuHuMne
PaHAOMH3HPOBaHHBIN ArOpUT™ QuickSort MOXET BBINONHATLCS 3a BpeMs @ (n?),
HO Ha MpaKTUKE Bbl MOYTH Beeraa Oyaere HaOntopars BpeMs padbotel O (n log n).
JlBa nonoNHNTENBHBIX OOHYCA: KOHCTaHTa, CKpbITas B 0003HaYeHu O-6onbluoe
B TeopeMe 5.1, 10cTaTouHO Mana (kak B MergeSort), U anropuTM He TPaTUT BpeMst
Ha BbIJIE/IEHUE U yNpaBIeHNE NONONHUTENbHOH OnepaTuBHON NaMsThio (B OTIHYHE
OT MergeSort).

5.4.3. UHTYyUTUBHOE NOHUMAHUE: YeM XOPOoLLN
Cny4yaiHbie ONOpHbIe 3/IeMEeHTbI?

Jns 6onee ry6oKkoro MOHUMaHUs TOro, NO4YeMy aJIrOPUTM QuickSort Takoii Obl-
CTPbIii, HHYTO HE MOXET ObITh JTyYLlIe UCCIIEJOBaHUs 0KA3aTeIbCTBA TEOpeMbl 5. 1,

! Jlaske NpH HE3HAUMTENbHBIX 3HAUEHUAX /1 BEPOATHOCTB TOTO, YTO NPU YTEHHH ITOH KHUIH
B BacC M0MaJeT METEOpHT, Oyaer Boiiue!
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KoTOpas 0OBsCHsETCA B pa3aene 5.5. B paMkax moAroToBKM K 3TOMY JOKa3aTeib-
CTBY, @ TAK)KE B KQ4€CTBE Y TELUINTENBHOIO MPHU3a 1S YHTATENS, KOTOPBIH CIIMILKOM
OrpaHv4eH BO BPEMEHH, YTOOb! MPOMIOTUTL pa3den 5.5, Mbl Jajiee pa3BUBAEM
MHTYUTHBHOE NOHMMAHKE TOro, noyemMy teopema 5.1 1omiHa ObITb HCTUHHOA.

[TepBoe npeacrasneHue 3aKI04aeTCs B TOM, YTO I AOCTHXKEHHA BPEMEHU paboThl
O(n log n), KaKk ¥ B HAWJTY4LUEM CLICHAPUH B TECTOBOM 3a1aHHH 5.2, UCNIONB30BATh
MELNaHy 3JIEMEHTA B KaueCTBE ONOPHOrO SBIAETCA U3OBITOYHBIM pPELIEHHEM.
[NpeanonoxnM, BMECTO 3TOrO Mbl HCNIONB3YEM «IPUONMKEHHYIO MEIHAHY », UMes
B BUZY HEKOTOPBIii 2NIEMEHT, KOTOpbIi 1aeT HaM pasbueHue 25—75 % unu 6onbLue.
3TO 3KBUBAJIEHTHO TOMY, YTO 3TOT MEMEHT 00MbLIE KAK MUHUMYM 25 % Apyrux
37IEMEHTOB, a TAKXKE MEHBIIE KaK MHHUMYM 25 % Ipyrux aneMeHToB. PHCyHOK
nocie pas/ie/ieHHs BOKPYT TAKOro OMOPHOro 3NeMeHTa OyaeT clneayloLuM:

[IpH6.l'll/l)KCHHaﬂ MEauaHa

<p\|P >p

- ” ~— —

25-75 % maccuBa 25-75 % maccuBa

Ecnu Kaxblii peKypcHBHbIH BbI30B BHIOMPAET OMOPHBIH JJIEMEHT, KOTOPbI AB-
nsetcsa NpubMHKeHHO! MeauaHoi B JaHHOM cllydae, BpeMsi paboTbl anroputMa
QuickSort mo-npexxHeMy cocTtaBUT O (1 log n). Ml He MOXkEM BbIBECTH 3TOT (akT
HENOCPEACTBEHHO M3 OCHOBHOrO MeToAa (Teopema 4.1), MOTOMy YTO HCMONbB30-
BaHHE HE MEHaH NMPUBOAMT K MOA3aAauam ¢ pasHbiMU pasmepamu. Ho HeTpyaHo
0000LKTL aHaNU3 anropuT™a MergeSort (pasaen 1.5) Tak, 4ToObI OH TaKxke NpH-
MEHSICS U 3]eCh.

! Hapucyiite nepeBo pekypcvu anroputMa. Beskuid pas, korna QuickSort pekypcHBHO
ceOs BBI3BIBAET C ABYMS NMOA3aqauaMH, 3TH MOA3aJa4yM BKIIOYAIOT Pa3HbIE 3IEMEHTHI
(Te, KOTOpBIE MEHBLIE OMOPHOTO, H T€, KOTOPBIE OOJbiIE HETO). ITO O3HAYAET, YTO JUIA
KaX0ro YPOBHA j PEKyPCHH HET HAJIOKEHHI MEXKAY NMOAMACCHBAMH Pa3HbIX MoA3a1ay
YPOBH$ j, H MOITOMY CyMMa JUTHH MOAMACCHBORB MOA3a/Ja4 YPOBHA j HE MpPEBBILAET A.
O6wasn paboTa, BLIMONHAEMAsA Ha TOM YPOBHE (BbI30BAMH MOANPOrpaMMbI Partition),
NMHEHHA 0 CyMMe JUTHH NoAMAacCHBOB. TakuM 06pa3oM, Kak H B alrOpUTMeE MergeSort,
3TOT anroput™ BeinonHseT O(n) paboTy B pacyere Ha ypoBeHb pekypcHH. CKOJIbKO
ypoBHeii umeetca? C ONOPHBIMH 31EMEHTAMH, KOTOPBIE ABJIAIOTCS NMPUONMIKEHHBIMH
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Btopoe npeacTarieHye 3aiU104aeTCS B TOM, YTO B PaHIOMU3HPOBAHHOM aINOpPHTME
QuickSort BbIGOp MEAUAHBI 31EMEHTA CYUNTAETCSA HEBEPOATHBIM BE3€HHEM (C LLAH-
com Bcero | u3 n), a BOT BIOOp NpHOIMKEHHOH MeaUaHbl — JULLbL HeOonblLoe
BeseHue. Hanpumep, paccMoTpuM MaccuB, coaepxaluuii anementst {1, 2, 3, ...,
100} . JIro6oe uncino ot 26 10 75 BIIIIOYUTENLHO ABIAETCA MPUOIMOIKEHHON Meaua-
HOIf KAaK MUHHMYM C 25 37IEMEHTaMH MEHbLLE MeUaHbl U 25 3neMeHTamu Gonbiue
Hee. A 310 50 % uucen B Maccuse! TakuM o6pa3oM, anroput™ QuickSort umeer
wawc 50/50 cyyaiiHbIM 06pa3oM BbIGpaTh NPUONHKEHHYIO MeIMaHy, Kak eciii Obl
OH MbITANCA Yrajarh pe3y/bTaT Opocka CHUMMETPHYHON MOHETBI. DTO 03HAYAET, YTO
Mbl 0XXHMJa€eM, 4TO NpuMepHO 50 % BbI30BOB anroputma QuickSort 6yayT HCnoNb-
30BaTh NPHONMXKEHHbIE MEANAHBI, U Mbl MOXXEM HAleATbCs, YTO aHAIU3 BpeMEHH
pabotsl O(n log n) B npenpigyLuem ab3awe NpoxomKUT cOONOAATHCA, BO3MOXHO,
C KOJIMYECTBOM YPOBHEH B 1Ba pa3a 00NbLINM, YEM paHbLLE.

He owmburecs: 3170 He HopMabHOE A0KAa3aTENbCTBO, @ MPOCTO IBPUCTHYECKHH
apryMeHT B MOJIb3Yy TOIO, YTO Teopema 5.1 MOXeT ObiTb ASHCTBUTENLHO MCTHHHOI.
Ha Bawiem MecTe, yunTbiBas LieHTpalibHOE MOJIOKEHHE alropuTMa QuickSort
B MPOEKTHPOBAHHH W aHaIM3e AITOPUTMOB, 1 moTpebosan b1 GeccnopHoro apry-
MEHTA B NOJIb3Yy TOrO, YTO TEOpEMa 5.1 ACHCTBUTENBHO UCTHHHA.

*5.5. AHaNU3 paHAOMU3NPOBAHHOIO
Quicksort

PanaomMu3upoBaHHbIi anroput™ QuickSort KaXkeTCs OTJIMYHOW MJeei, HO Kak
JeiCTBUTENbHO y3HaTh, YTO OH OyaeT pabotars Xxopowo? B 6onee obiem nnane,
KOI/Ia Bbl PUAYMbIBAETE HOBbIi AITOPUTM B CBOEH cOOCTBEHHOH paboTe, KaK Bbl
y3HaeTe, ABNAETCA M OH ONECTALMM HIIH e MI0X0 naxHeT? OANH Nnone3Hbli,
HO M CUTYaTHBHbIA MOAXOA — 3aNpOrpaMMHpOBATh ATOPUTM W HCMLITATh €r0 Ha
Ky4e pasHbIX BXOAHbIX JaHHbIX. J[pyroii NOAXOA COCTOUT B TOM, 4TOObI pa3BUThL
MHTYWTUBHOE MOHMMAHHKE TOTO, IOYEMY ANITOPUTM J0/KEH paboTaTh XOpoLLo, Kak
B pasaene 5.4.3, 1)t paHIOMH3MPOBAHHOTO aropuT™a QuickSort. OqHaKo yeTkoe

MeZAnaHaMH, He Gonee 75 % NEeMEHTOR NepesaloTcs ONHOMY H TOMY XK€ PEKYyPCHBHOMY
BBI30BY, M MI03TOMY pa3Mep Noa3anady CHHXKAETCA O MEHbLIEH Mepe ¢ KO3pHHUHEHTOM
B 4/3 ¢ KaKAbIM YPOBHEM. DTO O3HAYaET, YTO B JCPEBE PEKYPCHH MMEETCA He bonee
log,, n = O(log n) ypoBHeit, 1 no3ToMy B LesoM pabora BeimonHsercs 3a O(n log n).
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MOHWMaHHE TOrO, YTO AENAeT airOPUTM XOPOLIMM WIIH MIIOXMM, 4acTo Tpedyer
MaTeMaTHYecKoro aHanu3a. 3ToT paszies MOMOXKET BaM MOHATD, IOYEMY alrOpHTM
QuickSort Takoi ObICTpBIid.

DTOT pa3zien UCXOAUT U3 TOTO, YTO YMTATENb 3HAKOM C MOHATHUAMHU U3 IUCKPETHON
BEPOATHOCTH, KOTOPbIE PaCCMaTpUBAIOTCS B NpuUnoxeHuu b: BeibopouHsie npo-
CTPaHCTBA, COOLITUA, ClTyUaiiHble BENTMYUHbI, MaTEMaTHUYECKOe OXKUAaHNE U THHEH-
HOCTb MareMaTUyeckoro 0XKHAaHUs.

5.5.1. NpepsapurenbHblie CBeACHUA

Teopema 5.1 yTBepxaaeT, 4To i KaXA0ro BXOAHOIO MAacCUBa JUIMHOH n > 1
cpenHee BpeMsl paboThl paHAOMH3HPOBaHHOrO anropuTMa QuickSort (¢ ONoOpHLI-
MH 3JIeMEHTaMH, BbIOHpaeMbIMU PaBHOMEPHO CaydaiiHbIM 00pa3om) paBHAETCH
O(n log n). HauneM c nepeBoaa 3Toro yTBep)KAeHHs B GOPMYITHPOBKY Ha S3bIKE
JMCKPETHOH BEPOATHOCTH.

3ananuM NS OCTalbHOMN YacTH aHanW3a NpPOU3BOJIbHBINA BXOAHOW MaccuB A
anuHoii n. HanoMHuM, 4to BbIGOPOYHOE NPOCTPAHCTBO — 3TO MHOXECTBO BCEX
BO3MOXHBIX HCXOJOB HEKOTOPOro ClyyaiHoro mpouecca. B panaoMusnposaH-
HOM anroputMe QuickSort Bcs clyualiHOCTD 3akjiouaeTcs B ClyuaifHoM BeiGope
OMOPHBIX 3JEMEHTOB B Pa3HbIX PEKYpPCUBHBIX Bbi3oBaX. TakMM o6pa3oM, Mbl
NpUHHUMAEM BBIGOPOYHOE MPOCTPAHCTBO (® KaK MHOXECTBO BCEX BO3MOXHBIX
MCXOJIOB C/y4aiiHbIX BapHaHTOB BbiGopa B anroputMe QuickSort (To ecTh Bcex
N0C/1e10BaTeNILHOCTElH OMOPHBIX 3IEMEHTOB).

HanomHum, uto ciyuvaiiHas BenMuuHa ABJSAETCA YUCIEHHOW Mepo# pesynbrarta
cy4aiiHoro npouecca — BelllecTBeHHOH (yHkuuell, onpeaeneHHoi Ha ®. Cny-
yaliHas BeJIMYMHA, KOTOpas HAC UMHTEPECYET, — 3TO 4MCA0 RT NPUMMUTHUBHBIX
onepauuii (To eCTb CTPOK KO/1a), BbINOJHAEMbIX PaHA0MU3HPOBaHHBIM aITOPUTMOM
QuickSort. 10 ueTko copMyNHpoBaHHas ciydaiiHas BelHYMHA, IOTOMY YTO BCS-
KHii pa3, Kkorja BCce BAPUAHTHI OTIOPHBIX 3JIEMEHTOB 3apaHee OMpPEAENEHbI (TO €CThb
® € Q), anroput™ QuickSort UMeeT HeKOTOpoe (PUKCHPOBaHHOE BpeMs paboThl
RT(w). Bapbupyscb no BceM BO3MOXHbIM BapHaHTaM o, RT(w) konebnetcs ot
©(n log n) no O (n?) (cM. pasgen 5.3).

Mut MoxeM 00oHTHCH aHaNU30M Gonee MPoCTol CyyaiiHO# BETMYMHBI, KOTOpas
NOACYHUTHIBACT TONLKO CPABHEHUS U MTHOPUPYET APYTHE TUIMb! BbINOJHIEMbIX
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NPHMUTHBHBIX onepauuii. O603HauuM uyepe3 C caydaitHylo BENHYHHY, PaBHYIO
KOJIMYECTBY CPaBHEHHil MeXAy napaMu BXOJHBIX 3JIEMEHTOB, BbINOMHAEMBbIX
anroputT™MoM QuickSort ¢ 3a1aHHO# NOCNEN0BATENBHOCTHIO BAPUAHTOB ONOPHBIX
aneMeHToB. OMIAIbIBasCh Ha3a/, Ha NICEBAOKO/l, Mbl BUIMM, YTO 9TH CPAaBHEHHS! NIPO-
MCXOIAT TOHYHO B OJJHOM MecTe: B cTpoke «if A[ j] <p» B noanporpamme Partition
(paszen 5.2.4), koTopas cpaBHUBAET TEKYLUHI ONOPHbII 2NIEMEHT C HEKUM JPYTHM
371IEMEHTOM BXOAHOIO OAMACCHBA.

Crnenyiolas HIXKe JIeMMa MOKa3bIBaeT, YTO CPAaBHEHUsS AOMHUHUPYIOT B 00LIeM
BpeMeHH paboThl anroputMa QuickSort. iMeercs B BUAY, 4To nocneaHee Oonblue,
4yeM NepBoe, TOJIbKO Ha MOCTOSHHBIA MHOXUTENb. VI3 3TOrO Ccnenyert, 4to, 4Tobsbl
Jloka3aTb BepXHioto rpaHuly O (n log n) oxuaaeMoro BpeMeHu paboThbl anroput™a
QuickSort, HaM Hy>kKHO JIHLIIb AOKa3aTh BEpXHIOK rpanuiy O(n log n) oxxunaemoro
KOJIHYECTBA BbIMONHAEMbIX CPAaBHEHUH.

Jlemma 5.2. Cywecmgyem koncmanma a > 0, maxas, 4mo 041 Kaico0020 8XOOHO-
20 maccusa A OnuHou He MeHee 2 u KaxncOou nocied08amenrbHOCMU  ONOPHBIX
anemenmos RT (®) <a x C(w).

MBI BKJTIOYaEM 10Ka3aTeNbCTBO /151 CKENTHKOB; MPOMYCTUTE €10, ECJIN Bbl HAXOAUTE
JeMMY 5.2 UHTYUTHBHO OYEBHAHOM.

Lokazamenvcmeo nemmor 5.2. Tlpexae Bcero, Npy KaK10M BbI30Be MOANPOrpaMMbl
Partition ONOpHBIi 31EMEHT CPaBHHBAETCS POBHO OAMH pa3 C JOOBIM ApyTrHM
37IEMEHTOM B 33laHHOM noamaccuse. Clie10BaTeNbHO, YMCIIO CPABHEHHIA B BbI30BE
ABJISETCA JMHEHHBIM NO JUIMHE MOoAMaccHBa, U NMPH HCCIEIOBaHWH NCEBAOKOAA
B pazaene 5.2.4 obiuee yucno onepauuii B BbI30Be ABNsSeTCS He 6oliee YeM KOH-
CTAHTOMH, yMHOXKEHHO# Ha Hero. [1py vccnenoBannu ncesaokoaa B pasaene 5.2.5
PaHIOMU3HPOBaHHbIH aNropuT™ QuickSort BHIMONHSAET TONBKO OCTOSHHOE YUCIIO
ornepaLuuii B KakI0M peKypCHBHOM BbI30Be BHE MOANpPOrpamMMbI Partition'. Bcero
uMeeTcs He Gonee n peKypCHBHBIX BbI30OBOB alropuT™a QuickSort — kaxaplid
3NIEMEHT BXOZHOIO MacCHBAa MOXET ObITb BbIOpaH B Ka4yeCTBE OMOPHOIO TOJLKO

' Ota opMyaHpOBKa MPUHUMAET NOMYIUEHHE, YTO BBIOOP CyyaliHOro OMOPHOro 3Je-
MEHTa 3aCYMTHIBAETCA 33 ONHY NPUMHUTHBHYIO onepaluio. J10ka3aTesbCcTBO OCTaeTcs
NeHCTBHTENBHEBIM, JaXKe €CITH BbIOOP CITy4aifHOro OMopHOTo 3nemMeHTa Tpedyet © (log n)
NPUMHTHBHBIX Onepaluii (Kak Bbl JOJDKHBI YOEOUTBCA), U 3TO pacnpoCTPaHAeTCs Ha
THNHYHBIE PeaNu3aUMy Ha NPAaKTHKE FEHEPATOPOB CIy4YalHbIX YHCES.
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OIIMH pa3, mpexae 4eM OH OyaeT UCKIIIOUEH U3 BCEX MOCNe Y OLIUX PEKY PCHBHbBIX
BbI30BOB, ¥ NM03TOMY 00Luas paboTra BHE BbI30BOB MOANpPOrpamMMbl Partition
cocrasnser O(n). Eciiu cyMMHpPOBaTh BCE PEKYPCUBHbBIE BbI30BbI, O0LLEE YUCIIO
RT(w) onepauuii cOCTaBUT He O0Jiee YeM KOHCTaHTY, YMHOXeHHYI0 Ha unciio C (o)
cpaBHeHui, mmoc O (n). [Tockonebky C (®) Bceraa NponopuyvoHansHa 7 (Mimn aaxe
n log n), nononuurtensHas O(n) pabota MoxkeT ObITh MOITIOLEHA NOCTOSHHBIM
MHOXHTENEM a JIEMMbI, ¥ 3TO 3aBEpLUAET A0KAa3aTeabCTBO. Y. m. O.

OcranbHas 4acTb 3TONO pasjesa NOCBALLEHA OFPAHHYEHHUIO 0XKUIAEMOro Yucna
CpaBHEHHUH.

Teopema 5.3 (cpaBHeHUS] B PAHAOMH3MPOBAHHOM aJropurMe Quicksort).
s kaxaoro BXOAHONO MaccuBa JJIMHON 1 > 1 0XKHIaeMoe KONMYECTBO CpaBHe-
HU Mexly 1eMEHTaMHM BXOJHOI0 MaccuBa B paHIOMHU3UPOBAHHOM alropuTMe
QuickSort coctabnset He 6onee 2(n — 1) In n = O(n log n).

[To nemMe 5.2 u3 Teopembl 5.3 BeITEKaeT Teopema 5.1 ¢ JpyruM MOCTOSSHHBIM
MHOXHTENIEM, CKPbITbIM B 0603HaueHun O-6onblLoe.

5.5.2. Cxema pexoMmnosmumm

OcHoBHO# MeToa (Teopema 4.1) pelan, kakuM OyaeT Bpems padOThl KaXKAOTO
ajropuTMa «pasaeisi U BNacTByi», KOTOPbIA Mbl U3y4alld A0 3TOMO MOMEHTA,
HO €CTb JIB€ MPUUUHDI, IO KOTOPHIM OH HE NPUMEHSAETCS K PaHIOMU3HPOBaHHOMY
anroput™My QuickSort. Bo-nepsbix, BpeMs paboThbl alropuTMa COOTBETCTBYET
CJTy4ailHOMY peKyppeHTHOMY COOTHOLLEHUIO UITH C1y4aiiHOMY IEPEBY PEKYPCHH,
a OCHOBHO# MeToJ] paboTaeT ¢ AeTEPMUHIPOBAHHBIMU PEKYPPEHTHBIMH COOTHOLLIE-
HUSMU. Bo-BTOpBIX, ABE MOA33/1a4H, KOTOPLIE PELIAKOTCS PEKYPCUBHO (31EMEHTbI
MeHbLIE OMOPHOIo M 31eMeHTbI 0OJbLIe OMOPHOro), Kak MPaBuio, pa3HOro pas-
mepa. Ham Hy»xHa HoBast uges'.

Yro6bl 10Ka3aTh TeopeMy 5.3, Mbl Oyaem clieloBaTh cXeMe JeKOMIO3HULMH, KoTopast
noJjie3Ha /s aHaIM3a MaTeMaTH4eCKOro OXKUAAHUA YCJIOKHEHHBIX CITyYaiHbIX
BenuuuH. [1epBblii war — onpeaenuTs (BO3MOXHO, YCJIOKHEHHYIO) CllyyalHy10

! CyuecTBytoT 000011€HHS OCHOBHOrO METO/Ia, KOTOPbIE pellaloT 06e ITH npodieMsl, HO
OHHU HECKOJIBKO CIIOXKHBI M BHIXOZAT 33 PaMKH 3TOM KHUIH.
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BEJIMYUHY Y, KOTOpas Hac MHTEpPEeCYeT; AN Hac 3To yucao C cpaBHeHMH Mexay
3NeMEHTaMH BXOJJHOTO MacCHBa, BINOJHAEMbIX PaHIOMU3UPOBAHHBIM allNOPHUT-
MoM QuickSort, kak B TeopeMe 5.3. BTopoii war — Bblpa3uThb Y kak cymmy bosnee
NpOCTBIX CIyYaHBIX BEJIMUUH, B UA€aNe HHAUMKATOPHbIX (TO ecTb 0—1) ciyyaiiHbix
BEJIMUMH X, ..., X ;

m>

Tenepb Mbl HAXOAMMC B eMapXUH JIMHEHHOCTH MAaTEMaTHYECKOIO OXKHAaHHS, KO-
TOpOE YTBEPXKIAET, YTO MATEMATHYECKOE OXKHIAHHUE CyMMbI CITy4YaHbIX BEJTHYHH
PaBHO CyMME HX MareMaTu4ecKkux oxuaaHui (teopema b.1). Tpertuii war cxemsl
HCTIONb3yeT ITO CBOHCTBO, 4TOObI COKPATHTh BLIYMCIIEHNE OXKUIAAHUA Y 10 npo-
CTBbIX CIy4aiHbIX BEJIMYHH:

E[Y]=E[§X,]=§E[X,].

Korna X, — 370 cnyyaliHble HHIMKATOPHbIE BEIUYHHDI, HX MATEMATHYECKHE OXKH-
JIaHUR 0COOEHHO JIErKo BLIYUCIUTL NpH noMowy onpeaeneHus (b.1):

E[L]:MX[__J—O]HxPr[XI =1]=p,-[X[ =1].

=0

Ha nocneaxeM iuare BLIYUCTSIOTCS MaTeMaTHYeCKUE OXHAAHMS POCTHIX Clyyai-
HbIX BEJIHYUH U CyMMUPYIOTCS pe3ynbTarsl'.

CXEMA JEKOMINO3ULMH
1. Onpeaenuts cnyvaiiHyio BETHYHHY Y, KOTOpas Bac HHTepecyerT.

2. Bblpa3utb Y kak CyMMY HHAUKATOPHbIX (TO €cTb 0—1) cilyyaiiHbIx
BEJIMYHMH X, ..., X :

v=3x,.
£=1

' PaHZIOMM3UPOBaHHbIN aHaJIH3 pacnpene/leHHa Harpy3ku B pasnene b.6 sBnsercs npo-
CTBIM MPHUMEPOM 3To# cxeMbl. Mbl Takoke Oy1eM HCTONb30BaTh 3Ty CXeMy, koraa bynem
FOBOPUTH O XelU-TabanLax B YacTH 2 3TOH CepUN KHHUT.
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3. TpumeHUTb TUHEHHOCTb MaTEMATHYECKOrO OXKUAAHHS:
m
E[Y]=)Pr[X,=1].
£=1

4. Boiyucauts Bce PrlX, = 1] u cnoxuTs pe3ynbsrarsl, 4TOObI MOMY-
yutb E[Y].

5.5.3. MpumeHeHne cxembl

YT100bl NPUMEHHUTL CXEMY JEKOMIO3ULMH K aHANU3y PaHAOMH3UPOBAHHOIO all-
roput™Ma QuickSort, HaM HyXHO Pa3JIOKUTb ClyuaiiHyto BenuuuHy C, koTopas
Hac JeiCTBUTENILHO HHTEpeCYeT, Ha 6onee npocTeie (B uaeane 0—1) cnyyaiinsie
BenuuuHbl. Kitouesas uaes COCTOUT B TOM, 4TOObI pa3bUTh 00lee KOJTHYECTBO
CpaBHEHHU# B COOTBETCTBHH C Napoii CPaBHMBAEMBbIX 3IEMEHTOB BXOIHOIO MaCcCHBA.

YtoObl KOHKPETH3UPOBATh, 0003HAUMM Yepe3 z, i-i HaUMEHBIUHH SNIEMEHT BO
BXOHOM MacCHBe, TaK Ha3blBaeMyI0 i-10 nopsokosylo cmamucmuxy. Hanpumep,
B MaccHBe

Z, OTHOCHTCSA K «2», z, — K «6», z; — K «8» U z, — K «9». Obparute BHUMaHHe:
z, 0603Ha4aET HE JNEMEHT B i-ii NO3ULMH (HEOTCOPTUPOBAHHOIO) BXOAHOIO Mac-
CHBa, a 3IEMEHT B 3TOH MO3ULMH OTCOPTUPOBAHHON BEPCHH BXOAHOTO MacCHBa.

Jnis kaxkao# mapel uHAekcoB 4, j € {1,2, ..., n}, MaccUBa, rae i <j, Mbl onpeaenseM
Cily4aiHy0 BENMYMHY X, CleaytouM obpaszom:

1J15 KaXA0r0 GUKCUPOBAHHOTO BapHaHTa BbIOOpPA M3 OMOPHBIX EMEHTOB
X,(®) — 3T0 KONIU4ECTBO CPABHEHHHi IEMEHTOB Z, ¥ Z; B AITOPUTME QuickSort,
KOT/Ia OMOPHbIE dNEMEHTbI 33/1aHbl O.

JIns Np1BEAEHHOIO BhIllIE BXOAHOIO MacCHBa, HAMPUMED X ;, — 3TO KOJUYECTBO
pas, koraa anroput™ QuickSort cpaBHuBaeT «2» ¢ «8». Hac He uHTepecytor X;;
KaK TakoBbIe, 33 HCIJTFOUYEHHEM TOTO, YTO OHU CKIIAAbIBAIOTCA B CIIy4aHHYIO BEJIH-
4yuHy C, KOTOpas Hac MHTEPECYeT.
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Cwmbica 3Toro onpeaeiCHUA 3aKN4acTCsa B peajin3dallid BTOPOro atana CXeMbl
JCKOMITO3ULINH. HOCKOJ'IBK}’ KDKI0€ CPABHEHUE BKITHOHACT B cebs POBHO OHY napy
3JICMEHTOB BXOAHONO MacCHBa,

C(w) =nz—:iX,.j(co)

i=l j=i+1

s kaxaoro o € Q. [Npudynnusas ABoiiHas cyMMa B NpaBOi 4acTH — 3TO MPOCTO
uTepaTuBHbIi 00xoa Beex map (i, j), rae i <j, W 3To ypaBHEHWE NPOCTO FOBOPUT
0 TOM, YTO X yUMTbIBAET BCE CPABHEHHS, BbINOJIHSEMbIE AITOPUTMOM QuickSort.

RN 6 O R G 2 T o I R T ST A B T R e R LI o B L T e AR B e i
TECTOBOE 3AJIAHME 5.3
3anaiite 1Ba pa3HbIX 3/IEMEHTA BXOAHOTO MacCHBA, CKAXEM, Z, U Z;.

CKO/IbKO pa3 MOXHO CPaBHUTb z, W z; APYT € APYIOM BO BPEMs MC-
nonHeHus Quicksort?

a) PoBHO oauH pas.

6) 0 unm 1 pas.

B) 0, 1 unm 2 pasa.

r) BosmoxHo noboe konudectso Mexay O un— 1.

(Pewienue u nosicHeHue cM. B pasgene 5.5.6.)

R R A O A o T P LR PSR T I 1 T b s DR ot A S B 0T

PelleHne TecTOBOIO 3aaHus 5.3 NOKa3bIBAET, YTO BCE /Y,j ABJIAKOTCA WHAMKATOP-
HbIMH Cﬂy‘{aﬁHblMl/I BEJIHYHHAMH. HOSTOM)' Mbl MOXEM NPUMEHUTb TpeTPlFl mar
Halued CXeMbl JEKOMIO3ULMKU AJi Nnony4eHus

E[C]=EXE[X0']=§£P'[X0‘=I]' 5.1

i=1 j=i+l i=1 j=i+l

YT00bl BLIYUCIUTH TO, YTO HAC AEHCTBUTENLHO HHTEPECYET, TO €CTh OXKH/aeMOoe
konuyectBo E[C] cpaBHeHHUii, Bce, YTO HaM HYXXHO C[Ie1aTh, 3TO MOHATh YUcIa
Pr[X, = 1]! Kaxnoe u3 3Tux uncen ABISeTCs BEPOATHOCTBIO TOIO, YTO HEKOTOPbIE
Z, N ZJ CpaBHHUBAKOTCA ApYyr ¢ ApyroM B KaKoOHW-TO MOMEHT B paHAOMH3HPOBaHHOM
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anroput™me QuickSort, U ClieAyIOLUIMM Ha NMOBECTKE JHA SABJIAETCA BOMPOC O TOM,
4TOOBI BLIABUTH 3TH YHCIA'.

5.5.4. BoiuucnexHme BepoSTHOCTEN CPaBHEHUN

Jns cnyyvas, koraa ecTb BEPOSTHOCTb TOTO, YTO 1Ba 3IEMEHTA BXOJHOTO MaccHBa
CpaBHMBAIOTCS B PaHAOMU3MPOBAHHOM alropuTMe QuickSort, cyuiecTByeT yoe-
nutenpHas ¢popmyna.

Jlemma 5.4 (BeposiTHOCTL cpaBHeHust). Ecu z, u z, obosnauaiom i-u u j-i Hau-
MeHbuLUe INeMeHMbl BXOOH020 Maccusa, 2oe i < j, mo

Pr [z,.,z , CPaBHMBAIOTCA B PAHAOMH3HPOBAHHOM QuickSort] = Ll
Jj-i+

Hanpumep, €CJ1 Z; U Z; ABJIAKOTCA MUHHUMAJIbHBIM U MAaKCUMAaJIbHbIM 3JICMCHTAMU

. . 2
(i=1uj =n), TO OHU CPaBHUBAIOTCS C BEPOATHOCTHIO TONbKO — . Eciiu Her ane-
n

MEHTOB CO 3HaYeHUeM MeXAY z, M z; (j =i + 1), TOraa z; ¥ z, Bcerna CpaBHUBAKOTCS
ApyT C ApYroM.

3ananuM z, v z,, rae i <j, U pacCMOTPUM OMOPHBIN AEMEHT z,, BBIOPaHHBIi B IepBOM
BbI30Be aNropuT™Ma QuickSort. KakoBbl OynyT pa3iauuHbie cleHapuu?

YETBIPE CUEHAPUA QUICKSORT

1. BbiOpaHHBIH OMOpPHBIN 3MEMEHT MeHblIe 000MX 3NEMEHTOB, Z,
W z; (k <i). O6a aneMeHTa, z, ¥ z,, IEPEAIOTCS BTOPOMY PEKyp-
CHBHOMY BBI3OBY.

' B paspene B.5 6onbluoe 3Ha4eHHE HMeeT TOT (akT, YTO JTUHEHHOCTb MaTeMaTHYecKoro
0XXHOAHHS NPUMEHSETCA AaXe K ClyyaiHbIM BENHYHHAM, KOTOpbIE HE ABIAIOTCA He-
3aBHCHMbIMH (B CTy4ae, Koraa 3HaHHe o6 oHO#H CiTyyaiHOH BeJIHYMHE rOBOPHT BaM
YTO-TO O APYrHX). DTOT GaKkT UMEET pelualoluee 3HAYEHHE IS HAC 3AECh, TAK KaK X He
ABNAIOTCA He3aBUCUMbIMHU. Hanpumep, ecian a1 ckaxy BaM, 4ro X, = 1, TO Bbl 3HaeTe,
4T0 N160 z,, 16O z, ObLT BEIOPAH B KaUECTBE OMOPHOro JIEMEHTa B CAMOM BHELIHEM
BbI30BE aJIrOpUT™Ma QuickSort (noyeMy?), U 3T0, B CBOIO OYepeb, eslaeT ropazno bonee
BEPOATHBIM TO, YTO CTy4yalHas BeNMYMHA BUIA X, UK X, TaKke paBHa 1.
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2. BbiOpaHHbIf ONOpPHBIHA 3eMEHT Gonblie 000MX 3NEMEHTOB, Z,
u z; (k> j). OGa 3neMeHTa, 2, U z, MepPelaoTCs NEPBOMY PeKyp-
CHBHOMY BbI3OBY.

3. BbIGpanHblii OMOPHBbIi 31€MEHT MeXAY 2, 1 2, (I <k <j). DneMeHT
z, IepefaeTcs NepBoMy peKypCUBHOMY BbI3OBY W z, — BTOPOMY.

4. Bbi6paHHbIH ONOPHLIA 371€MEHT paBHseTCs nubo z, nubo z;
(k € {i, j}). OnopHbI#i 3EMEHT UCKITIOYEH M3 O0OUX peKypCHB-
HbIX BbI30BOB; IPYrOi 3IEMEHT nepeaaeTcs nepBoMy (€ciu k =j)
1160 BTOpoMy (eCnu k = i) peKypCHBHOMY BbI3OBY.

A A 0 L LA TR A 0 e A M i G i A, o M A e 0 L 4 L TR

Y Hac TYT NpouCXOoAT ABe Bellid. Bo-nepBbiX, Bbl IOMHUTE, YTO K&XKA0€ CPaBHEHHE
BKJIKOU2ET B €03t TeKy LM ONOPHBbIH 371eMeHT. Criel0BATENBHO, 2, U Z, CPABHUBAIOT-
Cs B CaMOM BHELLIHEM BbI30Be alnropuT™a QuickSort TOraa M TojbKo TOra, koraa
OZIMH U3 HUX BbIOpaH B KauyecTBe ONMOPHOIO 3NeMeHTa (cLeHapuii 4). Bo-BTopbix,
B CLIEHAPHHU 3 HE TONBKO Z, U Z, TENEPh HE CPABHUBAIOTCS, HO OHY HUKOTA HE Mo-

SABATCS BMECTE B OJHOM PERYPECHBUHOM @p@gah,i@enpiazomy HX Hellb3s CPaBHUTL
B Oyayiem. Hanpumep, B MaccuBe

8|13 |2 |S5(1]4]7]°6

rae z, =3 u z, = 7, eciu Kakoii-1u6o u3 anementos {4, 5, 6} BbIOpaH B KauecTse
OTOPHOTIO 3/IEMEHTA, TO Z, ¥ Z; OTNPABIAIOTCA B Pa3INUYHbIE PEKYPCUBHbIE BbI30BbI
Y HUKOTJa He cpaBHUBatOTcs. Hanpumep, ecnu BbiOpaHo «6», TO kapTHHaA Oyner
cneayroulei:

pa3buTh Ha pasHble PEKYPCUBHbBIE BbI30BhI

|8|Z|2|5]T|4|ZG6]I:>L2]3 s[al1fe] 8] 7

———

ONOPHBIM JIEMEHT | _ji pekypCHBHBII BLI30B  2-i PEKYPCHBHbIH BbI30B

Cuenapuu 1 ¥ 2 sBNSI0TCA WAGIOHOM YAEPKAHUA: Z, U Z, €LUe HE CPaBHUBANNCD,
HO Bce ellie BO3MOXHO, UTO OHU OyayT cpaBHUBaThCs B Oyayiuem. Bo Bpems atoro
WwalJIoHa YAEPXKaHWA Z, U Z; U BCE DNEMEHTbI Z,,,, ..., Z,_; CO 3HAYEHUAMH MEXAY Z,
U z, CYLUECTBYIOT NAPALIENBHO W IPOAOIDKAIOT NEPEeAaBaThCs TOMY XKe PEeKypCHB-
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HOMY BbI30BY. B KOHLIE KOHLIOB, MX KOJUIEKTHBHOE MEPEABIKEHHE NMPEPbIBACTCSA
PeKypPCHBHBIM BbI30BOM aIrOpUTMa QuickSort, B KOTOPOM OHMH H3 3IEMEHTOB Z;,
Zj11s -+ 211> Z; BBIOMPAETCS B KA4ECTBE ONMOPHOIO 3/IEMEHTA, BbI3bIBast TMOO CLEHa-
puii 3, mubo cueHapwuii 4'.

[TpokpyTHB Briepea K ITOMY PEKYPCUBHOMY BBI30BY, [JI€ KaK pa3 BCE MPOUCXOIMT,
cueHapwuii 4 (U CpaBHEHUE MEXAY Z, U Z,) CPabaThIBAET, €CIU BbIOPaHHBIM OMIOPHBIM
3/IEMEHTOM SBIISETCA Z, IUGO 2, B TO BPEMs KaK CLeHapuii 3 (M OTCYTCTBHE TAKOro
cpaBHeHUs) cpabaTbIBaeT, eCJd B Ka4€CTBE OMIOPHOTIO deMeHTa BbiOpaH no0oit u3
Zps 2, [103TOMY €CTb 1Ba IIOXMX Clly4ast (z, M z,) BApUAHTOB] — i+ 1 (2, Z,), ..
z,,, z;). [lockonbKy paHIOMU3MpOBaHHbIH anropuT™ QuickSort Beeraa Bbl6npae1'
OMOPHbIE 3IEMEHTbI PABHOMEPHO Clly4YaifHbIM 00pa3oM, B CUILy CUMMETPHM KadiC-
Obild aneMenm {2, z,,,, ..., Z,_,, Z,} C PABHOU BEPOAMHOCIbIO BYOem nepebim ONOPHLIM
IneMeHmoM, 8blOpanHbimM u3 mHoxcecmaa. Cobupas Bce BMECTE, BEPOSTHOCTh

Pr{z, z, cpaBHMBAIOTCSA B HEKOEH TOYKE B PaHAOMH3MPOBAHHOM QuickSort]
COBNAJAET C

Pr{z, unu z,BbiGupaeTcs B ka4eCTBE ONOPHOH 10 J06Oro U3 z,,,..., Z,],
KOTOpasi paBHsAETCS

KOJIMYECTBO IUIOXHUX CIIy4acB 2

obIiee KOTHMYECTBO BapHaHTOB  j—i+1 '

3TO0 3aBepLIAET A0KA3aTENbCTBO JIeMMbl 5.4. Y. m. O.

Bosspainascs k Haueit dopmyne (5.1) ans oxxuaaeMoro 4ucia cpaBHeHHH, Aena-
€MbIX PaHIOMU3UPOBAHHBIM aJITOPUTMOM QuickSort, Mbl MONyyYaeM NOTPACAIOLLE
TOYHOE BbIpaXKEHHUE:

Blc)-3 Spelx,-1]-3 5 2

i=1 j=isl it e J — 0 +1

5.2)

Yto6b1 nOKa3aTh TEOpEMY 5.3, OCTANOCH MOKAa3aTh TONBKO TO, YTO MpPaBasi 4acThb
(5.2) na camom gene papusierca O(n log n).

' Ecnu HeT ApYrux BapHaHTOB, MpelblayLiHe PpeKypPCHBHBIE BBI30BBI B KOHEYHOM HTOTe
CBO/AT MOAMACCHB TONLKO [0 AMEMEHTOB {z;, Z,, |, ... Z;_5 Z,} -
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5.5.5. 3akniounTtenbHble BbIYUCNEHUS

Jlerko foka3arhb BepxHoo rpanuLy O(n?) B paBoii yacTy (5.2): B ABOHHOM CyMMe

nMeeTcs He Gonee n* UNeHOB, U KaXIbli M3 HUX HMEET 3HaueHHe He Goree 1 (no-
2
cruraercs, korna j =i + 1). Ho Mel vuieM ropaszio Jiyuilyto BEpXHIOK IPaHHLY

O(n log n), 1 Mbl 10/KHBI OBITH YMHEe, YTOOBI MOJNYYUTh €€, HCNOJb30BaB TOT
1
takr, 4T0 GONBLINHCTBO U3 KBaAPATUYHO MHOTUX YJIEHOB HAMHOTO MEHbILE 3

PaccMOTpHM OfIHY M3 BHYTPEHHUX CyMM B (5.2) A1 PUKCHPOBAHHOrO 3HAYEHUS i

u 2 (1 1 1 )
Y ———=2x| Aot — .
an i+l 2 3 n—-i+l

v
n-{ 4nedos

9

Mb! MOXEM OrpaHUUUTh KKAYIO U3 ITUX CyMM CBEpXY HauboJbLiei Takoi cym-
MO¥, KOTOpast BO3HUKAET NMpH i = 1:

nlon 2 n-1 n 9 n 1
—= < 2 2a(n-)xy e
22wt &y T (5.3)
anmm

n . -
Hackonbko 60abLIKMM SBNSETCA Z j=21/ J? JlaBaiite B3rsiHeM Ha puc. 5.1.

n .
PaccMarpuBas useHbl CyMMbI Z j21/J B KauecTBe MPAMOYrONBLHHKOB Ha MJI0-
CKOCTH, KaK Ha pHC. 5.1, Mbl BHAHM, YTO MOXEM OTPAHUYHMTb 3TY CYMMY CBEpXy
. 1 o
IJIOLIAJbIO NOJ KPUBOH f(x) = — MeXAy Toukamu 1 1 n, Takxke M3BECTHOM KaK UH-
x

ndx
Terpan I —. Eciu Bbl HEMHOTO MOMHHMTE HCYUCIIEHHE, TO PACMO3HAETE PELLEHHUE
1 x

3TOTO MHTErpaja kak HaTypaJbHblif orapum In x (To ects In x — 310 dyHKUMS,
4bsi IPOM3BO/IHAS PaBHAETCA —):
x

Sl de=nx
=) Tx

f=lnn—l_}1=lnn. (5.4)
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| fx)=1/x
12F :
13
1/4 |- mowanps = % ———

miowmaap =¥
mwiowaas = %
0
1 2 3 4

Puc. 5.1. Kaxpoe cnaraemoe CyMmbl Z" 21 / j MOXHO naeHTUudUUMpoBaTs NO NpA-
j=

MOYrOfIbHUKY WWPUHOW 1 (Mexay x-koopavHatamu j - 1 1 j) n BeicoTon 1/ (Mexay

y-koopanHatamu 0 v 1/)). M'paduk pyHkumm f(x) = 1/x kacaeTcsi ceBepO-BOCTOYHOIO

yrna Kaxaoro n3 aTux NpsMoyrofibHUKOB, 1 NO3TOMY Nnowaab Noa KpUBOo (To ecTb
VHTerpan) ABNAeTCH BEPXHEN rpaHuuen niowanm NpsMoyronbHUKOB

CoelMHUB B LieNb YpaBHEHUS U HEpaBeHCTBA B (5.2)—(5.4), Mbl HMeeM

E[C]= Zi (n-1)x Z _SZ(n—l)]nn.

i=1 j=i+l .l Jj=2

CnenoBarenbHO, 0XKHAAEMOE YUCIIO CPABHEHUA, BHIMOIHAEMbIX PaHAOMHU3UPO-
BaHHBIM aJITOPUTMOM QuickSort, a Takxke ero oxxuaaeMoe BpemMs paboThl MO
nNemMe 5.2 pefictBuTtenbHO coctaBaset O(n log n)! Y. m. 0.
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5.5.6. PeweHue TectoBOro sapgaHua 5.3

IIpaBniabHbIi oTBeT: (6). EC/H B Ka4eCTBE ONOPHOTIO 21EMEHTA B CAMOM BHELLHEM
BbI30BE AIropuT™Ma QuickSort BbIOpaHBI z;, UM Z,, TO Z; U z, OyayT CpaBHUBATHCS
pH NEPBOM BbI30Be NOANporpaMmsbl Partition. (IToMHHTe, 4TO OMOPHbIH aNEMEHT
CpPaBHUBAETCS C JIIOOBIM Py MM JIEMEHTOM B noamaccuse.) Ecnu i v j pasnuyator-
cs Gonee yeM Ha 1, Takke BO3MOXHO, YTO z, M Z, HUKOTAa He GYyT CpaBHMBaThCS
BooOLLEe (CM. Taroke pasaen 5.5.4). HanpuMep, MUHUMaIbHbIA U MAKCUMATbHBIN
3JIEMEHTHI He OyXyT CPaBHMBATbLCS APYT C APYTOM, €C/H OJMH U3 HUX He BblOpaH
B KauecTBE OMOPHOIO 31€MEHTa B CAMOM BHELIHEM PEKYypPCHBHOM BbI30BE (Bbl
BHAHUTE 104eMy?).

HakoHel, kak u Clie10Bajio 0XMAATH OT XOPOLUEro alropuT™Ma COPTUPOBKY, Z; 1 Z,
HHKOT/1a He Oy/Ty T CPaBHMBATLCA APYT C APYroM Oonee oqHOro pasa (4To Obu10 Obl
u36bITOuHBIM). Kackoe cpaBHeHHUE BKIIOYAET B ce0s TEKY LMt ONOPHbIH IEMEHT,
MO3TOMY NpPH NEPBOM CPaBHEHHH 2, M Z; B KAKOM-TO BbI30Be (€CJI1 BOOOLLE TAKOBO#H
6yzneT) oaMH M3 HUX JOKEH OBITH OMOPHBIM dMeMeHTOM. [Tockonbky OnopHbIH
NEMEHT MCKIIIOYEH U3 BCeX OyAyLUMX peKypCHBHBIX BbI3OBOB, 2, U Z; GOIbLIE HU-
KOI/Jia He MOABATCSA BMECTE B OJHOM PEKYPCHBHOM BbI30BE (HE rOBOps Yke 06 ux
CPaBHEHUH APYT C APYyToM).

*5.6. CopTtuposka Tpebyer Q(n log n)
CpaBHEHUN

CyluecTByeT 14 alrOpMTM COPTHUPOBKHM ObICTpee, ueM MergeSort M QuickSort,
¢ BpemeHeM paboTbl 60abUM, YeM O (1 log #)? UHTYUTUBHO MOHATHO, YTO
aNrOpUTM AOJDKEH NMPOCMATPUBATh KaXKAbI BXOAHOMW 371€MEHT OIMH pa3, HO U3
3TOrO CleAyeT TOJbKO JIMHEHHas HWKHAsA rpaHuua Q(n). [TpuBoanMblil HUxe
(axynbTaTHBHEIN pasfien MOKa3biBaeT, YTO JIyHLIEro BapvaHTa 1l COPTUPOBKU
ObITb HE MOXET — aNrOpUTMbI MergeSort U QuickSort gocTHUraloT HanbonblIero
aCHMIITOTHYECKOrO BpEMEHH paboThl.
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5.6.1. AnropuTMbl COPTUPOBKU HA OCHOBE CPaBHEHUA

[Tpusenem ¢opmynnpoBky HxHelH rpaHuubl Q(n log n).

Teopema 5.5 (HukHsist rpaHHLIa cOPTHPOBKH). Cywyecmayem koncmarma c > 0
maxkas, ymo Ons Kaxcoozo n > 1 10boil arzopumm coOpmuposKu Ha OCHOBE CPag-
HEHUA BbINONHAEM KAK MUHUMyM ¢ X n log, n onepayuil Ha HeKOMOPOM 6XOOHOM
Maccuge ONUHOU n.

[Toa «aNiropuTMOM COPTHPOBKH Ha OCHOBE CpPaBHEHHs» Mbl MOAPa3yMeBaeM ajro-
PUTM, KOTOPbIi 0OpalliaeTcst K BXOAHOMY MaccHBY TOJIBKO Yepe3 CPaBHEHHMS MY
napaMu 3JIEMEHTOB M HUKOIIa HANpsAMYIO He 00pallaeTcs K 3Ha4E€HHIO JIEMEHTA.
ANrOpUTMBI COPTUPOBKH HA OCHOBE CPAaBHEHHS YHUBEPCANIBHBI M HE MPUHUMAIOT
HUKaKUX JOMYIUEHU O Nprpo/ie BXOAHBIX 3JIEMEHTOB, KPOME TOr0, YTO OHH MpH-
HaJiNeXaT K HEKOTOPOMY TMOMHOCTBIO YMOPSJOYEHHOMY MHOXECTBY. AJITOPUTM
COPTHPOBKM Ha OCHOBE CPaBHEHHS MOXKHO paccMaTpUBaTh Kak B3aMMOJEHCTBHE
C BXOJHbIM MaccuBoM 4epe3 AP, koTopblii moaaepXMBaeT TONbKO OHY ONEPaLHUIO:
MpY HATUYUHK ABYX UHACKCOB, i U j (Mex Iy | U ANMHOA MaccHBa 1), onepaLus BO3-
Bpawaet 1, ecnu i-ii JNeMEHT MeHbLLE j-To IeMeHTa, U 0 B NPOTUBHOM cilyyae'.

Hanpumep, anroputm MergeSort — 3T0 aIrOPUTM COPTHPOBKH Ha OCHOBE CpPaB-
HEHUs, eMY BCE PaBHO, COPTHPYET JIM OH Lieble Yucaa Unu GpyKThbl (MpH YCI0BUH,
4TO Mbl IOTOBOPHUJIHCDH O MOJTHOM YNOPAZOYEHHH BCEX BO3MOXHBIX (pYKTOB, Ha-
npuMep, B andaBuTHOM nopsaxke)?. To xe kacaeTcs M aNrOpUTMOB SelectionSort,
InsertionSort, BubbleSort u QuickSort.

! Hanpumep, NpUHATas MO YMOMYAHHIO MPOLIEAYpa COPTHPOBKH B OMEPALIMOHHOI CHCTe-
me UNIX paboraeT UMEHHO TakWM 00pa3oM. EQMHCTBEHHBIM TpeGOBaHHEM ABNAETCA
NoNb30BaTeNIbcKast (PYHKLMSA U CPABHEHHUS Map 3IEMEHTOB BXOJHOrO MacCHBa.

Jns aHanoruu cpasHuTe ronosonioMkd Cynoky 1 KenKen. ['onosonomkam CyaoKy HyxHO
TOJILKO MOHATHE PABEHCTBA MEXIY PA3HBIMH 00bEKTAMH, U OHM OyIyT MpelesbHo No-
HATHBI, €CIH YUcha 1—9 3aMeHUTh Ha AEBATH pa3HbIX QpykTOB. [00BONOMKH KenKen
UCNONB3YIOT apUMETHKY, U, CIEAOBATENBHO, HY)KHBI YHC/Ia — KaKOBa CyMMa IU1yoTa
M MaHroctaHa?
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5.6.2. Bonee OGbicTpas copTupoBKa npu 6onee
CTPOrux AonyLweHuax

Jlyuiuii cnoco0 MOHATL COPTMPOBKY Ha OCHOBE CpPaBHEHUsi — B3MISIHYTb Ha He-
CKONIbKO npuMepoB. [IpuBeseM Tpy alropuT™Ma COpTHPOBKH, KOTOPbIe TPHHUMAIOT
JIONYIIEHUA O MPUPOIE BXOAHBIX JaHHBIX, HO B OOMEH MpPEBLILAIOT HIXKHIOK
rpanunuy Q(n log n) B Teopeme 5.5'.

BnouHas copTupoBka BucketSort. ANropuTM BucketSort none3eH Ha MpaKTHKe
JUISL YUCJIOBBIX JaHHbBIX, B 0COOEHHOCTH €CJTH OHU PaBHOMEPHO pacnpeeNeHbl o
M3BECTHOMY AWana3oHy. Hanpumep, Npeanonoxum, 4To BXoOAHOH MacCUB COAEPXKHT
n sneMeHToB oT 0 10 1, KoTOpbIe NPUONU3UTENBHO PABHOMEPHO PACNpEACaeHbI.
B yme Mmbl aenuM uHtepsan [0, 1] Ha n «kop3uH», nepBas 3ape3epBUpOBaHa Uls

1 1 2
BXOJHBIX 3JICMEHTOB MEXAY Ou—, BTOpast — AJisA 3JIEMEHTOB MEXAY — H —, U TaK
n n n

nanee. [lepBeiii Wwar anroputMa BucketSort AenaeT oAuH JMHERHDIH MPOXOA MO
BXOIHOMY MacCCHBY W MOMELLAET KaX/bIHA JIEMEHT B €10 KOP3UHY. Omom wiaz He Ha
OCHOBe CpagHeHus — aJlrOpUTM BucketSort CMOTPHT Ha $akTH4ECKOe 3HAUYEHHE
BXOHOIO 3/IEMEHTA, YTOObI ONPEJIEIUTh, K KaKOH KOp3UHE OH NPHHAMNEXHT. [1py
3TOM BRXXHO, PaBHAETCS 1M 3HAUY€HHE BXOAHOIO 371eMeHTa .17 unn .27, faxe eciau
Mbl COOJTHOIaéM OTHOCUTEJIbHbIN MOPAAOK CIeJ0BaHHS 3IEMEHTOB.

Ecnu sneMeHTsl NpUOIU3UTENBHO PABHOMEPHO paclpedeeHbl, HaNONTHEHHE
Kax 0¥ KOp3UHBI HEBENHKO. BTOpO# 1ar anroputma copTUpyeT 3J1€MEHTHI
BHYTPH KaXI0# KOP3HHBI MO OTAENLHOCTH (HaNmpuMep, ¢ MOMOILBIO alropuT™Ma
InsertionSort). [Ipy ycnoBuy, 4T0 B KaXKA0W KOP3MHE MAJIO 3IEMEHTOB, 3TOT LUAr
TalKoKe BBINONHAETCS 33 TMHEHHOE BpeMs (C MOCTOSHHBIM KOJMYECTBOM ONepaLuii,
BBIMOJIHAEMbIX B K10 kop3uHe). HakoHel, OTCOPTUPOBaHHbBIE CIIUCKHM Pa3HbBIX
KOP3UH 00bEeUHSIOTCS OT MEPBOTO J0 MOC/EAHEr0. JTOT LIAr TAKXKe BbIMONIHAETCSA
3a inHeiiHoe Bpems. Mbl 3akiitoyaeM, 4To JTHHeHHas COPTUPOBKAa BO3MOXHA MPH
CTPOrOM JOMYILEHWUH O NPUPOAE BXOAHBIX JAHHBIX.

! Jins Gonee moapoOHONo 03HAKOMJIEHHS CM., Hanpumep, «BBeieHHE B alITOPUTMBD) (TPEThE
uznanue), Tomac X. Kopmen, Yapns E. Jleiicepcon, Ponansa JI. Pusect n Knuddopn
Creitn (Introduction to Algorithms, Thomas H. Cormen, Charles E. Leiserson, Ronald L.
Rivest, Clifford Stein, MIT Press, 2009).
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CopTtipoBka noacueToM CountingSort. AJroput™ CountingSort sBNsSeTCSA BApH-
auueif Toi xe uaeu. 31ecs Mbl IPHHUMAEM JOMYILUEHHE, YTO CYLLECTBYET TONBKO
k pa3HbIX BO3MOXCHBIX 3HAUYEHUI KOKA0TM0 BXOAHOIO /IeMEHTa (M3BECTHBIX 3apa-
Hee), TaKUX Kak uesble uncna {1, 2, ..., k}. AJTOpUTM YCTaHaBINBAET k KOP3HH,
M0 OJHOM ANA KaKJON0 BO3MOXHOIO 3HaYE€HHs, U 32 OAAMH MPOXOA N0 BXOAHOMY
MacCHBY MOMeEIAET KOKABIA 371EMEHT B COOTBETCTBYIOLLYIO KOP3HHY. BbixoaHok
MaccuB MpeACTaBIseT co00it npocToe 0ObEAMHEHHE ITUX KOP3UH (MO MOPAIKY).
Asroput™ CountingSort BbINONHAETCS 3a NHHEHHOE BpeMs npu k = O(n), rae
n — 9TO JJTMHA BXOAHOro MaccuBa. Kak u anroputm BucketSort, 3TOT anroput™
He OCHOBAaH Ha CpaBHEHHSX.

TNopaspsiaHas copTipoBka RadixSort. Aroput™ RadixSort ABNSETCS paclUHPeHH-
€M ajropuT™a CountingSort, KOTOpbIH KOPPEKTHO 00pabaThIBaET 1-3NIEMEHTHbIE
LieJIOYUCIIEHHbIE BXOJHbIE MAaCCHUBBI C IOCTATOYHO OOMBLIMMKU YKCIIaMH, TIpea-
CTaBJIEHHBIMHU B IBOWYHOM BHe (CTPOKO# HyJell M eAuHUL Wik «OuTamny). [1ep-
BbIii LIAT aropuT™Ma RadixSort paccMaTpuBaeT ToNbKO 6nok U3 log, n HalMeHee
3Ha4YMMbIX OMTOB BXOAHBIX YUCEN U COPTHPYET UX COOTBETCTBYIOIMM 00pa3oM.
[Mockonbky log, n GUT MOryT KOAMPOBATbL TOJIBKO # Pa3HBIX 3HAYEHHUH, COOTBET-
ctBytonx uncnam 0, 1, 2, ..., n — 1, 3anMcaHHbIM B IBOUYHOM BHJE, AITOPUTM
CountingSort MOXeT ObITh UCMONB30BaH Ul pealu3alyy 3TOro ara 3a JIMHEiHOe
BpeMa. AJIropuT™ RadixSort 3aT€M MOBTOPHO COPTUPYET BCE INMEMEHTBI, HCTIONL3Yst
Onok cnegyroLMX HauMeHee 3HauaLKXx log, 7 OHT, U Tak Aanee A0 TeX Nop, NoKa Bee
OUTBI BXOAHBIX JaHHbIX He OyayT 00paboTaHbl. YTOOBI 3TOT aIrOPUTM COPTHPOBA
NpaBUIbHO, BAYKHO PeaM30BaTh MOANpPorpaMmy CountingSort TakuM obpa3oM,
4TOOBI OHA OBINA cCMAadWILHOU, YUUTHIBAsA, YTO OHA COXPAHAET OTHOCUTENbHBIN
MOPSAA0K Pa3HbIX 3JIEMEHTOB C OJAMHAKOBLIM 3HauYeHHUEM'. Anroput™ RadixSort
BBIMIOJTHAETCS 3a JINHEHHOE BpeMs MpPH YCIIOBHH, YTO BXOJHOI MacCUB COAEPXKHUT
TOJBKO Lesbie Yucna oT 0 10 #* Uit HEKOTOPOH KOHCTAHTHI K.

OTH TPU ATOPUTMA COPTHPOBKH AEMOHCTPHPYIOT, KaK JOMOJIHUTE/NbHbBIE AOMY-
IUEHHs O MPUPOAE BXOAHBIX JAHHBIX (HaNpuUMep, HE CIMLIKOM OOJNbIUHE Lieble
uhcia) 3aaeiiCTBYIOT TEXHHYECKHE MPHEMBI 32 paMKaMH CpaBHEHHii (Hampumep,
pasaeneHue Ha GJIOKU UM KOP3UHBbI), U AJITOPUTMBI, KOTOpbIE OBICTpPEE, YEM BpeMst
O (n log n). Teopema 5.5 KOHCTAaTUPYET, YTO TAKHE YJIYUILEHUS HEBOZMOXHbBI AJIS

! He Bce anropuT™MbI COPTUPOBKH CTabWIbHBI. HanpuMep, anroputm QuickSort He sBnseTcs
CTaOWIBHBIM AJITOPUTMOM COPTHPOBKH (BbI BUAMTE NoYeMy?).
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YHHMBEPCAJIbHbIX OCHOBAHHBIX HA CPaBHEHWH aJITOPUTMOB COPTMPOBKH. [laBaiite
MOCMOTPUM MOYEMY.

5.6.3. flokazaTenbCTBO TeOpeMmbi 5.5

3ananvM NpoM3BOIbHBIA A€ TEPMUHUPOBaHHbIH aNTOPUTM COPTUPOBKH Ha OCHOBE
cpaBHeHus', BeIXxoa airopuTMa MOXXHO NMPEeJCTaBHThL KaK NepecTaHoBKY (TO ecTh
nepeynopsaodeHue, nepMyTaluuio) Yucen 1, 2, ..., n, rae i-i 3NEMEHT BBIXOAHBIX
JaHHBIX YKa3b[BAET Ha MMO3HLIMIO i-M0 HAMMEHBLLIETNO JIEMEHTA BO BXOJHOM MacCHBe.
Hanpumep, ecnu BxoaHO#H MacCHB OyaeT ClneayoUinm:

TO BbIXOJ MPaBUJBHOIO aJirOPUTMa COPTUPOBKU MOXXET UHTEPIPETUPOBATLCSA KaK
MacCcCHB HHACKCOB

Cyuwecteyer n! =n x (n— 1) - - 2 X 1 BO3MOXHOCTEH MPABHIBHOIO BLIXOAHOIO
MaccuBa®. J]/1 Ka0ro BXOXHOIO MaccHBa CyILECTBYET yHUKaIbHbII MPaBHIbHBIH
BBIXOIHOW MaccHB.

Jlemma 5.6. Ecnu ancopumm copmuposKu Ha OCHO8e CPABHEHUs. HUKO20a He Oenaem
bonee k cpagrenuil Ons 1106020 6X00HO20 MAccusa ONUHOU N, MO OH 2eHepupyem
He bolee 2* pasHbix BLIXOOHBIX MACCUBOS.

Hoxaszamenbcmeo: Mbl MOXeEM pa3bUTh onepaLii, BbIMONHIAEMbIE AJITOPUTMOM,
Ha ¢a3bl, rae ¢a3a i BKIYaeT paboTy, BbIMONHAEMYIO alrOPUTMOM MOCIIE €ro
(i — 1)-ro cpaBHEHMA ¥ BIJIOTb O €r0 i-ro CpaBHEHHS BKIIOUUTENbHO. (Mexay
CpaBHEHHAMU aNrOPUTM MOXET NenaThb BCE, UTO YTOAHO, — BEAEHHE yueTa,

! AHaJIOrM4HbIE APryMEHTbI MPUMEHUMbI K PaHAOMHU3HPOBAHHBIM AJITOPUTMAM COPTHPOB-
KM Ha OCHOBE CPaBHEHHS, U HU OT OJHOTO M3 TAKHX aJrOPMTMOB HE OXHIACTCA BPEMA
pabotel 6onbuie, yem O(n log n).

2 CyluecTByeT n BADUAHTOB MO3HLIMIi HAUMEHBLIETO TEMEHTa BO BXOAHOM MaccuBe, n — |
OCTaBLINXCA BAPHMAHTOB MO3HLMH BTOPOro HAMMEHBLIENO VIEMEHTA H TaK Janiee.
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BbISICHEHHE, KaKoe 3anpocuTh clielytollee CpaBHEHHE, U TaK Aalee — MpH
YCIIOBMH, YTO OH He obpaliaeTcs K BXoAHOMY MaccuBy.) KoHKpeTHBble onepa-
MM, BbINOJIHAEMbIE B (a3e i, MOTYT 3aBMCETb TOJNILKO OT PEe3YJILTAaTOB MEPBBIX
i — | cpaBHeHHU, MOCKOJIBKY 3TO eAUHCTBEHHas BXOAHAsA MHGOpMaLKs, KOTOpPO#
anroputM obnamaer. Hanpumep, 3TH onepauuu He 3aBUCAT OT (PakTHUECKOro
3HayeHHUs DIEMEHTa, yYacTBYIOLIEro B OJHOM U3 3TUX CpaBHeHuM. BrixogHoii
MacCUB B KOHLIE aJITOPUTMA 3aBUCUT TOJIbKO OT pe3ylLTaToB BCEX CpaBHEHUA.
Ecnu anroput™ HUkoraa He aenaer Gonee k cpaBHEHHid, TO CyLIECTBYeT He Gonee
2% pa3HbIX BHIMONHEHHH aIrOPUTMA H, CNIEI0BaTeNbHO, He Gonee 2 pasHbIX Bbl-
XOIHBIX MaccuBoB'. Y. m. 0.

[TpaBunbHBIH ATTOPUTM COPTUPOBKH IOJKEH ObITh COCOOEH NPOM3BOAUTS JIH000IH
U3 n! BO3BMOXHBIX NPaBHJIbHBIX BbIXOAHBIX MacCHBOB. [1o neMme 5.6, eciu k ecTh
MaKCMMaJIbHOE YMCJIO CpaBHEHHUH, BBIMONHAEMbIX Ha 1-3JIEMEHTHBIX BXOIHBIX
MaccuBax, TO

n/2
2> g z(ﬁ) :
nx(nr)...lxl 2

rae Mbl UCMONB30BaH TOT (aKT, YTo BCe nepBble 1/2 uneHoBn (n — 1)+ -2 x 1
n

PaBHsAIOTCA He MeHee —. B3saTue norapudma no ocHoBaHuIO 2 06enx YacTei no-

Ka3blBaeT, YTO

k> glogz G) =Q(n logn).

ra HHXKHAS IPaHULIA TPUMEHSETCS K TPOU3BOJIbHBIM OCHOBAHHbBIM Ha CPaBHEHHH
aJirop¥TMaM COPTUPOBKH, 3aBeplLlas Joka3aTenabCTBO TeopeMsl 5.5. Y. m. 0.

! ins nepBOro CpaBHEHHs CyLIECTBYET ABa BO3MOXKHBIX UCX0a; KAKUM OBl HH ObLT HCXOI
M NOCJIeAyIollee BTOPOE CPaBHEHHE, OH TaKXKe MMEeT [Ba BO3MOXHBIX MCXOAa, M Tak
Janee.
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BblBO/1bl

3HaMeHUTbIH aNropuT™ QuickSort COCTOMT U3 TPEX BbICOKOY POBHE-
BbIX LLIArOB: BO-NEPBbLIX, OH BLIOWPACT OINH INEMEHT p U3 BXOAHOIO
MacCHBa, KOTOPbIH NEHCTBYET KaK «OMOPHbIi 31EMEHTY | BO-BTOPbIX.
ero NoanporpaMma Partition neperpynnupoBblBaeT MacCUB Tak,
uTOObI BNIeMEHTHI MeHbLIE U GonblUe p HINK COOTBETCTBEHHO NMEpea
HUM M MOCNE HEro; B-TPETbUX, OH PEKYPCHBHO COPTUPYET ABa NOA-
MaccuBa o 06e CTOPOHbI OT ONOPHOIO 31EeMEHTA.

Moanporpamma Partition MoxeT ObITh peann3oBana Tak, YTO OHa
OyAeT BLIMOAHATLCS 3a NMMHEHHOE BPEMs U HA TOM JKE MECTE, C yue-
TOM HE3HaYUTENbHOIO NOTPebIEHNA AONOIHUTENBHON ONEPATHBH O
namatv. Kak cneacreue, anroputm QuickSort TOXe BbINONHAETCA
Ha TOM ke MecTe.

[MpaBUAbHOCTL aNropUT™Ma Quicksort He 3aBUCHUT OT TOFO, Kak Onop-
Hbi€ 37IEMEHTbI BbIOUPAIOTCs], HO ero 8peMsi paboThb! OT 3TOTO 3aBUCHT.

B Hauxyauuem cuewapuv Bpema pabotsl coctapnset O (n?), rae n —
3TO ANMHA BXOAHOIO MAaccupa. 3TO MPOMCXOAMT, KOFAa BXOAHOM
MaCCHB YK€ OTCOPTUPOBAH U NEPBbIit 21eMEHT Bceraa UCosib3yeTces
B Ka4ecTBe ONOPHOro 31eMeHTa. B Hannyuwem cueHsapuu Bpems
paboTsl cocrasnsetT O (n log n). ITO NPOUCXOAMT, KOra B KayecTse
OfMOPHOrO BCErAa UCMONbL3YeTCs MEAUaHa INEMEHTA.

B panaomu3upoBaHHOM anroputMe QuickSort OMOPHBIA 3N1EMEHT
Bcersa BbiOMpaeTcs paBHOMEPHO ciyyaiHbiM o6pa3om. Ero Bpems
paboThbl MOXeT GbiThb Iie YroaHo oT O (n log 1) ro ©(»n) B 3aBUCHU-
MOCTH OT €ro cy4aiHbIX N0AOPacLIBAHUI MOHETDI.

CpenHee Bpems paboThbi paHAOMU3UPOBAHHOTO ANrOpUTMa QuickSort
cocrapnget @ (n log n), TOAbKO Ha HEOOLLUOKH NOCTOAHHbIK MHOXH-
TeNb MeHbllle, YeM ero Haubonbiuee Bpems paboTsl.

B MHTyMTUBHOM nnaHe BbIGOP Cly4alHOro ONOPHOro 3nNeMeHTa
ABASETCA Xopoluei uaeeit, notomy uto umeercs 50 %-Helil waHc
nonyuuTh 25=75 % unu nyuuiee pasdbueHe BXOAHOTO MaccHBa.

OopMaTbHbIN AHAIN3 UCNIONIbL3YET CXEMY AEKOMIMO3K UMM, YTOOb! Bbl-
PasUTh YCNOXKHEHHYIO CTYHaiiRY 10 BENTHYUHY KaK CYMMY iy YaiHbIX
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Besinuny 0—1, a 3artem NMPUMEHUTHL JIKHERHOCTL MATEMATUYECKONO
OXuaaHUA.

¥ KnoueBoe NOHUMaHKE 3aKTHO4aeTCR B TOM, HTO i-ii U j-ii HAMMEHbLLWE
3IEMEHTHI BXOJHOTO MacCMBA CPABHHBAKOTCS B anropuTMe QuickSort
TOrZa ¥ TOJLKO TOTAA, KOraa OAMH U3 HUX BbIOpaH B KaYeCTBE OMOPHO-
O 10 TONO, KaK 3AEMEHT CO 3HaUEHUEM CTPOro MeXAY HUMK BbIOpaH
B Ka4€CTBE ONOPHOrO.

¥ ANropuT™M COPTUPOBKM HA OCHOBE CPaBHEHUS — 3TO YHUBEpCallb-
HbIW AIrOPUTM, KOTOPbIH 00PaLIAETCS K BXOAHOMY MAcCHBY TONILKO
MyTeM CpPaBHEHWA Map 3JIEMEHTOB W HUKOTAA HEMOCPEACTBEHHO He
MCTIONb3YET 3HAYEHUE INeMEHTA.

* Hu oaMH anropuT™M COPTMPOBKW Ha OCHOBE CPaBHEHWsS HE UMeeT
HaUXYALEro aCUMNTOTHYECKOro BpeMeHn paboThl Gonbule, Yem
O(n log n).

Ckauano ¢ open-hide.biz
3apauu Ha 3aKpenneHme matepuana

3agaua 5.1. BcnomHuTe noanporpamMmy Partition, MCONb3yeMyHO aJiTOPUTMOM
QuickSort (pazaen 5.2). Bam roBopsT, 4To cieayouid HUXe MacCHB TOJIBKO UTO
Obl1 pa3aeneH BOKpYr HEKOTOPOro ONOPHOTO 3/1EMEHTa!

Kakoii 13 anemeHTOB Mor GbiTh ONOpHBIM dnemeHTOM? ([epeunciiuTe Bee, KOTOpbie
NPUMEHHMBI; MOXET ObITh GoNee 0OHOH BO3MOXHOCTH.)

3anaua 5.2. [lycTb a ecTh HEKOTOpas KOHCTAHTA, He 3aBUCALLAs OT AJIMHBI 72 BXOA-
1 .
HOro MaccuBa, cTporo mexay 0 u > KakoBa BepoSTHOCTb TOTO, 4TO NPH Cy4aiiHO

BbIOpaHHOM OMOPHOM 3JIEMEHTE NoAnporpamma Partition cosznact pasbuenue,
B KOTOpPOM pa3Mep 00euX pe3ylbTHPYIOIMX noj3anay OyaeT MUHUMYM B o pa3
6osnblie pa3Mepa UCXOOHOIo MaccuBa?



200 FnaBa 5. Anroputm QuickSort

a) a.

6) 1—a.
B) 1—2a.
r) 2-2a.

3aaaua 5.3. l'lycn, 0 €CTb HEKOTOpAsA KOHCTAHTA, HE 3aBUCsALLAA OT AJIHHBI n
1
BXOOHOI0 MacCHUBa, CTPOro Mexny Owu 5 HOH}’CTHM, YTO Bbl JOCTHUracTe NMpH-

6an3uTenpHO cOanaHCUpPOBaHHBIX pa3bUeHUi U3 npeablaylei 3a1a4y B KaXIoM
PEKYPCUBHOM BbI30BE — MOITOMY BCSKHI pa3, KOraa peKypCUBHOMY BbI3OBY
nepefaeTcs MacCHB JUIMHOM k, KaXA0My U3 ABYX PEKYPCHBHBIX BbI3OBOB Nepe-
JaeTcs noJAMaccuB JUIMHON Mexay ok U (1 — a)k. Ckonbko nociieoBarebHbIX
PEKYPCHBHBIX BLI30BOB MOXKET NPOM30iiTH nepen 3anyckom 6a3oBoro ciyyas? 31o
9KBMBAJIEHTHO BONPOCY: Kakue YPOBHH JepeBa peKypCHH alropuTMa MoryT co-
JiepXaThb NTUCThs? BbipasuTe cBOI OTBET B BHJiE IUana3oHa BO3MOXKHBIX Yucen d, OT
MHUHHMaJBHOTIO 0 MAaKCHMAJILHOTO YMCJa PEKYPCHUBHBIX BbI3OBOB, KOTOPbIE MOTYT
norpeboBarkcs. [[Toackaska: ¢popMyna, koTopas CBA3bIBaeT JOrapupmMuueckue

(yHKUMH C pa3HLIMM OCHOBAaHHUAMM, ClieAytowWas: log, n = %.]

Inn
0<d<s—,
2) Ina
6) —Bn g lnn
Ina In(1-a)
B) ——27 _nn
In(1-a) Ina

__fon o __In
D Thi—20) " n-o)

3amaua 5.4. Onpeaenute yOMHY peKypcUH alnropuTMa QuickSort kak Makcu-
MaJIbHOE YMCJIO TTOCeI0BATENbHBIX PEKYPCHBHBIX BbI30BOB, KOTOPbLIE OH JEJNAET,
npexcae YeM nonactb B 6a30Bblii ciiy4ail, — WIH, YTO TO ke caMoe, HanboNbLINH
YpPOBEHb €ro AepeBa pekypcud. B paHaomMK3MpoBaHHOM anroputMe QuickSort
ryOMHA peKypCcUU SBISETCS Cy4YaifHON BETMYMHON B 3aBUCMMOCTH OT BbIOPAHHbBIX
OMOpPHBIX 3NeMEHTOB. KakoBa MUHUManbHas U MaKCUManbHas My6HHa peKypcuH
PaHAOMHU3UPOBAHHOIO aNropuT™Ma QuickSort?
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a) Munumym: O (1); Mmakcumym: O (n).

6) Munumym: O (log n); MakcumyM: O (n).
B) Munumym: O (1); makcumyM: O (n log n).
r) MuHumywm: O(n); MakcuMyM: O (n).

3aga4ya NoBbILLEHHOW C/I0XXHOCTH

3agaua 5.5. Pacuimpbsre HkHIOW rpaduny Q(n log n) B pazaene 5.6, 4to6bl
TaKOKe NPUMEHUTh K 0XKMJAEMOMY BPEMEHH BbINONHEHUS PaHAOMH3UPOBAHHbBIX
aNropMTMOB COPTUPOBKH HA OCHOBE CPaBHEHMUSL.

3apaum no NporpaMmMuUpoBaHUIO

3apaya 5.6. Peanusyiite anroput™ QuickSort Ha BaweM M0OUMOM s3blke MpPo-
rpaMMmupoBanus. [To3kcrnepuMeHTUPYHTE C MPOH3BOAMTENLHOCTBIO PA3IMUYHbIX
cnoco0oB BbIOOpA ONOPHOrO 3NIEMEHTA.

OnuH 13 NOAXOA0B 3aK/IFOYAETCS B OTC/IEAKUBAHHH KOJTMYECTBA CpaBHeHHﬁ MEXIY
3JIEMEHTaMHU BXOJHOro MaCCHBAa, BbIMOJIHAECMBIX alTlOPUTMOM QuickSor‘t'. Il.l'lﬂ
HECKOJIbKMX pa3HbIX BXOAHBIX MAaCCUBOB ONPEACIUTE KOJIHYECTBO CpaBHeHHﬁ,
BBIMONHAEMBIX CJIEAYOLIMMH HHXKE peajii3alusMH noanporpammsel ChoosePivot:

1. B kauecTBe ONOPHOTO BCeraa UCMO/b3yeT NepPBbI 3NEMEHT.
2. B kauecTBe OMOPHOIo BCeraa UCMoNb3yeT MOCeHHI 3EMEHT.

3. B kauecTBe ONOPHOr0 UCNONB3YET ClyyaliHblii neMeHT. (B aToM ciyyae He-
00X0AMMO BBIMOMHUTL ANropuT™ 10 pa3 ¢ 3aAaHHBIM BXOAHBIM MAacCHBOM
¥ YCPEAHUTb Pe3yNbTarThl.)

4. B kauecTBe OMOPHOIO 3JIEMEHTA UCTIONBL3YeT Meduarny uz mpex. Llens storo
npaBuia COCTOMT B TOM, YTOObI clieNaTh HEMHOINO JOMOMHUTENbHOI pabo-
Thbl, YTOOBI MONYYUTL NOPA3A0 JYULIYHO NPOU3BOAUTENBLHOCTL HA BXOHBIX

HeT He06X0AMMOCTH MOACYUTHIBATH CPABHEHUS 1O OAHOMY. [1pu pekypcHBHOM BbI30OBE
C MOAMACCHBOM [UTHHO# m Bbl MPOCTO MOXeTe J0OAaBUTL m — | B Balll HAKONMUTENbHbIH
utor cpaBHeHHH. (HanoMHUM, 4TO B 3TOM pE€KYpPCHBHOM BBI3OBE OMOPHbIH 3NEMEHT
CPaBHUBAETCA C KaXIbIM U3 APYTUX m — | 37IEMEHTOB B NOAMACCHUBE.)
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MacCHBaX, KOTOpbIE MOYTH OTCOPTHUPOBaHbI MM OTCOPTUPOBAHLI B 00part-
HOM MOpsAKe.

Ecnu roBoputh 6osee noapoOHo, 3Ta peain3alys noAnporpaMMsl ChoosePivot
paccMmarpuBaeT NepBblil, CPEAHUI ¥ KOHEUHbIH 37IEMEHTBI 33JaHHONO MacCHBa.
(Jlna MaccuBa ¢ YeTHOM ANHHOMN 2* UCTIONBL30BATh K-t SNIEMEHT Ans «cepenm-
HbI».) 3aTeM OHa OnpeleseT, KakoH U3 3TUX TPEX NIEMEHTOB SBISETCA MEH-
aHo# (TO ecTb 3HAYeHHe KaKOro M3 HUX HAXOAUTCHA MEXIY ABYMS IPyrUMH),
¥ BO3BpAUIAET 3TOT 3JIEMEHT KaK OMOPHBIN'.

HanpyuMep, ¢ BXOAHBIM MacCHBOM

noxnporpamma Oyner paccMarpuBarh nepsblii (8), cpeannii (5) u nocneaHui
(6) anemeHThl. OHa BepHeT 6, MelMaHy MHOXeCTBa {5, 6, 8}, B kauecTBe onop-
HOTO 3/IeMEHTA.

CM. www.algorithmsilluminated.org ans TecTOBbIX cLeHapHeB U HAOOPOB JaHHBIX
21 3a1ay.

! TwarenbHbIA aHaU3 OyAET OTCIEXKHBATh COMOCTABAECHHS, BHIMONHIEMbIE IPU OMNpe-
JENEeHUH MEAHaHbl TPEX IEMEHTOB-KAHIUAATOB, B JOMOJHEHHE K COMOCTABICHHAM,
BBITOJIHAEMbIM B BbI30BaxX noanporpammel Partition.
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B aroii mase u3yyaercs 3aaya BbIOOpa, LENbIO KOTOPO# SBIAETCS onpeneneHune
i-r0 HaUMEHbBLUIETro AIEMEHTA HEOTCOPTUPOBAHHOIO MaccuBa. JTa 3ajaya Jierko
pewaetcs 3a BpeMst O(x log 1) npy noMOLIH COPTUPOBKHU, HO Mbl MOXEM JOOUTHCH
ay4dwero. Pasgen 6.1 onuchiBaeT upe3BbluaifiHO NpakTHUHbIA paHAOMU3UPOBaAH-
HbIH aIropuT™, OYEHb MOX0XKHI Ha paHIOMHM3MPOBaHHbII aNropuT™ QuickSort,
KOTOpBIi B CpeHeM paboTaeT B TeueHUe JIMHeiHOro BpeMeHu. B pasgene 6.2
NpeACTaBIECH UHTEPECHDIH aHalll3 3TOro alrOpUTMa — KJIaCCHBIH cnocob noay-
MaThb O porpecce, KOTopblii 06ecne4uBaeT aaropuT™, ¢ NO3MLMHA NPOCTOro JKC-
MepUMEHTa 1o NoAdPacbIBAHUIO MOHETHI, & 3aT€M NTHHEHHOCTh MaTreMaTu4ecKoro
0XKMJaHus (Aa, CHOBa OHa...) CTABUT Ne4aTh MoJ CAENKOM.

Yurarenu, KOTOPbIM BaXKHA TEOPHUS, MOTYT 3aJ1aThCsl BONPOCOM, MOXKHO JIN PELLUTH
3anayy BbIOOpa 3a JIMHeliHOe BpeMs, He npuberas k paHaoMu3auuu. B pasaene
6.3 onmucbiBaeTCs U3BECTHbIN AeTEPMUHUPOBAHHBIN aNropuT™ Uld 3TOH 3aaayui,
cpeny aBTOPOB KOTOPOro OoJIblIE TeX, KTO ObUT yNOoCTOeH NMpeMuy ThlopUHra, ueM
y n060ro Apyroro U3BECTHOro MHe anroputma. OH JeTepMUHUPOBaH (TO €CTb He
JonyckaeT paHAOMHU3allK) 1 OCHOBAH Ha reHWallbHOM HAlee «MeAHaHbl MeIMany,
KoTopast ofecrneunBaeT XOpoLIHe BapuaHThbl ONOPHbIX 31eMeHTOB. Paszen 6.4 no-
Ka3bIBaeT JIMHERHYIO0 BpeMEHHYIO IpaHuLy, 4TO HE TaK-TO NpocTo!

B aroii rmaBe npeanonaraercs, 4To Bbl MOMHUTE NOANpOrpaMMy Partition u3
pasaena 5.2, koTopas pa3zienseT MacCHB BOKPYT ONOPHOIO 3/1EMEHTA 3a TUHelHoe
BpeMS$, a TAIOKE YTO Y Bac €CTh MHTYUTUBHOE NIOHMMAHHE TOTO, YTO JENAET OMOPHbIH
3JIEMEHT XOpPOLIKMM WM TNIOXKM (pa3aen 5.3).

6.1. AnroputMm RSelect

6.1.1. 3apaua BbiOOpa

B 3anaue BbIOOpa BXO/HbIE NaHHbIE TaKHe XKe, Kak M B 3a]a4e COPTUPOBKU: Mac-
CHB M3 1 YKMCeJl BMECTe C LeNbiM uncioM [ € {1, 2, ..., n}. Llens coctout B TOM,
4YTOOBI ONPENAENIUTD i-10 ROPAOKOBYIO CMAMUCUKY — i-€ HaMeHbllee 3HaYeHue
B MaccCHBe.
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o

3AJAYA: BbIBOP

Bxoa: MaccuB U3 1 YUCEN B NPOU3BOILHOM MOPSAIKE U LIEJOE HUCIIO
ie {l1,2,..,n}.

Bbixoa: i-e HaMMeHbLIEE 3HaYEHHE B MaccuBe A.

e O, o B o A e P T A U Y T T i T T T S e st

Kak 06bI4HO, i MPOCTOTHI MBI TPUHHMAEM AOMYLIEHHE, YTO BXOAHOH MaccHB
MMEET pasHble 3NEeMEHTHI, 6e3 ny6n1KaToB.

Hanpumep, ecnu aaH BXOAHOH MaccuB

6 | 8 19| 2

M 3HaueHue i paBHseTCA 2, TO MpaBUIIbHBINA pe3ynbrar Oynet paBeH 6. Eciu Obl i
PaBHAIOCH 3, TO NpaBUIbHBII pe3yabTar O6bin Obl 8, 1 Tak Aanee.

[1pu i = 1 3apaya BbIGOpa — 3TO NPOCTO 334a4a MO BbIYUCICHUIO MUHUMAIIBHOTO
JneMeHTa MaccuBa. B TeyeHue TMHEHOro BpeMEHH JIErKO clieNarb OAHUH MPOX0a
MaccHBa U 3aMOMHUTb HAUMEHbLIUHI BCTpeTHBLLUIiCA dnemeHT. [1o aHanoruu ciy-
Yaii HaxoXKIeHUs MaKCUMalbHOrO 35ieMeHTa (i = n) Takoke npoct. Ho kak HacyeT
3Ha4YeHHid i B cepearte? Hanpumep, 4To, €CJIM Mbl XOTHM BbIYHCIIUTb CPEAMHHBbI
3NIEMEHT — Meduany — Maccusa?

Ecnu 6bITh TOYHBIM, 1)1 MACCHBA C HEYETHON [UIMHOM » MeauaHa ABnseTcs i-i
NOPAAKOBOW CTAaTUCTHKOIA, rae i = (n + 1)/2. Uto kacaeTcs MaccuBa ¢ 4ETHOM
JUIHHOH n, TO JaBaiiTe cormacuMcs onpeaeasiTb MeAUaHy Kak MEHBLUYIO U3 AByX
BO3MOXKHOCTEH, YTO COOTBETCTBYET I = g .

! 3ayem BLIYHC/IATH MEAMAHY 3EMEHTa MaccuBa? B KOHLE KOHUOB, cpeoHee 3HaueHue
(To ecTb cpeaHee apudMeETHUECKOE) JOCTATOMHO JIETKO BLIYMCAUTB 32 JIMHEHHOE Bpe-
MA — MPOCTO CyMMHPOBATh BCE JI€MEHTHI MACCHBA 3a OJMH MPOXOJ U Pa3feuTh Ha n.
OaHo# M3 NPUYKH ABIAETCA BBIYMCIIEHHE CBOAHOM CTaTUCTHKH MaccHBa, koTopas Gonee
HANeXHa, YeM cpeaHee 3HadeHHe. Hanpumep, ONMH CHIILHO MOBPEXIAEHHbIN 3EMEHT,
TaKO# KakK OwMOKa BBOAA AaHHBIX, MOXET COBEPLUEHHO MCIOPTUThL CPEIHEE 3HAYEHHE
MacCHBa, HO, KaK MpaB1JI0, MO MOBIUAET Ha MeAUaHy.
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6.1.2. CBepeHue K 3apaye COPTUPOBKU

MBI yre 3HaeM ObICTpBIi alrOPUTM A/1s 331a4M BbIOOpaA, KOTOPbIi OMMpaeTcs Ha
Halll¥ aJITOPUTMBI OBICTPOI COPTUPOBKH.

CBEJEHHUE BbIBOPA K COPTUPOBKE
Bxoa: MaccuB A U3 n pa3HbIX 4ncen U uenoe yucnoi € {1,2, ..., n}.

Bbixoa: i-8 mopsAAKOBas CTaTUCTUKA MaccHBa A.
B := MergeSort(A)
return B[i]

3aKOHYHB COPTHPOBKY BXOAHOIO MaccuBa Mbl, 6€3yclOBHO, 3HaeM, rae HanTH
i-# HaMMeHbLINii 3NeMeHT, — OH 6onTaercs B i-if MO3ULUMU OTCOPTHPOBAHHOMO
maccupa. [lockoneKy anroputm MergeSort BbinonHseTcs 3a BpeMms O(n log n)
(Teopema 1.2), TO U 3TOT ABYXCTyNeHYaTbIi aNnropuTM — ToXe'.

Ho nomHuTe MaHTpy 1100010 IpoeKTHPOBLLMKA ATTOPUTMOB, KOTOpast 3aC/TyXKHBaeT
YBaXEHHSA: MONCHO U 00bumbcs iydue2o? MoxxeM 11 Mbl pa3paboTarb aropuT™
JUIA 3a1a41 BbI6Opa, KOTOpBIi OyneT ewue ObicTpee, yeM BpeMs O (n log n)? Jlyuiuee,
Ha YTO Mbl MOXXEM HaJleAThCsA, — 3TO JIMHeHHoe BpeMs (O (n)), eciin Mbl He Oynem
YAENATb BpEMsI laKe TOMY, YTOObI MPOCMaTpHUBaTh KaX/blif 1EMEHT B MAacCHBE,
TO HET HUKaKOH HaJleXK/bl Ha TO, YTO NMOJNYYUTCS BCeraa NpaBHIbLHO HAEHTH(ULK-
poBaTh, CkaxeM, MUHMMAaJbHbIA dNeMeHT. Mbl Taloke 3HaeM M3 TeopeMbl 5.5, 4To
n1060# anropuT™, KOTOpbIit UCTIONB3YET MOANPOrpaMMy COPTHPOBKH, 3aCTPEBaET
B HauXxyaLeM BpeMeHU paboTel Q(x log n)2. T1o3TOMY, €CliH MbI CMOXCeM TIONYYNTD
bonbluee, uem O(n log n), BpeMs paboTb! 4151 3aaa4M BbIOOpa, Mbl JOKXKEM, YTO
8b100p NPUHYURUATILHO npowje copmupoexu. JIns sToro Tpedyercs u3obperarenb-
HOCTb — OIOpa Ha HaUIX alrOPUTMbI COPTUPOBKH He CpaboTaeT.

! Cneumanucr B obnact computer science Ha3san Obl 3TO CBEAECHHEM WK pelyKuUHeii 3a-

na4u BbIbOpa K 3aaye COpTHPOBKH. Pemykuna ocBo6oxaaeT Bac oT pa3paboTkH HOBOMO
aJIrOpUTMa C HyJIA U BMECTO 3TOr0 MO3BONAET OMHPATLCA HA CyLIECTBYIOLUME ANITOPHT-
Mbl. B 10N0MHEHHE K X MPAKTHYECKOH MONE3HOCTH PEdYKLIMU ABIAIOTCA YPE3BbIYANHO
¢$yHnamenTanpHOM KOHLENLNEH B HHHOPMATHKE, H MBI TOAPOOHO 06CYIMM HX B UacTH 4
3TOH CEpHH KHMT.

[peanonaraercs, 4TO Mbl OFPaHHYHUBAEMCH AITOPUTMAMH COPTUPOBKH HA OCHOBE CpaB-
HEHUs, KaK B pazaene 5.6.
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6.1.3. Noaxop «paspensit u BNacTByw»

PaHnoMn3upoBaHHbI# THHEHHbI anroput™ Bbibopa RSelect cienyer wabMoHY,
KOTOPbIii OKa3a/1Ccs O4eHb yCNEIHbIM B PAHAOMH3MPOBaHHOM aJlrOPUTMeE QuickSort:
BbIOMpaeTcs chayyalHbli ONOPHBIHA IEMEHT, BXOAHON MacCHB Pa3AEnsieTcss BOKPYT
OTMOPHOTO 3/IEMEHTA, M BbIMONHIETCS COOTBETCTBYOWAs pekypcus. Cneayowmuii
BOMPOC Ha NMOBECTKE JAHA — pa30o0paThkCsl B COOTBETCTBYIOLLEH PEKypCHH IS 3aAa4Yn
BbiOOpa.

BcrnomHuTe, 4TO AeaeT noanporpamMma Partition B pasaene 5.2: npu HaM4UK
MaccuBa U BapMaHTOB BbIOOpa OMOPHOrO AJIEMEHTAa OHA NMeperpynnupoBLIBAET
3/IeMEeHTbI MacCHBa Tak, YTOObI BCE, YTO MeHbLUe U 00JIblle ONOPHOTO 3JIEMEHTa,
MOSBNANOCH COOTBETCTBEHHO JI0 U MOCJIE HEro.

s 2 s i [al7lel =D [2]1[3]6]7]4]5]s

OIOPHBINA INNIEMEHT MEHbILE OOPHOrO 6OJIbLLE OIOPHOrOo

Takum 06pa30M, OHOPHblﬁ 3JIEMEHT B UTOI'C OKa3blBa€TCsd Ha CBOEM 3aKOHHOM
MECTE, TO €CTb IOCJI€ BCEX JIEMEHTOB, KOTOPbLIC MEHbLLUC HErO U NMEPEA BCEMH
3JIEMEHTAMH, KOTOpbIE 6osbLIe Hero.

Anroput™ QuickSort peKypCHMBHO OTCOPTHPOBA MOAMACCHB IEMEHTOB, KOTOPBIE
MEHbLLE OMOPHOIO EMEHTA, a TaKXke MOAMACCHB IEMEHTOB, KOTOpble GosbLie
onopuoro. Kakoit aHanor ans 3anauu Bbibopa?

L T L S L R Tt e 2

TECTOBOE 3AJAHME 6.1

[MpeanonoknMm, YTO Mbl MLLEM 5-10 MOPAAKOBYHO CTATUCTUKY BO BXOA-
HoM MaccuBe 13 10 anemeHTOB. [TpeAnonoXKuM, UTO Moce pa3aeneHus
MaccHBa OMOPHBIH ANEMEHT B HTOTe OKa3bIBaeTCA B TPETbell MO3ULIMH.
Ha kakoii CTOpOHE OT OMOPHOIO 3EMEHTa Mbl JOMKHBI BBINONHATD
PEKYPCHIO M KaKytO MOPAAKOBYHO CTATHCTHKY Mbl JOMKHbBI MCKATh?

a) 3-10 MOPAAKOBYIO CTATUCTHKY Ha JIEBOH CTOPOHE OT OMOPHOrO.

6) 2-10 NOpAAKOBYIO CTATHCTHKY Ha MPaBOH CTOPOHE OT ONOPHOTO.
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B) 5-10 MOPSAAKOBYIO CTATHCTHKY Ha MPaBOi CTOPOHE OT OMOPHOTO.

r) Bo3MoxHO, HaM MOHanOOMTCS peKypcus Kak ¢ JeBOil, Tak
H C NpaBoii CTOPOHBI OT OMOPHOTO 3JIEMEHTA.

(Peurenue u noscHeHue cMm. B paszene 6.1.6.)

6.1.4. Ncesnokopn ana anroputma RSelect

Haw ncernokoa anst anroputma RSelect COOTBETCTBYET BbICOKOY POBHEBOMY ONU-
CaHMIO aNropuT™a QuickSort B pazaene 5.1 ¢ AByMsi U3MEHEHUsMU. Bo-nepsblX,
Mbl JOJKHEI IPUAEP)KUBATLCA MCIIOb30BAHUSA CIIy4aiHbIX OMOPHBIX 3JIEMEHTOB,
a He MMeTb 00LIYI0 moAnporpaMmy ChoosePivot. Bo-BTopbix, anroput™ RSelect
JIENIaeT TONILKO OfIMH PEKYPCHUBHBIN BbI30OB, B TO BpeMs kak aJlrOpUTM QuickSort
JenaeT ABa. B 0CHOBHOM M3-3a 3TOTO pa3nuy4us €CTh MOBOA HAAEATHCS, YTO aJlro-
pHTM RSelect MOXeT ObITh Aaxke ObICTpee, YeM paHAOMH3UPOBaHHbIA alNrOpUT™M
QuickSort.

RSELECT
Bxona: MaccuB A U3 n> 1 pasHeix uncen v uenoe uucno i€ {1,2, ..., n}.

Brixoa: i-1 NOpsAAKOBasA CTaTUCTHKA MacCHBa A.

if n =1 then // 6a308Bbid cnyyan
return A[1]

BLI6PaTL ONOPHLIA INEMEHT p pPaBHOMEPHO CNy4YadHbM o6pa3om u3 A

paspenuTb A BOKpYyr p

J := nosvuua p B pa3feneHHoM Maccuse
if j =i then // Bam nocyactamsunoco!
return p

else if j > 1 then
return RSelect(first part of A, 1)
else // J <1
return RSelect(second part of A, i - j)

TN
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Pa3zneneHne BXOOHOTO MacckBa BOKPYT OMOPHOTO 3JIeMEHTa p pa3OUBaeT MacCHB
Ha TPM YacTH, YTO MPUBOIMUT K TPEM Clly4asM B alirOpUTMe RSelect:

<P |P > p
g
nepBas YaCTb  j-i IO3HLUMA BTOpas 4acTh
(anemenTn j—1) (anemeHTHI n—))

BcneactBue Toro, 4To ONOPHBIN 3JEMEHT p 3aHUMAET CBOE 3aKOHHOE MECTO
B Pa3AeNIeHHOM MacCHBE, €CJIM OH HaXOAUTCA B j-i NO3ULHMH, OH IOJDKEH ObITh j-i
MOpAAKOBOH CTaTUCTUKOM. Ecnu no c4acTnuBoii ciiyyaiilHOCTH alropuT™M McKal
J-10 MOPSIKOBYIO CTATUCTHKY (TO €CTh i = f), TO Aeno caenano. Ecnu xe anroputm
MILIET MEHBLIEE YHUCIIO (TO €CTB i <), OHO AOKHO MPUHAAIEKATb NEPBOI YacTH
paszesieHHoro MaccuBa. B 3ToM ciyyae pekypcHBHBIii 00X0A 0TOpackiBaET TONBKO
TE NEMEHTbI, KOTOpble 6onblLe j-i (4, cleqoBaTeNbHO, i-i) MOPAIKOBOM CTaTUCTH-
KU, MO3TOMY QJITOPUTM MO-MPEKHEMY ULUET i-if HAMMEHBLIUI JIEMEHT CPelH TeX,
KOTOpbIE HAXOAATCs B [IEPBOM NoamMaccuse. B nocnenneM ciyuae (i > j) anroputm
MLIET YHCO0, OobLIEe, YEM ONOPHbIH MEMEHT, U peKypCUT HMUTHPYET peLleHHe
TECTOBOIO 3aJaHus 6.1. ANTOPUTM BBINONHAET PeKyPCUBHBIH 00X0Z1 BTOPOii yacTH
pa3fe/IeHHOro MaccHBa, UCKIIoYas U3 JallbHEHLIEro pacCMOTPEHHs ONOPHbIii
3/IEMEHT U j — 1 aneMeHTbl MeHbLIe Hero. [1ockonbKy anroput™ nepBoHaYaibHO
MCKan /-ii HAMMEHBLUIKN JMEMEHT, TeNepb OH UILET (i — j)-i HAaUMEHbLIUHN 3IEMEHT
Cpeln OCTaBLUUXCSA.

6.1.5. Bpemsa pa6oTtbl anroputma RSelect

Kak 1 paHaoMu3upoBaHHBIH anroput™ QuickSort, BpeMs pabOTHI alropuTMa
RSelect 3aBHCHT OT OMOPHBIX IMEMEHTOB, KOTOpbiE OH BbIOHpaeT. YTo MOXKeET
MPOV30MTH B XyaAILEM ciydae?
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TECTOBOE 3AJIAHHME 6.2

KakoBo Bpemst paboTbl anroputma RSelect, €C/i ONOPHBIE ATEMEHTBI
BCceraa BbIOMpaloTCs HauXyALWUM ob6pasom?

a) O(n).
6) O(nlogn).
B) O(n?).
r) e@n.

(Pewienue u mosicuenue cm. B paszene 6.1.6.)

Tenepb Mbl 3HaeM, 4TO alropuTM RSelect He paboTaeT B TeueHUE JIMHEHHOIO
BPEMEHM /Il BCEX BO3MOXKHBIX BaDMAHTOB OMOPHOIO 3/IEMEHTa, HO MOXET JI1 OH
paboTarb B TeueHHe JIMHEHHOro BpeMEHH B LIeJIOM Ha CBOMX CJTy4aiiHbIX BapHaHTax
onopHoro 3neMeHTa? HauHem ¢ Oonee CKPOMHOIA Lieu: CYLIECTBYIOT JIM BaphaH-
Tbl OMOPHbIX IEMEHTOB, 1151 KOTOPLIX aJlFOPUTM RSelect paGoTaeT B TeueHue
NHHENHHOro BpeMeHH?

M3 uero cknaapiBaeTcs XOpoLIMii onopHblit aneMeHT? OTBET TakoH e, kak A1s an-
roput™Ma QuickSort (cM. pasaen 5.3): XopoLIHe OMOPHbIE NEMEHTbI FAPaHTUPY 0T,
4TO peKypPCHBHbIE BbI30OBBI MOY4alOT 3HA4YMTENbHO Oonee Meskue nog3agaun. Hau-
XyALWWii CLiEHapUii — 3TO OMOPHbIH 31EMEHT, KOTOpPbIit AaeT Haubonee HecOanau-
CHpOBaHHOE pa3OUeHHe C ONHUM MyCThIM M10MACCHBOM M JPYTHM MOAMACCHBOM,
B KOTOPOM €CTb BCE, KPOME OMOPHOIO 3/1EMEHTA (Kak B TECTOBOH 3aauye 6.2). 3toTt
CLiEHapHUit BO3HUKAET, KOIZla MUHUMaJbHbIA WM MaKCUMalbHbIHA 31€MEHT BblOpaH
B kKauecTBe onopHoro. Hamnyuiwuii cueHapuii — 3T0 OnopHbIN 3/IEMEHT, KOTOPbIi
naet Haubonee cOasaHCUpOBaHHOE pa3OHeHHe C ABYMs MOAMacCHBaMH paBHO#
IUTHHBI'. DTOT cLieHapHid cly4aeTcsl, Kora CpelMHHbII 3eMeHT BbIOpaH B KauecTse
onopHoro. MccneaoBanue 3T0ro CLeHapus MOXKET NMOKa3aTbCs LUMKIMYHBIM, TaK
Kak Mbl BMOJIHE MOXKEM CHayasa NnonbITaTbCs BLIUUCIUTL MeanaHy! Ho Bce paBHO
NOMNbITKa BbISCHUTH HaUOObLIIEe BO3MOXKHOE BpeMsi paboThl, KOTOPOE MOXET UMETD

! Mbl HFHOpPHPYEM CUACTIHBBIA CTy4aid, B KOTOPOM BbIOPAHHbIH OMOPHbIH NEMEHT Ha-
XOUTCA B paMKax TOHM MOPAAKOBOH CTaTUCTUKH, KOTOpast MILETCS, — 3TO BPAA Ji Npo-
M30MJET 10 CaMBIX MOC/IEAHNX HECKONLKHUX PEKY PCHBHBIX BBI30BOB aJIFOPHTMA.
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anroput™ RSelect (Jiyuiie Obl, 4TOOBI OHO ObUIO IMHEHHBIM!), ABIAETCS MOJNE3HBIM
MBICJIEHHbIM 3KCIIEPUMEHTOM.

O603Haunm uyepe3 T'(n) Bpems paboThbl alropuT™Ma RSelect Ha MacCUBaXx JUIMHOIA n.
Ecnu anroput™ RSelect BonLieOHbIM 00pa3oM BEIOMPAET MEAMAHY 3MEMEHTA 3a/1aH-
HOTO MOJMACCHBA B KAXKJIOM PEKYPCHBHOM BbI30BE, TO KaXK/Iblii peKy pCHBHbIH BbI30B
pabotaer n1HeitHO B CBOEM MOAMAcCHBE (B OCHOBHOM B MOANpoOrpamMMe Partition)
1 JieflaeT OMH PeKypPCHBHbIH BbI30B C MOJIOBUHOM pa3Mepa NoAMaccHBa:

I(n)< r(g) + o(n)

N
Partition uT. n.

3TO peKyppeHTHOE COOTHOLUEHHE [IaBHOE B OCHOBHOM MeToze (Teopema 4.1):
MOCKOJIbKY MMEETCS OAAMH PeKYpPCHBHBIN BbI3OB (a = 1), pasMep noazagayy najgaer
¢ ko3 duuneHToM 2 (b = 2), u n1HeiiHas padoTa BbINOIHAETCS BHE PEKYPCHBHOTO
Bbi3oBa (d = 1), 1 =a < b =2, u BTOpOii cilyyail OCHOBHOIO MeToJa MOKa3bIBaeT
Ham, yto T'(n) = O(n). 310 BakHast NpoBepka paboTOCNOCOOHOCTH: €CJIN ATOPHUTMY
RSelect A0CTaTOYHO MOBE3eET, OH OyneT paboTarh B TeUEHUE JMHEHHOTO BPEMEHH.

HWrak, HaxoauTcs Jid BpeMst paboThbl anropuTMa RSelect, kak npaBHJIo, Onuxke
K HauJyuuieil mpou3BOAMTENBHOCTH ® (1) UM ero HauXyAlleid MpoM3BOAHUTENb-
HocTH O (n?)? C yyeToM ycnexa paHAOMHU3HPOBAHHOIO airopuTMa QuickSort
3a HalIMMH MJe4aMH, Mbl MOIIH Obl HaAEATHCA Ha TO, YTO TUMUYHBIE CLEHAPUU
BbITNOJTHEHNS ATOpUTMA RSelect MMEIOT MPOU3BOAUTENLHOCTD, OU3KYIO K HaH-
Ayuiiemy cueHapHio. M neCTBUTENbHO, B TO BPEMS KaK B MPHUHLHIME AITOPUTM
RSelect MOXKET BHIMONHATHLCSA 3@ BpeMs O (#?), BbI nouTH Beeraa Oyaete Habnoaarh
3a BpeMeHeM paboTel O(n) Ha NpaKTHKE.

Teopema 6.1 (Bpemsi paGoThI aJropuT™Ma RSelect). s kaxcoo2o 6xo0Ho2o mac-
cusa onunoii n> 1 cpeonee pems pabomer ancopumma RSelect cocmasnsem O(n).

B pasnene 6.2. npuBoaMTCs JOKa3aTENbCTBO TEOPEMBI 6.1.

VIUBHTENBHO, HO Cpe/iHee BpeMst paboThl airopuT™Ma RSelect TONBKO Ha NOCTOSH-
HbIA MHOXXHTEb OONbLIIE, YEM BpeMsl, HEOOXOAUMOE JUTs YUTEHUS BXOAHBIX JAHHbIX!
[Mockoneky copTHpoBka TpeOyeT Q(n log n) BpeMeHH (pa3nen 5.6), Teopema 6.1
MOKa3bIBAET, YTO 33/1a4a BbIOOPA MPHHLMMHAIBHO MPOLLE, YeM 33]1a4a COPTHPOBKH.
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Te xe caMmble KOMMEHTapHH OTHOCUTENLHO CPEHETO BpeMeHH paboTbl paHAOMU3H-
POBaHHOIO anropuT™Ma QuickSort (Teopema 5.1) NPUMEHAIOTCA U 34€Ch. AJITOPHTM
RSelect yHUBEpCAJECH B TOM, 4TO FpaHUL[a BpeMEHH paboOThI s NPOU3BOJIbHBIX
BXOJHBIX JAHHBIX M «CPEAHEE» OTHOCHTCS TONBKO K CNTy4aiiHbIM OMOPHBIM 3Jie-
MEeHTaM, BbIOMpaeMbiM anropuTMoM. Kak 1 B ciyuyae ¢ anroput™Mom QuickSort,
KOHCTaHTAa, CKpbITas B 0603HaueHHH O-00ibLuoe B Teopeme 6.1, 10CTaTouHO Mana,
1 anroput™ RSelect MoxeT ObITh peann3oBaH Ans paboTbl Ha TOM e MecTe, 6e3
BBIAENIEHHS 3HAYUTENBHOM NONONHUTENBHON ONepaTHBHON NaMATH'.

6.1.6. Pewenve TectoBbIX 3aaaHnii 6.1-6.2

PeweHnune TtectoBoro 3aganuva 6.1

IpaBuabHbiii oTBeT: (6). [Tocne pa3aeneHus MaccuBa Mbi 3Ha€M, YTO ONOPHbIN
3]1EMEHT HaXOQUTCA Ha CBOEM 3aKOHHOM MECTE, B KOTOPOM BCE MEHbILIHE YMCcna
pacronoXeHsbl nepea HUM 1 6onbLive YUcaa pacnonokeHsl nocie Hero. [Tockonbky
OMOPHBIN MEMEHT OKa3aJICA B TPETbEH MO3ULHMU MacCUBA, OH ABIAETCA TPETbHM
110 BeJTMYMHE 3N1eMEHTOM. MBI Jke HlLeM NMATbIA HaWMEHbLINHA 3IEMEHT, TO €CTh OH
HonbLie. [To3TOMy Mbl MOXEM OBITb YBEPEHbI, YTO 5-1 IOPAAKOBAs CTATUCTUKA Ha-
XOJMTCS BO BTOPOM MOAMACCHBE, U HaM HY>KHO TIPUMEHHUTH PEKYPCHIO BCETO OIUH
pa3. Kakyto nopsakoByto CTaTUCTHKY Mbl MLLIEM B peKypCHBHOM Bbi3oBe? [lepBoHa-
4albHO Mbl MCKaJTH CaMYI0 MAJIEHBKYIO MATYIO, HO Tenepb Mbl OTOPOCHIIH OMOPHbIH
3NIEMEHT M JBA NE€MEHTA MeHblIe Hero. [Tockonbky 5 — 3 = 2, Mbl HlIEM BTOpOH
HaWMEHbLIUH IEMEHT CPEAH TEX, KOTOPLIE MEPENAlOTC PEKYPCHBHOMY BbI3OBY.

PeweHune TecToBoro saganHua 6.2

ITpaBuabHbIH oTBeT: (B). HauMeHblee BpeMsi paboTbl anroputma RSelect Ta-
KO€ e, KaK ¥ AJ1s paHAOMU3MPOBAHHOIO alropuTMa Quicksort. noxo# npumep
TaKOi e, KaK B TECTOBOM 3a7aHuH 5.1 MPEAMNOI0KHM, YTO BXOAHOW MacCUB yxe
OTCOPTHUPOBaH, U AJITOPUTM HEOJHOKPATHO BbIOUPAET NEPBbIH JIEMEHT B Ka4€CTBE
OnopHOro. B kaxaoM peKypcvMBHOM BbI30BE MepBas 4acTb MOAMACCHBA MyCTa,

! Peanusauus Ha TOM € MECTE HCMO/IB3YET JIEBYIO M NPABYIO KOHEYHBIC TOYKH IS OT-
CNEXKMUBAHMA TEKYLIETO MMOAMACCHBA, KaK B ICEBAOKOE 1 ANropuT™Ma QuickSort B pas-
aene 5.2.5. CM. Takoke 3aa4y no nporpaMMHpOBaHHIo 6.5.
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B TO BpeMsA KaK BTOpas YacTb HMeeT BCe, KpOMe TeKyLIero OropHOro 3jieMeHTa.
CrneaoBarebHO, JJTMHA OMAcCHBa KaX10r0 PEKYPCHBHOTO BbI30Ba MeHbLLE npe-
Ipiayuiero. PaGora, BeiNoJHAEMas B KQXX10M PeKypPCHBHOM BbI30BE (B OCHOBHOM
noAnporpaMmoii Partition), nuHeiiHa no AnuHe noaMaccua. I1pu BelYMCIEHUH

n »~
MEIHAHbI JIEMEHTA CYLIECTBYET = -2- PE€KYPCHBHBIX BbI30OBOB, KaXAbIA U3 KOTO-

PbIX HMEET MOJAMACCHB JIMHON He MeHee . u mostomy obliee Bpems paGoThl
cocrasnser Q(rn?). 2

*6.2. AHanu3 anroputma RSelect

OauH U3 cnocoboB 10Ka3aTh IMHEHHOE 0XXMAAEMOe BpeMs paboTbl Ans aIropuT™Ma
RSelect (TeopeMa 6.1) — cnenoBaTh TOH ke CXeMe AEKOMIMO3HLMHU, KOTOpas Tak
xopoluo paborana A5 aHanu3a paHI0MU3MPOBAHHOTO anropuT™a QuickSort (pas-
nen 5.5), ¢ MHAMKATOPHBIMH CJly4aHHbIMUA BEJTMYMHAMMU, KOTOPbIE OTC/IEXKUBAIOT
cpaBHeHus. B ciyuae ¢ anropuTMoM RSelect MbI Takke MoxeM oboliTuch Gonee
NPOCTBIM 3K3EMIIAPOM CXeMbl JEKOMMO3ULHMH, KOTOpas (GopManusyeT HHTYH-
TUBHOE MOHWMaHHe U3 pasjena 5.4.3: (i) cnyyaliHbie ONOpPHbIE JEMEHTBI, CKOpee
Bcero, OyayT A0BONBHO XOPOLUHMH; U (ii) AOBONBHO XOPOLUKE OMOPHbIE HEMEHTbI
ObICTPO NPOrpeccUpyIoT.

6.2.1. OTchnexuBaHue nporpecca nocpeactsom ¢as

MbI yke OTMETHIH, YTO BbI30B AIrOpUTMa RSelect paboTaeT BHe peKypCUBHOIO
BbI30Ba, B IEPBYIO OYepelb B BbI30BE NOANpOrpaMmsl Partition. To ecTb cylue-
CTBYeT KOHCTaHTa ¢ > 0 Takas, 4To

(*) Ans kKO0 BXOAHOMO MacCHBa JJIMHOM # anropuT™ RSelect BLIMONHAET
He Gonee cn onepauuii BHe peKypCUBHOIO BbI30Ba.

[MockonbKy RSelect Bceraa AeiaeT TONbKO OAUH PeKYPCHBHBIN BbI30B, Mbl MOXKEM
OTC/IEXMBATD €r0 XOJ M0 AJIMHE NOAMACCHBA, C KOTOPbIM OH B HACTOsILLee BpeMs
paboTaeT M KOTOpBIH CO BpEMEHEM CTAaHOBHTCSA BCE MeHbLE. [ MPOCTOTh! MBI
OyneM MCrnosb3oBaTh 6osee MPUMUTHBHYIO BEPCHIO 3TOM MEpPBI MPOABHXKEHHS'.

! MoxHO caenarb Honee TOYHBIH aHaIU3, KOTOPBIH JaCT NOCTOAHHBINH MHOXUTENb B Ipa-
HHLE BpEMEHHU paboThl.
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[Npennonoxum, 4To BHEILIHEMY BbI30BY &IrOPHTMA RSelect 1aH MaccHB JUTMHOM .
Jns uenoro uncnaj > 0 Mbl TOBOPUM, YTO PEKYPCHUBHBIH BbI30B allropMT™Ma RSelect
HaxoauTcs B ¢haze j, €CNU JUIMHA €ro NoaMacCHBa JIEXKUT MEXIY

(Z) Xn H (ZJ Xn.

Hanpumep, camblii BHELIHHH BbI30B anropuT™a RSelect Bceraa Haxoaurcs B dase
0, kak ¥ mo6ble Mocneaylole peKypCHBHbBIE BbI30BbI, KOTOpblEe paboTatoT Kak
MUHUMYM ¢ 75 % nepBOHa4YaIbHOrO BXOJHOIO MaccHBa. PekypcuBHbIEe BbI30BbI

3
€ MOAMACCHBaMH, KOTOpbIE COAEpKar OT (Z ~ OT 56 10 75 % uCXOAHBIX 3ne-

MEHTOB, OTHOCcATCS K ¢aze 1 u Tak nanee. I1o dase j = log,,, n nogMaccus uMeeT
pa3mep He Gonee 1, M HET HUKAKUX JalbHEHILMX PEKYPCUBHBIX BBI3OBOB.

Jns kaxxaoro uenoro yuciaj > 0 0603Ha4nM uepe3s X ciyyaiiHyto BeIM4MHY, paB-
HYIO YHCIly PeKYPCHBHBIX BbI3OBOB B (hase j. X, MOXeET 10X0aUTb A0 0, OCKONbKY
(aza MOXKET ObITh NOJTHOCTBIO NPOMYILEHA, H, 0€3yCIIOBHO, 3Ta BETMYUHA HE MOXKET
ObITb OONBLLIE 77 MAKCHMANBLHOIO KOIMYECTBA PEKY PCUBHBIX BbI30BOB, BbIMO/HAE-
MbIX anropuTMoM RSelect. [To (*) anroputMy RSelect BbINOMHSAET He Gonee

3 j
4
[ —]

MaxC. ORUNG NOOMACCUSE

(pasa j)

onepawui B KaKIOM PeKyPCUBHOM Bbi30Be B (aze j. 3aTeM Mbl MOXXeM Pa3JioxKHTh
BpEMsl BbINIOJIHEHHS aJITOpUTMa RSelect Mo pasnUuHbLIM ¢azam:

= an(%)j X,

Jj20

Ota BepXHAs rpaHU1LIa BpeMeHH paboTbl airopuT™a RSelect sBISETCH YCIOKHEH-
HOH ciyualiHO#M BENMUYMHOM, HO OHA NpeACTaBNseT cO00il B3BELUEHHYIO CYMMY
Goree MPOCTHIX ClyyaiHbIX BeMUUH (X). Balua aBToMaTiueckas peakuus Ha 3ToM
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JTarne JA0/KHA 3aKJIoYaThcs B MPUMEHEHUH JIMHEHHOCTH MaTeMaTH4YeCcKoro 0XH-
naxus (teopema b.1), 4ToObl yMEHBLUNTD BbIMUCITIEHHE YCIOKHEHHOH CIyyaliHOM
BEJMUMHLI 10 GoJiee MPOCThIX eAUHULL

j
E[Bpems paGotst RSelect]|<cny” (%) E[X ; ] 6.1

Jj20

Hrak, uto xe Takoe E[X]?

6.2.2. CeBepneHue K 3apaye noabpacbiBaHUA MOHETbI

[pu ycraHoBneHMH rpaHHLbl OxuaaeMoro yucna E[X] pexypCcHBHBIX BbI30OBOB
B (a3e j y HacC NpoOMCXOAUT ABe Bely. Bo-nepBbix, Kax bl pa3s, Koraa Mbl Bbl-
OupaeM AOBOJIIBHO XOPOLIMI OMOPHbIH NIEMEHT, Mbl NEpeXoauM K 6onee no3aHew
tase. Kak u B pasgene 5.4.3, onpeaenseM npubaudicennyro meouary noMaccHBa
KaK 3JIEMEHT, KOTOpbIif O0NbLIE, YeM Kak MUHUMYM 25 % ApyTUX 2N1€MEHTOB B 104~
MaccHBe, a TAKXKE MEHbILE, YeM Kak MUHUMYM 25 % Apyrux 3neMeHToB. PucyHok
nociie pasieNieHlss BOKPYT Takoro ONOpHOro JIEMEHTA BbINISAUT ClEAyIOLHUM
obpaszom:

l'lpH6.IIld)KeHHaﬂ MeauaHa

<p|P > p

o f

25-75 % maccuBa 25-75 % mMaccuBa

HeBaxxHo, kakoi ciydaii MHULMMpYETCA B aNroputMme RSelect, peKypCHBHbIH
BbI30B N10/1y4aeT NOAMACCHB JUIMHOH He bonee ¥ moaMaccuBa B MPeAbIAY1LEM Bbl-
30Be, ¥ O3TOMY NPHHAIEXUT Gosiee no3aHeH ¢dasze. ITOT apryMeHT A0Ka3bIBaeT
ClelyIoLIee HUXKE YTBEPXKAEHHE.

YTBepxaenue 6.2 (npubamxeHHble MeIHaHbI NporpeccupyioT). Ecau pexyp-
CUBHbLIL 861308 8 hase j ebibupaem NPUBTUNCEHHYIO MEOUAHY, M0O20a CLeOYIOWUT
PEKYPCUsHbIU 861306 Npuraonexcum gasze j + 1 wiu bonee nosoueil.
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Bo-BTOpBIX, Kak J0Ka3aHo B pasziene 5.4.3, pekypCUBHBIif BBI30B UMeeT NPHINYHBIH
IIAHC BbIOPATh NPUONIMIKEHHYIO MEIUaHY.

YTBep:kaeHHe 6.3 (MpHOANKeHHbIE MeAHAHBI H3OLITOYHBI). Bbi306 arcopumma
RSelect sblbupaem npubnudiceHHyI0 MeOUany ¢ 6epoamuocmuio He mernee 50 %.

Hanpumep, B maccuse, coaepikaiieM aneMenTsl {1, 2, ..., 100}, xaxapblii u3 ns-
THIECATH 3JIEMEHTOB MeXAY 26 U 75 BKIIOYUTENBHO ABNAETCA MPUOIMIKEHHOH
MEJIMAHOM.

Y1BepxaeHus 6.2 u 6.3 Mo3BONSAIOT HAM 3aMEHUTH BbIICHEHHE YUCJIa PEKYPCHB-
HbIX BbI30BOB B (pase j MPOCTBIM 3KCMEPUMEHTOM MO NMOAGPACHIBAHNIO MOHETHI.
[TpeanonoxxuM, y Bac €CTb CHMMETPHUYHAs MOHETA, KOTOpas C PaBHOH CTENEHbIO
BEPOATHOCTH NTOBEPHETCS OpJIoM UK pelukoid. [TonbpockTe MOHETY HecKoNbKO pas,
OCTaHOBMBILIHMC, KOI1a Y Bac B NEPBblii pa3 BbinazeT «opem». [TycTtb N— konuuecTBo
noabpacbiBaHUI MOHETHI (BKJTIOYas nocneauuii 6pocok). [Ipeacrasbre, 4To «open»
COOTBETCTBYET BbIOOpY NpHONIMKEHHOH MeAHaHbl (M OKOHYaHHUIO SKCMIEPUMEHTA).

YT1BepxkaeHue 6.4 (cBeaeHHe K 3aJa4e NOAOPACLIBAHUA MOHETBI). 15 Kaxcool
gaset j, ELX) < E[n].

Hoxazamenbcmeo: Bce paznuuus Mexay onpeaeneHusMu X, u N TakoBbl, 4TO
OXHJaeMoe 3HauYeHHe (MaTeMaTH4eckoe 0XKHIaHue) NeEPBOro MOXKET GbITh TONLKO
MeHbLIE:

1. He Moxet ObITb pekypcHBHBIX BbI30BOB B (pase j (ecnu ¢a3a NOMHOCTBIO
NponyIleHa), B TO BpeMs KaK Bceria ecTb kak MUHMMYM OZHO MoAOpachIBa-
HUE MOHETHI (NepBoe).

2. Kaxnoe nonbpacbiBaHUe MOHETbI UMeeT POBHO 50 % IIAHCOB NMpPOMLIUTD
3KCMEpPUMEHT (eci¥ OHa noBepHeTcs pewikoid). M3 yTeepxnennit 6.2. u 6.3
ClleflyeT, YTo KaKAblH peKypcHBHbIH BbI30B B (ha3se j umeet He 6onee 50 %
BEPOATHOCTH MpoAJieHHs ¢a3bl — HeOOXOAUMBIM YCIOBUEM SBNAETCS TO,
4TO eMy He yaaeTcs nonobparb NpUOIHKEHHYIO MEANaHY.

Y m. o.

CnyuaiiHas BennuuHa N ABISETCS CYHAUHOU BeNUMUHOU, UMeloujeli 2eomempuye-
cKkoe pacnpedenenue ¢ napamempom 2. [543 Ha ee MaTeMaTHuecKoe OXHUAaHNe
B yueOHHUKe UM B UHTEpHeTe, Mbl 0OHapyx1BaeM, 4to E[N] = 2. B kauecTBe alib-
TEPHaTUBbI €CTb XUTPbIi cmoco6, 4ToObl YBUAETH 3TO, — HANMKCaTh MaTteMarnye-
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cKoe okuaaHue N B TepMuHax camoro cebd. KiroueBas uaes — B UCNOJIb30BaHUU
TOro (pakta, YTO CllyuaifHblii KCIIEPUMEHT HE UMeeT NOCIEeACTBH (He 3anoMu-
HaeTcs): el NnepBoe MOAOPAChIBAHHE MOHETbI JAET «PELIKy», OCTaNIbHAsA YacTh
JKCMEepUMEHTA ABNIAETCA Konueil opuruHanbHoro. B marematuke, kakum Obl HU
6bL10 MaTeMaTHYECKOE OXKHAaHUE NV, OHO JOMKHO YAORIETBOPATH COOTHOLLEHUIO

E[N]= 1+

1
nepeuli Gpocok ,g
peuxa

] TDOCHCAYIONIECE GPOCKH MOHCTH

Eaunncteennoe 3uayenue ans E[N], ynosneTBopsiolee 3TOMY YPaBHEHHIO, paB-
HseTcs 2'.

W3 yTBepxaeHus 6.4 BbITEKAET, YTO 3TO 3HaYEHHUE ARNSETCS BEpPXHEH rpaHuuei
TOrO, YTO HAC MHTEPECYET, TO ECTb 3TO OXKHUAAEMOE KOJIHUYECTBO PEKYPCHBHBIX
BbI30BOB B (a3ze j.

Cnencrsue 6.5 (aBa BbI30Ba B pacyete Ha da3y). [Jus kaxcoozo j E[X] < 2.

6.2.3. CoeauHsiem BCe BMecTe

Tenepb Mbl MOXeEM MCMONB30BATH BEPXHIOKO PAHULLY B CeACTBUH 6.5 aist E[X],
4TOObl YIPOCTUTD Hally BEpXHIOK rpaHuly (6.1) Ans odkuaaemMoro BpeMeHH pa-
60Tbl anropuT™a RSelect:

j j
E[Bpems pabotsi RSelect] < an(%) E[X j] < 2an(%) .

j20 j20

J
Cymma ). js0 (%) BbIIVIIUT 321y TAHHO, HO 3TOTO 3Beps Mbl yke npupyuuau. [pu

Jl0Ka3aresbCTBEe OCHOBHOIO MeToza (paszien 4.4) Mbl OTBIIEKIIUCD, YTOOBI 0OCYAHTH
reomerpuueckue paabl (pazaen 4.4.8) u nonyynnu Tounyio popmyny (4.6):
E 1_ rk+l

l+r+r+...+rf=
1-r

' Ctporo roBops, Mbl IOMKHBI TAKKE UCKITIOUHTB BO3MOXKHOCTD TOTO, 4T0 E[N] = +00 (4TO
HETPYAHO CIENaTh).
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JUTS K&XKJI0T0 BelleCTBEHHOro yucnar # 1 u HEOTPHULATEIbHOIO LEJIOro 41cjia k.

1
Ipu r <1 3TO KOJNUYECTBO COCTABNAET HE Goslee ——, HEBAXHO, KAKUM OGONbLINM
1-r
apasercs k. [ToacraBus r = %, y Hac nonyyaercs

3Y 1
2&) =5
4

J20 1-
Y MO3TOMY

E [Bpemx paboTh RSelect] <8cn=0(n).

Ha sToM 3aBepiuaroTcs aHanu3 anropuTMa RSelect U A0Ka3aTenbCTBO TEOpeMbl 6.1.

Y m. o.

*6.3. Anroputm DSelect

AnropuT™ RSelect BbINONHAETCS 3a NMHEHHOE BpeMs AJIS KaX/AO0ro BX0Aa, B KO-
TOPOM MaTeMaTH4eCKOe OKUAaHHeE CBA3aHO CO Clly4YaiiHbIMM BapMaHTaMH BbIOOPa,
BBIMOJIHAEMbIMH aITOpUTMOM. TpebyeTcs M paHAOMU3aLMUs TS TMHEHHOTO Bbl-
Gopa'? B aToM pasierne U Janee 3Ta 3aJaya peLIaeTcs MpH NOMOLUM JeTePMHHH-
POBaHHOIO JMHENHOTO aITOpUTMAa A5 3aJja4y BbIOOpa.

Ilns 3a0a4u COPTHPOBKH cpeHee Bpems paborsl O(n log #) paHAOMH3MPOBAHHOTO
anroput™a QuickSort coBnaaaet co BpeMeHeM paboThl AETEPMUHUPOBAHHOIO
airoputma MergeSort, u o6a anroputMa — QuickSort U MergeSort — SBIAIOTCS
0J1e3HbIMU AITOPUTMAMHU U1l IPUMEHEHUs Ha npakTuke. C Apyroii CTOpOHbI, XOTs
JleTepMMHHPOBaHHbIH THHEHHbIHA anropuT™ BbIOOpA, ONKUCAHHBIA B 3TOM paszere,
Ha npakTHKe paboTaeT HOpMabHO, OH He KOHKYPUPYET C allrOpUTMOM RSelect. 310
MPOUCXOAMT N0 JBYM MPUUMHAM: 13-3a OONbLUINX MOCTOSAHHBIX MHOXKUTENEH] BO Bpe-
MeHH paboThl alropuT™a DSelect U BBIMONHAEMO# alNroOpuTMOM paboThl, CBA3aHHOM
C BbIAENEHUEM U YNPABJICHUEM JOMONHUTENILHON OnepaTuBHON namsaTbio. Tem He
MEHee UEU B aJITOPUTME HACTOJBbKO KPYThI, YTO 51 HE MOTY BaM O HUX HE PaccKasarb.

! TToHMMaHHE MOLIHBIX BO3MOXHOCTEH PaHIOMHOCTH B BBIUMCIEHUAX B Honee obieM
NJIaHe ABJAETCA CIOXKHBIM BOMPOCOM U MPOJOKAET OCTABATbCA TEMON aKTHBHBIX MC-
ClleJloBaHU# B TeOpETHUECKOH HHpOpMATHKE.
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6.3.1. leHnanbHaa npeqa: meguaHa meauaH

Anroput™ RSelect ObICTp, HOTOMY YTO HMeeTCs BHICOKass BEPOSATHOCThL TOrO,
4TO CiiyyaiiHble OMOpHbIE 3NeMEHTHI OyAyT NOBOJIBHO XOPOUWIMMH, o0ecneuuBas
NpUMeEpHO cbanaHCUpOBaHHOE pa3bHeHHe BXOOHOTO MacCHBa NocJe pasieNieHus,
K TOMY K€ JJOBOJIbHO XOPOLIKE OMOPHBIE 3IEMEHThI OLICTPO Nporpeccupytor. Eciu
HaM He pa3pelleHO KCNONb30BaTh PaHJOMH3ALHUIO, TO KAaKUM 00pa3oM MOXHO
BbIYHUCJIUTb JOBOJILHO XOpOl.l.ll/lﬁ Ol'lOprlﬁ JNEMEHT, HE a¢Jas CJIUIIKOM MHOIo
paboTbI?

['eHuanbHas naes B IETEPMHHUPOBAHHOM JIMHEHHOM BbIOOpE 3aKITIO4AETCS B UC-
TNOJIb30BAHUN «MEMAHbl MEHaH» B KaYeCTBE MPOKCH [ UCTUHHON MeauaHbl.
ANropuT™ paccMaTprBaeT AMEMEHTEI BXOAHOTO MacCHBA Kak CIOPTUBHBIE KOMAHIbI
1 MPOBOJIUT TYPHHP Ha BbIObIBaHME B J1Ba Typa, YEMIIHOHOM KOTOPOIO SBJIAETCA
OIOPHBIH 3JIEMEHT; CM. TaKXKe pHc. 6.1.

MeOuana Meouan
(uemnuon) 9
2pynnogble Meduanbl ——

(nobeoumenu nepgozo mypa) 10l 719

8X00HOU Maccus
(conephuxu)

11610215817143912451&]
T
rpynmna Ne 1 rpynma Ne 2 rpynma Ne 3

Puc. 6.1. BbluncneHve onopHOro aneMeHTa Ha OCHoBe TypHUpa Ha BbiGbiBaHWE
B ABa Typa. B 3ToM npumMepe BbIBpaHHbIi ONOPHBLIN 31eMEHT — 3TO He MeanaHa
BXOAHOro MaccuBa, a [OBONLHO 61n3Koe K Helt 3HaYeHue

[lepBblii Typ sAB/IS€TCS MPYNNOBLIM 3TANOM C 3JIeMEHTaMH B NIO3ULIMAX 1—5 BXOAHO-
ro MacCuBa B KAYECTBE NEPBOH rPyMMbl, JEMEHTaMH B o3uLusaX 6—10 B kauecTBe
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BTOPOIi rpynnbl ¥ Tak Aanee. [lobeanrens nepBoro Typa rpynmbl U3 NATH IEMEHTOB

onpeaensercs Kak MeMaHa 3JIeMeHTa (TO €CTh TPeTHH HauMmeHbluuit). [Tockone-
n n .

Ky UMeeTCs = r rPyMMN U3 MATH NIEMEHTOB, €CTh = 5 nepebix nobeaurenei. (Kak

00bIYHO, MBI UTHOPUPYEM ApobH 1S MPOCTOTHI.) YeMNUOH TypHUpa onpeaensercs
Kak MeAnaHa noGeauTeneil nepeoro Typa.

6.3.2. Ncespoxon ana anroputma DSelect

Kak Ha camoM aene BblYMCAUTL MeAMaHy MeauaH? Peanu3auus nepBoro arana Typ-
HHpa Ha BbIObIBaHHE NPOCTA, MOCKONIbKY K&KJ0€ BbIUNUCIEHNE MeIMaHbl BIJTOUAeT
B ce0s Bcero nATh anemMeHToB. Hanpumep, kaxxaoe Takoe BbIUMCIIEHHE MOXKET ObITh
BBIMOJIHEHO MeTOAOM Nepebopa (a1 kK0 U3 NATH BO3MOXKHOCTEH noapobHo
NPOBEPHUTD, ABISETCA M OH CPEAMHHbIM 3J1EMEHTOM) JM6O C MUCNONb30BAaHHEM
Halllero CBeIeHHU K 3a1aye COpTUPOBKH (paszen 6.1.2). [lng peanuzaumu BToporo

n o
3Tana Mbl BBIYHUCIIAEM MENNAHY U3 = . nobeaurenei NepBOro Typa peKypcusHo.

DSELECT
Bxoa: MaccuB A n3 n> 1 pasHbIx uncen v uenoe uucnoi€ {1,2, ..., n}.

Buixoa: i-s nopsaakoBas CTaTUCTHKA MaccuBa A.

1 if n = 1 then // 6a30Bbid cnyvan
2 return A[1]
n
3 for h :=1 to g do // nobeanTenn nepsoro Typa
4 C[h] := cpeavHHbih dnemeHT U3 h-# rpynnsl u3 5 3nementoB
S p := DSelect(C, f%) // mepuaHa mepmaH
6 pa3nenntb A BOKpYr p
7 j := no3uumA p B pa3feneHHoM Maccuee
8 if j = i then // BamM nocYacTAMBUNOCH!
9 return p
10 else if j > 1 then
11 return DSelect(nepBas 4acTb A, 1)
12 else // <1

13 return DSelect(BTopas 4actb A, 1 - j
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Crpoku 1-2 1 6—13 uaeHTHUYHBI anropuTMy RSelect. Ctpoku 3—5 sBnsioTcs
€MHCTBEHHO! HOBOH YacCTbIO AJITOPUTMA; OHU BLIYUC/AAIOT MEAUAHY MeAHaHbl
BXOHOIO MaccHBa, 3aMeHssl CTPOKY B alnropuTMe RSelect, koTopas BblOMpaeT
OMOPHBbIii 3MEMEHT ciyyaiiHbIM 06pa3oM.

CtpokH 3 1 4 BblYMCAAIOT MobeauTeneH nepeoro Typa TypHHpa Ha BbIObIBaHHUE,
rae CPeAWHHBIHA 3NMEMEHT KaX10# Ipynmbl U3 NATH €MEHTOB BbIYUCIAETCS C HC-
N0/b30BaHUEM MeTOZa Nnepebopa WM anropuT™Ma COPTUPOBKH, U KOTIUPYIOT 3THX
nobeaureneii B HoBblit MaccuB C'. CTpoka 5 BLIYUCIIAET YEMITMOHA TYPHUPA yTEM
PEKYpPCHMBHOrO BblUuUCIEHUsS MeauaHbl MaccuBa C; nockonbky C UMeEET AMMHY

n n
(OpHEeHTHPOBOUYHO) 5 970 7, ~# NMOPAIKOBAK CTATHCTHKA MacCHEa C. Ha nobom

iare ajiroppuTtMa HUKakasi paHa1oMU3aL s HE UCTOJIb3yETCA.

6.3.3. MNouumanue anropurma DSelect

PekypcHBHBI BbI30B airopuT™Ma DSelect NMpU BbIYMCAEHUH OMOPHOIO dieMEHTa
MOXKET M0Ka3aThCs ONacHO LMKIHYHBIM. UTOObI MOHATL, YTO MPOUCXOMNT, JaBaiiTe
CHayana 0003HauMM 00LLee KOJMYECTBO PEKYPCHBHbIX BbI30OBOB.

TECTOBOE 3AJJAHHME 6.3

CKoJIbKO PEKYpCHBHBIX BbI30BOB, KaK MPABUIIO, JENAET OAMHOYHbIH
BbI30B aNroputma DSelect?

a) 0.
6) 1.
B) 2.
r) 3.

(PelueHue v MOACHEHHE CM. HHXKE.)

IIpaBuabHbIi oTBeT: (B). OTOpocHB 6a30Bblil Ciiyyait U cHacTIMBLIN Ciyyail,
B KOTOPbIX OMOPHbIi 2MEMEHT OKa3bIBaeTCs TpeOyeMoil MOPAAKOBOI CTATUCTHKOIA,

! DTOT BCoMorarenbHblit MaCCHB ABIAETCA MPUUMHOM, MO KOTOPOIi alIropuT™ DSelect,
B OTJIWYHE OT AJIrOpUTMA RSelect, HE MOXET BLIMOTHATLCA HA TOM XKE MECTE.
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anropuTt™ DSelect AenaeT ABa PeKypCUBHBIX BbI30Ba. UTOOBI NOHATH NOUYEMY, He
nepeMyzapHTe; MPOCTO MPOBEPLTE MCEBAOKOM aNropuTMa DSelect MOCTPOUYHO.
B cTpoke 5 uMeeTcs OMH peKypPCUBHBIA BbI30B M €1Ue OAUH B cTpoke 11 nubo 13.

EcTb 1Ba BbI3bIBAIOLLMX My TAHULLY pacnpOCTpaHEHHbIX BOMPOCa HaCYET ITHUX ABYX
PEKYpPCHBHbBIX BbI30BOB. Bo-nepBbix, He ABASAETCA JM TOT (AKT, UTO aJrOPUTM
RSelect /eNaeT BCEro OAUH PEKypPCHBHbIH BbI30OB, IPHYHHOM, 1O KOTOPOH OH pa-
Goraer ObICTpee, UEM HALUM ATTOPUTMBI COPTUPOBKH? Pa3Be anroput™ DSelect He
OTKa3bIBACTCS OT ITOrO yyUlLICHHs, leNas ABa peKypCHBHbIX Bbi30oBa? Pa3nen 6.4
MOKa3bIBAET, YTO, MOCKONbKY JOMOTHUTENbHbI PEKYPCUBHBIH BbI30B B CTPOKE 5
JIOJDKEH PELUMTD TOJILKO OTHOCUTENIBHO HeboubLy o nmoasanady (¢ 20 % snemeHToR
UCXOJHOTO MacCHBa), Mbl BCE €LUE MOXEM CMACTH JIMHEHHbIHA aHaIu3.

Bo-BTOpBIX, B2 PEKYPCHUBHBIX BbI30BAa MIPAIOT MPUHLMINANBHO pa3Hble PoiH.
Llenblo peKypCUBHOTO BBI30BA B CTPOKE 5 SBASAETCS ONpEAesIEHHE XOpOLLEero
OMOPHOTO 3IEMEHTA AN TEKYLIEro peKypCHBHOIO BbI30Ba. Llens pekypcuBHOro
BbI30Ba B cTpoke 11 unu 13 o6bluHas — peKypcUBHO peluTh Gosiee MeNKyto
OCTaBLIYIOCS 3aJady, OCTaBJIEHHYIO TEKYLIMM PEKypPCUBHbIM BbI30BOM. TeM He
MeHee peKypcHBHas CTPYKTypa B anroputMme DSelect MOMHOCTBLIO CleqyeT Tpa-
JAMLMH BCEX APYTHX aIrOPUTMOB «pa3jensii ¥ BIacTByi», KOTOPbIE Mbl H3yYallu:
KaX/blit PeKypPCUBHBIH BbI3OB JeaeT HeOOoMbIIOE KOIMYECTBO MOCIEAYIOLHX
PEKYPCHBHBIX BBI30BOB CO CTPOro 6onee MEIKMMH NoA3aJa4aMU U BbIMOJIHSET
HEKOTOPYIO JOMONHUTENBHYIO paboTy. Ecnu 6b1 Mbl He 6€CIOKOMIIUCH O TOM, YTO
aITOPUTMBI, Takue Kak MergeSort WM QuickSort, 6yayT BbIMONHATLCA BEYHO, TO
HaM He clie1oBas10 6bl GecrnokouThCA U 06 anroputme DSelect.

6.3.4. Bpems paboTtbl anroputma DSelect

AnroputM DSelect — 3TO He MPOCTO 4eTKO COPMYIHPOBaHHAs MPOrpamMMa, Ko-
TOpas 3aBepluaeTcs 3a OrpaHUYEHHOE KONHYECTBO BPEMEHH, — OH BbIMOJIHAETCS
3a qunelinoe BpeMsl, Aenas 0osblue paboThl TONLKO HA MOCTOAHHBIA MHOXHTENb,
4yeM HeOOXOAUMO IJIS YTEHHS BXOAHBIX JaHHBIX.

Teopema 6.6 (Bpemst paboThl aaropuT™a DSelect). [na kascoozo 6x00H020
Maccusa Onunoli n > 1 8pems pabomvi ancopumma DSelect cocmasnsem O(n).
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B otnnuue ot BpeMeHn paboThl anropuTMa RSelect, KOTOPOE B MPUHLIMIE MOMKET
ObITh He Oonblue O (n?), Bpems paboThi aNropuTMa DSelect Bceraa paBHSAETCS
O(n). Tem He MeHee Ha MPAKTHUKE BaM CIIEAYET NPEANOYECTb RSelect aIrOpUTMY
DSelect, MOTOMY YTO NepBblid paboTaeT Ha TOM ke MeCTe, a KOHCTaHTa, CKpbITas
B cpeiHeM BpemeHHu pabotel «O(n)» B TeopeMe 6.1, MEHbLLIE KOHCTaHThl, CKPBITOH
B Teopeme 6.6.

CYNEPKOMAHAA COMPUTER SCIENCE

OpaHa U3 uenen 3To Cepun KHUIr — caenaTtbh U3BECTHbIE anrOPUTMbI Ha-
CTONLKO NPOCTbIMYU (MO KpanHeh Mepe, 3aAHUM YNCNOM), 4TOObI AaTb Bam
oulyweHue, 4To Bbl UX Npuaymanu 6ul camu, ecnu Obl Bbl BbIAN B HYXHOM
MecTe B HyXHoe BpeMs. MoYTU HUKTO 3TOro He YyBCTBYET B OTHOWEHUU
anroputma DSelect, koTopbih 6bin pa3paboTaH cynepkomMaHaon U3 NATu
nccneposaTtenei, Y4eTBepo U3 KOTopbix Obinn HarpaxaeHol npemuven Tbio-
puvHra, Bpy4aemMomn Accoumnauueii BolancantensHonm textukm (ACM) (sce 3a
pasHble Bewu!), akeusaneHTom Hobeneeckon Nnpemun No nHdopmartuke'.
Tak 4TO He OT4auBaWTEChb, €CIU BaM TPYAHO NpeAacTaBuTb, Y4TO Bbl NpUAy-
maeTe anroputMm DSelect, aaxe B caMble kKpeaTuBHbIE AHU, — nobeny Hapg,
Popxepom Peaepepom (He roBops yxe o nobene Hag NATbIO €ro KNoHamu)
Ha TEHHUCHOM KOpTE TOXe TPYAHO NpeacTaBuTh!

! 3TOT aNropuT™ M €ro aHanu3 ObUIH OMyONHKOBaHBI B CTaThe «IpaHMLBbI BPEMEHH LIS
3agayd Bbibopa» MaHyans bnroma, PoGepra V. ®noiiaa, Borana [Iparra, Ponanbaa
J1. PuBecta 1 PoGepra 3. Tapbana («Times Bounds for Selection», Manuel Blum, Robert
W. Floyd, Vaughan Pratt, Ronald L. Rivest, and Robert E. Tarjan, Journal of Computer
and System Sciences, 1973). (Torza 65U10 04€Hb HEOOBIYHO BHAETH CTATHH C NMATHIO ABTO-
pamu.) B xpoHonornyeckom nopsake: ®noitn nomyynn npemuio Thtopurra B 1978 roxy
3a BKJIJl B AITOPUTMBI, @ TAKXKE B A3BIKH MPOrPaMMHPOBAHHSA M KOMITWIATOPLE; TapbaH
noayyun npemuto B 1986 rogy (napany ¢ JxxoHoM 3. XonkpodTom) 3a CBoKO paboty
Mo alropuTMaM U CTPYKTypaM JaHHBIX, KOTOpble MBI OOCYMM Jajiee B MOCIETY FOLIMX
4acTaX 3TOH cepuH kHHru; BritoM ObUT yaocToeH npemMuu B 1995 roxy, B 3HaUMTENBHOM
CTereHH 3a ero BK1aj B Kpunrorpaduio; 1 PHBECT, KOTOPOro Bbl MOXKETE y3HATh M0 NEPBOii
Oykee B kpunrocucreme RSA, nonmyuun ee B 2002 rogy (¢ Aau Lllamupom u Jleonapaom
AnneMaHoM) 3a CBOK paboTy no KpunTorpaguu C OTKPHITHIM KIIOYOM. Mexay TeM
[MparT npocNaBUTCA JOCTUKEHUAMH, KOTOPbIE MPOCTHPAIOTCA OT AJITOPHTMOB NMPOBEPKH
MPOCTOTHI 10 COBMECTHOTO OCHOBaHHs Sun Microsystems!
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*6.4. AHanu3 anroputma DSelect

CMoxeT 111 anropuT™ DSelect IEHCTBUTENLHO BBIMOMHATHCS 32 TUHEHHOE BpeMsi?
[Moxoxke, YTO OH NenaeT Ype3MEPHO BBICOKUIT 06beM paboThI C IByMS pEKYpPCHB-
HbIMHM BbI30BAMH M 3HAYMTENIbHON AOMONHUTENLHOH paboTOH BHE peKypCHUBHBIX
Bbi30BOB. JI1060# apyroii aliropuT™, KOTOpbI Mbl BUIENH C AByMS WM Oonee
PEKYPCHBHBIMHM BbI30BAMH, MMEET BpeMs BbINONHEHUA O(n log 1) unu MeHblue.

6.4.1. PaGoTa BHEe peKypCUBHbIX BbI3OBOB

HauHeM c BbIABJIEHHS KOJIMYECTBA ONepaLyii, BbINOMHAEMbIX BbI30BOM aJITOPUTMA
DSelect BHE €ro peKypcUBHbIX BbI30BOB. [locpeacTBoM AByX I1aroB, KOTOpble
TpeOyoT 3HaUNTENBHON PaboThl, BLIUNCIAIOTCSA NOOEAUTENN NepPBOro Typa (cTpo-
ku 3—4), ¥ pazaensercs BXOJHOH MacCHB BOKpPYI MequaHbl MeauaH (CTpoka 6).

Kak u B anroputMe QuickSort uin RSelect, BTOPOii LIar BbIMOJHAETCSA 3a JIMHEH-
Hoe BpeMa. Kak HacueT nepBoro wara?

CocpenoTounMcsi Ha KOHKPETHOH Tpynne u3 NATH dnemMeHToB. [Tockonbky 31O
BCETO JIWLIb MOCTOSHHOE YHCJIO JJIEMEHTOB (HE3aBUCUMO OT JJIMHBI 7 BXOTHOTO
MacCHBa), BbIYHCIIEHHE MEAAMaHbI 3aHUMaeT (PHKCUPOBaHHbI MPOMEXYTOK BpeMe-
HU. Hanpumep, npeamnonoxum, 4To Mbl ieJlaeM 3TO BHIYUCIIEHHE Ny TeM CBeeHHs
K 3ajiaye COpTHpoBKHM (pa3zaen 6.1.2), ckaxeM, UCTIOB3Ys airOpPUTM MergeSort.
MBsI xopouro noHuMaeM o6beM paboThI, BBIMONHAEMbII alrOPUTMOM MergeSort
(Teopema 1.2): He Gonee

6m (log,m + 1)

onepauuii COpTUPOBKH MacCcUBa JUIUHOH m. Bbl MoxeTe ObITh 06€COKOEHBI TEM
(haxToM, 4TO ANrOPUTM MergeSort He BHINOIHAETCS 3a JHHelHHOe BpeMs. Ho Mbl
BBI3BIBAEM €TI0 TOJIBKO JJIA NOIMACCUBOB MOCTOSHHOTO pa3Mepa (m = 5), U B pe-
3yJbTaTe OH BBINOJIHAET MOCTOSHHOE KOJIMYECTBO onepauuii (He Gonee 6 x 5 x

n
x (log, 5 + 1) < 120) na noaMaccuB. CymMupys 5 IPyMMbl U3 OATH JIEMEHTOB,
n ~
KOTOpbI€ HYXHO OTCOPTHPOBATh, 3TO He Gonee 120 x 3= 24n = O(n) onepauui
B LieJIoM. MBI JieniaeM BbIBOA O TOM, YTO BHE PEKYPCHBHbBIX BHI30BOB AJITOPHTM
DSelect BBIMONHAET TOJNBKO JTHHEHHYIO pabory.
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6.4.2. Npy6oe peKkyppeHTHOEe COOTHOLWEeHue

B rnase 4 MbI NpoaHANIN3MPOBANIH ANITOPUTMBI «pa3lensii U BIacTBYH» ¢ MCMOINb-
30BaHMEM PEKYPPEHTHBIX COOTHOLUEHUH, KOTOPbIE BLIPAXKAIOT FPAaHULy BPEMEHU
pabotbl T(n) B TEpPMHHAX YHMCIIA OMEpALMii, BBIMOIHAEMBIX PEKYPCHBHBLIMU Bbl-
3oBamu. JlaBaiite nonpobyeM TOT >ke HOAXOH 34eCh, 0003Ha4UB yepe3 1'(n) Mak-
CUMaJIbHOE KOJMMYECTBO OMepaLtii, KoTopble alropuT™M DSelect BbIMONHSET HA
BXOAHOM MaccuBe JUIMHOH n. [1pn #» = 1 anropuT™ DSelect MPOCTO BO3BpalLAET
€1MHCTBEHHBIH 3NMEMEHT MaccuBa, nostomy 7'(1) = 1. Jlna 6onblumx n anroputM
DSelect Aenaer OAMH PEKYPCHBHbIH BbI30B B CTPOKE 5, €Llie ONHH PEKYPCHBHBII
BbI30B B cTpoke 11 unu 13 u Beinonuset O (1) JONONHUTENBHYO paboTy (ans pas-
JeJIeHUs, BBIYMCIIEHHUS M KOMUPOBaHUs nobeanTeneit nepBoro typa). OTo TpaHc-
NUpyeTcs B peKypPeHTHOE COOTHOLLIEHHE creytolei GopMbl:
T(n) < T (pasmep nox3anaduu Ne 1)+ T (pasmep noxsanaun Ne 2)+ O (n).

"] -~

=nl5 =7

UTo6b! OLIEHUTL BpeMst paboThl alropuTMa DSelect, HAM HYXHO MOHSATH pa3Mepbl

No/3a/1ay, peLlaeMbIX ABYMs peKy pCUBHbIMU BbI30BaMH. Pa3Mep nepBoii noa3anauu
n .

(cTpoka 5) cocraBnser 3 3TO KOJIMYECTBO nobeauTeneil nepBoro Typa.

MbI He 3HaeM pa3Mepa B’TOpOﬁ noa3ajayyd — OH 3aBUCHUT OT TOr0, KaKO 3NIEMEHT
B KOHEYHOM HTOr€ ABIAECTCA ONMOPHbIM, U OT TOr0, MEHbLLIE UJIX 0oblle HCKOMas
nopsaaKoBast CTATUCTUKA 3TONO OMOPHOIO 3JIEMEHTA. Ora HEONpEaACJICHHOCTD B pa3-
MEpE noasagayd — NpHYUHa, no KOTOpOﬁ MbI HE UCMOJIb30BAJIM PEKYPPEHTHLIC
COOTHOLLEHHUA AJI1 aHaJIu3a aJirOpuTMOB QuickSort u RSelect.

B ocoboM cnyuae, koraa B kauecTBe ONOPHOro BhiOpaHa UCTUHHAA MeauaHa dJie-

MEHTa BXOAHOIO MaccuBa, BTOpas Mnoj3ajaya rapaHTUpOBaHHO OyIeT COCTOATD
n

He Gonee yeM U3 > 3/IeMEeHTOB. MeauaHa MelMaH, Kak NpaBUilo, He ABNAETCA UC-

THHHOM MeiaHo# (cM. puc. 6.1). JlocTaTo4Ho Jid OHa NpUOJIKMKEHA MO 3HAYEHHIO,
4TOObI FapaHTUPOBATh MPUOIM3UTENEHO COATaHCUPOBAaHHOE Pa3OUEeHHE BXOAHOIO
MacCHBa U, ClIe0BaTeNbHO, He CTMUIKOM 60MbLIyIo noa3anady B ctpoke 11 umu 13?
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6.4.3. Jlemma 30-70

B ocHoBe aHanu3a anropuTMa DSelect NEXUT yKa3aHHas HUXKE JIEMMa, KoTopas
KOJIMYECTBEHHO OLIEHMBAET OTAa4Yy OT TSDKeNIo paboThl, BLITONHAEMON IS Bbi-
YUCACHUS MEHaHbl MEIUAH: 3TOT ONOPHBIHA 31IEMEHT rapaHTUpyeT pazOueHue
BxofHoro Maccusa Ha 30—70 % wnu Gosblie.

Jlemma 6.7 (siemma 30—70). s kaxcoozo 6xo0no20 maccusa Onunou n> 2 noo-
maccus, nepedasaemulii peKypCUSBHOMY 6b1308) 6 cmpoxe 11 wnu 13 uz ancopumma

7
DSelect, umeem Onuny He bonee Bn !

7
Jlemma 30-70 no3BossieT HaM MOACTaBUTb «—0 n» BMECTO «?» B rpyboM pekyp-

PE€HTHOM COOTHOLUCHUH, MPUBEACHHOM BbILIE: AJ1 KAXA0T0 1 >2

T(n)STGxn)+T(%an+0(n). 6.2)

Crayana Mbl JokaxeM nemMy 30—70, a 3aTeM JOKaxeM, 4TO U3 peKyPPEHTHOIO CO-
OTHOLUEHHS (6.2) crieLyeT, 4To alropiT™ DSelect ABIAETCS IMHEHHBIM ATTOPUTMOM.

n
Hoxazamenvcmeo nemmut 6.7. O603HaUMM yepes k = 5 KOJIMYECTBO IPYII U3 NATH

3JIEMEHTOB, a 3HAUMT, U KOIMYECTBO NobeauTeneil nepBoro Typa. OnpenennM x; kak
i-i HanMeHbLIKMi 13 nobeauTenel nepBoro Typa. SKBUBAIEHTHBIM 06Pa3oM, X, ...,
X, — 3T0 NoOeANTENH NEPBOrO Typa, OTCOPTUPOBAHHBIE [0 NOPAAKY. HeMmHoHOM
TyPHHPA, MEMAHOI ME/IMaH, SABIACTCS X, (WIH X, ) , €CIH kK — HEeYeTHO)’.

['naH cocTOMT B TOM, 4TOOBI 10Ka3aTh, UTO X, , HE MEHbLLIE H He OoNbLLe, YeM KaKk MUHHU-
MyM 60 % snemeHTOB o MeHbLieid Mepe B SO % rpymni. Toraa no meHbLueii Mepe 60 % x
% 50 % = 30 % 3meMeHTOB BXOAHOTO MaccuBa OyaeT He Goubilie MeIMaHbl MEANAH
1 kak MUHUMYM 30 % OyzeT He MeHbLie:

CTporo roBops, NOCKOJbKY OIHA U3 «IPYMN U3 5» MOXKET UMETb MEHEE MATH ATEMEHTOB
(ecnu n He KkparHo 5), TO En JOJKHO OBITH En + 2, OKpyIJIEHHbIM 10 Onnkaiiiero

uenoro. Mel GyaeM HrHOPUPOBATH «+2» MO TOM JKe NPUUYUHE, N0 KOTOPO MBI HTHOPH-
pyeM apo6u, — 3To AeTalb, KOTOPas YCIOKHAET aHANH3 B HEHHTEPECHYIO CTOPOHY M He
BIIMSET HA CYTb.

? [ x] o6o3Hauaet dyHkuuio «ceilingy, KoTOpas OKPYIIACT CBOH apryMEHT BBEPX 10 Okt~
XanLIero LEeoro Yucna.
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MCAHWAaHA MCIHaH

¥
<p|P >p

N p—— ——

$ ]

30-70 % MaccuBa 30-70 % MaccuBa

Jlns peanu3zauuu 3TOrO [1aHa paCCMOTPHUM CIIEAYIOLIAN MBICTICHHBIA 3KCMIEPUMEHT.
B yme (He B peasibHOM anroputMe!) Mbl BbIKJIa[bIBAEM BCE IJIEMEHTbI BXOAHOIO
n

MaccuBa B opMare AByMepHO# peuieTkd. UMeeTcs naTh CTPOK, M KKAbIH U3 5

CTONOLIOB COOTBETCTBYET OJHOM M3 IPyIH U3 NATH dIeMEHTOB. B kaxkaoM cronbue
Mbl BbIK/IA/IbIBAEM NATb 3I€EMEHTOB, OTCOPTUPOBAHHBIX 110 MOPAAKY CHH3Y BBEPX.
HakoHell, Mbl BBIKJIQIBIBAEM CTONOLBI TAK, YTOOLI MOOEAUTENH MepBOro Typa (To
€CTh 3JIEMEHTHI B Cpe/iHeli CTpoke) Obiiv OTCOPTHPOBaHbI clieBa Hanpaso. Hanpu-
Mep, €CIH Mbl HMEEM CNIEAYIOLUMIA HUXKE BXOHOH MaccHB

1ny6 102 (15| 8|1 (7 |14]3 (9124|513

TOrla COOTBETCTBYIOLIAS pelleTKa MPUMET CleAy oM BUA:

14 13 15
\ A% \
8 12 OMOPHBIiA 11
\V/ /\L ‘:?emem \Y
7 < Q) < 10
\ Vv \
3 5 6
\' \ \'
1 4 2

rae Oﬂoprlﬁ JNEMEHT, M€AHaHa MEIMaH, PaCIlONIOXKEH B yl"IlOBOﬁ NO3HULUH.
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K/IOMEBOE HABNIOQEHWE

MockonbKy CpefHNAs CTpoka COpTUPYETCA CReBa Hanpaeo, a Kaxabik CTon-
6eL, copTUPYETCH CHU3Y BBEPX, BCE 3/IEMEHTLI CNeBa U KHU3Y OT ONOPHOro
MeHbLLE ONOPHOro, a BCe 3IEMEHTbI CNpaga v KBepXxy 0T ONOPHOro 6onble
onopHoro'.

B HallleM npuMepe OnopHbIH 3JIEMEHT paBeH «9», ANEMEHTBI CJIeBa U HUXKE PaBHbI
{1,3,4,5, 7}, v aneMeHTHI cripaBa u Bbilue paBHbl {10, 11, 12, 13, 15}. CnenoBa-
TEJIbHO, KaK MUHMMYM LIECTb 3JIEMEHTOB OyAYT HCKITFOYEHbI U3 NOMACCHBA, Nepe-
J1aBaeMOT0 CNIEAYIOLLEMY PEKYPCHBHOMY BbI30BY, — OMOPHbIi 3neMeHT 9 n n1ubo
{10, 11, 12, 13, 15} (B cTpoke 11), nubo {1, 3, 4, 5, 7} (B cTpoke 13). B nobom
clyudae cleyHoLIuit peKypCHBHBII BBI3OB NMONyYaeT He Oonee AEBATH JIEMEHTOB,
a9 — 310 Meree 70 % u3 15.

Joka3zarenbcTBO A1 obuuero ciyyvas 1o »xe. Ha puc. 6.2 noka3aHo, kaKk BbIMISUT
pelleTka Ans NpOU3BOIBHOrO BXOAHOro MaccuBa. [1ockosibKy OMOpHBIHA 31€EMEHT
SBIAETCS MEAUAHOM MEMEHTOB B CpeiHel CTpoke, kak MUHUMYM 50 % cTonbuos
HaxoAATCA clieBa OT TOro, KOTOPbIA COAEPHKUT OMOPHYIO TOUKY (YUHTBIBAs TAKKE
coOcTBeHHBIH cTonbel OMOPHOro dMeMeHTa). B kawaoM U3 3TUX CTONOLOB Kak
MUHUMYM 60 % 31eMEeHTOB (TpU HaMMEHbLUNX K3 MATH) He OOoJbLIEe MEANAHbI
cronbua u, clefoBaTebHO, He 6oblile ONOpHOro 3nemMeHTa. TakuM 06pa3oM, Kak
MHUHUMYM 30 % 531eMEeHTOB BXOAHOIO MacckBa He 6olbliie OIOPHOro 3/1EMEHTa,
U BCE OHHU OyAy T MCKJIIOYEHBI M3 PEKYPCHUBHOIO BbI30Ba B CTPOKE 13. AHANOIHUYHBIM
o6pa3om kak MUHUMYM 30 % 3/1eMEHTOB He MeHbliIe ONOPHOro, U OHK OyayT Hc-
KJTFOUEHbI U3 peKypPCUBHOIO Bbi30Ba B CTpoke 11. D10 3aBepLIaeT J0Ka3aTeNbCTBO
aemmsl 30-70. Y. m. 0.

6.4.4. PewweHne peKyppeHTHOro COOTHOLWEeHUS

W3 nemmbl 30—70 cneayerT, 4To pa3Mep BXOAHbIX JAHHbIX YMEHBLIAETCS C NOCTOSIH-
HbIM MHOXHTENEM C KaXIbIM PEKYPCUBHBIM BbI30BOM ajiropuT™Ma DSelect, M 310
CIYXKHT XOpOLUMM MpeA3HAMEHOBaHHEM NMHEHHOro BpeMeHH pabotel. Ho passe

! DJIeMEHTBI C/IeBa U BBILLE MM CTIPaBa M HUXKE MOTYT ObITh INOO MeHbLIE, THO0 Gonblue
OMOPHOTO.
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3T0 He nuppoBa nobena? [lepeselinBaeT 1M CTOUMOCTb BbIYMCIEHUS MEAHAHbI
Me/lMaH NMpeuMyLIECTBa, NoJyYaeMble OT pas/ieNieHust BOKPYT JOBOJILHO XOpOLLUEro
onopHoro aneMeHTa? OTBET Ha 3TU BOMPOCHI H 3aBEpLIEHNE A0KA3aTENbCTBA TEO-
peMbl 6.6 BbI3bIBAIOT HEOOXOAMMOCTbL NOAYMaTh HaJl pellieHHeM peKyppEHTHOro
COOTHOLLUEHHS B (6.2).

HE MEHbLIIE OIIOPHOTO > 50 % cTON6IOB

OIlo Hblﬁ JJIEMEHT
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> 50 % crTonbuos
He 60JIbILE OMOPHOro

Puc. 6.2. [lokasatenscteo nemMmbl 30-70. MpeacrasbTe cebe 3neMeHTbl BXOAHOT O
MaCcCUBa, BLINOXEHHbIE B BUAE peweTku. Kaxabii ctonbeu cooTBEeTCTBYET rpynne
U3 NATA 3N1EMEHTOB, OTCOPTUPOBAHHLIX CHM3Y BBepx. Ctonbupl copTUpyloTCH
B NOPAAKE UX CPEANHHDBIX 3NEMEHTOB. PUCYHOK UCXOAUT U3 TOrO, YTO kK — YeTHOE;
ANA K HEYETHOrO NPUHNUMAEBTCA «Xj,5 » BMECTO «X,,». DNEMEHTHI K lIoro-aanany ot
MepgunaHbl MeanaH MoryT BbiTb TONBKO MeHblUEe Hee; 3NeMeHTbl K CEBEPO-BOCTOKY
MoryT 6biTb Tonbko Gonblwe Hee. B peaynsrate He meHee 60 % x 50 % = 30 %
3/1eMEHTOB UCIKJIIOYAIOTCA N3 KaXA0ro U3 ABYX BO3MOXHbIX PEKYPCUBHLIX BbI3OBOB

[Mockonbky anroput™ DSelect BoinosHseT O(n) paboTy BHE PEKY PCHUBHBIX BbI30-
BOB (BblYMCIEHHE NOGeUTE el NIepBOro Typa, pa3ieiieHe MaccHBa U Tak Janee),
CyLLECTBYET KOHCTaHTa ¢ > () Takas, 4To A KaKA0ro n > 2

T(n)ST(%xn]+T(%an+cn, (6.3)
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rae T'(n) — BepXHss rpaHULIa BpEMEHM paboThl airopuTMa DSelect Ha MaccHUBax
JUTMHOH n. MBI MOXeEM IOMYCTHTb, YTO ¢ > 1 (Tak Kak yBeJIHUEHHE ¢ He OTMEHSET

HepaBeHCTBO (6.3)). KpoMe Toro, T'(1) = 1. Kak Mbl yBHAMM, BaXXHBIM CBOHCTBOM
1 7

3TOr0 PEKYypPpPEHTHOIO COOTHOLLEHHS ABIAETCS TO, 4TO — 4 — < 1.
5 10

Jlo cux nop Mbl onMpaauch Ha OCHOBHOM MeTox (IM1aBa 4), YToObl OLIEHNBATH BCe
PEKYPPEHTHbIE COOTHOLLIEHHS, C KOTOPbIMU MBI CTOJIKHYJTUCh, — [IJIS1 aITOPUTMOB
MergeSort, Karatsuba, Strassen ¥ Jpyrdx Mbl IPOCTO MOACTARIAIU B GOpMyIy
TPH COOTBETCTBYIOLUHMX NapameTpa (a, b v d) ¥ noy4any BepXHIOI0 rpaHuLly Bpe-
MeHH paboThl anroput™a. K coxxaieHuto, 1Ba peKypCUBHbIX BbI30Ba B aITOPUTME
DSelect MMEIOT pasHble pa3Mepbl BXOJHBIX AAHHbIX, U 3TO UCKJIIOUAET TPUMEHEHHUE
TeopeMbl 4.1. MoxkHO 06001LMTE apryMeHT iepeBa pekypcuH B TeopeMe 4.1, yToOblI
Y4ecTb peKyppeHTHOe cooTHoLIeHHe B (6.3)'. JIns pa3HooOpa3us U AJ1s TOro, YToOb!
J00aBHTH €1LE OMH MHCTPYMEHT B Balll apCeHall, Mbl lIEpeiiieM K JPYTroMy METOAY.

6.4.5. MeToa noranok u NpoBepokKk

Meton dozadok u npogepox (My IBPUCTUYECKUI METON) 1S OLIEHKH PEKypPpeHT-
HBIX COOTHOILEHHH CMOHTaHEeH, Kak 3TO U OTPaXXEHO B Ha3BaHUH, HO OH TaKXke
4pe3BblyaifHO T’MO0K ¥ NPHUMEHSETCS K CKOJIb YTOAHO CyMaclIeALIUM PeKyPPEeHT-
HBIM COOTHOLUEHHSM.

Ilar 1: yragartb. Yragars GpyHkuuto f(n), KOTopas, Kak Bbl CUUTAETE, YAOBJIETBO-
pser paBeHcTBy T(n) = O(f(n)).

Hlar 2: npoBepHuTsb. J[0Ka3ark N0 HHAYKLUMY N0 1, uTO T'(1) AEHCTBUTENBLHO paB-
usercs O(f(n)).

' B Ka4ecTBe IBPUCTHYECKOTO apryMeHTa MogyMaiiTe o NepBoii mape peKy pCHBHBIX BBI3OBOB
DSelect — ABYX y3/1ax Ha YpoBHe | epeBa peKypcHH JaHHOro airoputma. OMH HMeeT
20 % 3neMEHTOB BXOAHOIO MacCHBa, Apyroi — He 6onee 70 %, 1 paboTa, BbINONHAEMas
Ha 3TOM ypOBHe, JIMHEHHa N0 CyMMe pa3MepoB ABYX nonsazay. CnenoBaresibHO, 00beM
paboThl, BLINOIHAEMOH Ha ypoBHe 1, coctaBnger He 6onee 90 % or obbema paboThl Ha
ypoBHe 0, ¥ Tak Aanee Ha MOCIEAYIOLUMX YPOBHAX. DTO HANIOMHHAET BTOPOH Ciyyail
OCHOBHOI'O METO/a, B KOTOPOM paboTa B pacuere Ha Y POBEHb C KOXKbIM YPOBHEM MajlaeT
C MOCTOSHHBIM MHOXKHTENEM (k03¢ PHUUHEHTOM). DTa aHATOrUA HABOAUT Ha MBICIb O TOM,
4to O (n) pabora, BbINONHsIEMas B KOPHE, 10JHKHA JOMHHHPOBATH Hall BpEMEHEM paboThI
(cp. pasnen 4.4.6).
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B o61ueM 1uar yraapiBaHusi — 3TO HEMHOTO TEMHOE UCKYCCTBO. B HaleM ciyuae,
NIOCKOJIbKY MbI [IbITaeMcsl 10Ka3aTh JTUHEHHYI0 BpEMEHHYIO IPaHULLY, Mbl BblABUIra-
eM jioraaky, 4to T(n) = O(n)'. To ecTb MbI yraablBaeM, YTO CYLLECTBYET KOHCTAHTa
£ > 0 (He3aBUCHMaZ OT ») Takas, 4To

T(n)<fxn (6.4)

JUIS KQXI0ro NMOJIOKUTENbHOro Leoro uucna n. Ecnu 310 BepHO, TO, MOCKOJIBKY
{ — KOHCTaHTa, clleICTBMeM Hallleii Hanexapbl Oyaet T'(n) = O (n).

ITpu Beprdukauiu (6.4) Mbl BONbHbI BBIOUpaTh £ kakoe YNOAHO MPHU YCIIOBUH, 4TO
OHO He 3aBHUCHT OT n. [Togo6HO nOKa3aTeNnLCTBAM Ha OCHOBE aCHMITOTHUYECKUX
0603HaYeHu#, OObIUHBIH crOCO0 BBIICHUTH COOTBETCTBYIOLLYIO KOHCTAHTY —
peKoHcTpyupoBath ee (cp. pasaen 2.5). 3neck Mbl Bo3bMeM £ = 10c, rae ¢ — 31o
MOCTOAHHBIA MHOXHUTENb B PeKyppPeHTHOM cooTHouleHuH (6.3). (ITockonbky ¢
ABJIAETCA KOHCTAHTOM, TO U € ToXe.) OTKyAa B34JI0Ch 3TO YHCN0? ITO HAUMEHbLIAs
KOHCTaHTa, AJ1 KOTOPOI#i crpaBeIMBO NPUBEAECHHOE HIKE HEpaBEeHCTBO (6.5).

Mb1 noka3biBaeM (6.4) no unaykunu. Ha s3sike npunoxeuuss A P(n) — 310 yT-
BepxaeHue, 4to 7(n) <€ x n=10c x n. [Ing 6a30Boro ciryyas HaM Hy>KHO 10Ka3aThb
HenocpeCTBeHHO, uTo P (1) HCTUHHO, uMes B BUAY, 4To T(1) < 10c. PexyppeHTHOE
cooTHOLUeHHe npsmo rosopurt, uto 7(1) = 1 uc> 1, noaromy, 6e3ycnosHo, 7(1) <10c.

B kauecTBe MHAYKLHMOHHOIO Mepexoaa 3aiaiiM NPOU3BOIbHOE MONOKHTENBHOE
Lesoe Yuciio #> 2. HaM Hy»kHO aoka3ars, uto 7'(n) <€ x n. UHayKTHBHas runoresa
KoHcTarupyer, uto Bce P(1), ..., P(n— 1) — ucTuHHBI, UMes B BULY, uto T (k) <€ x k
ns Beex k <n. Ytobbl nokasars P (1), AaBaiiTe NpOCTO NOBEPUMCS HaLEH HHTY LK.

Bo-nepBbix, peKyppeHTHOe cooTHoLueHue (6.3) packnaabiaet 7'(n) Ha TpH uNeHa:
T(n)< T(%xn)+T(%x nj+cn.
—— N—— ——

n Tn
Sex— Stx—
5 “To

MbI He MOXEM HanpsaMyro oCyleCTBIATE OnepaLuu ¢ JIIOOBIM U3 3THX YJIEHOB, HO
n
MOXXEM NNPUMEHNUTb HHAYKTUBHYIO I'HNIOTE3Y, OAUH pa3 C k= g U OAHH pa3 C k= Z—ni
0

! JIns Hac TEpMHH «HAIEXAA M MPOBEPKa» MOXKET ObITh Hosiee MOAXONAIHM ONHCaHHEM!
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T(n)slx£+£><7—n+cn.
5 10

CrpynnupoBas ujieHbl,

T(n)Sn(%l+cj=[xn.
(N

={
m.x.L=10c

370 10Ka3bIBACT HHAYKLMOHHBIHA Nepexos1, KoTopblii Bepuduuupyet, uto T(n) <{£ x
X n=0(n), ¥ 3aBepLIAET J0KA3aTENLCTBO TOIO, YTO NEHHAJIbHbIH ATTOPHTM DSelect
BLIMOJIHAETCS 3a JIMHeliHoe Bpems (TeopeMa 6.6). Y. m. 0.

BbIBO/1bl

* Lleﬂb 3a4aun Bb160pa COCTOUT B BBIMUCNEHUN i-r0 HAUMEHBLIErO
31EMEHTA HEOTCOPTUPOBAHHOTO MacCHBa.

* 3anaqy BbIGOpa MOYKHO PellnTh 3a O (1 log 1) BpeMs, Iie # — ANMHA
BXOAHOIMO MaccKBa, MyTeM COPTUPOBKM MAcCvBa U MOCJ]ENYIOLLIEro
BO3BpParTa J-ro 3JeMeHTa.

* JlavHag 3ajaya TakkKe MOXeT ObITh pelileHa NyTeM paseNeHus
BXOJIHOFO MacCHBa BOKPYT OMOPHOIO 3EMEHTA, KaKk B alropuTMe
QuickSort, W BbINONHEHH OAHOW PEKYPCUM HA COOTBETCTBYIOLUEHT
CTOpOHE. ANTOpUTM RSelect Bceraa BbIOMpaeT ONOPHbIH 31EMEHT
PaBHOMEPHO CilyYalHbIM 06pa3oM.

* Bpewmst paboTbl airopuT™a RSelect Bapbupyetcs oT O (1) 1o © (n2),
B 3aBUCHMOCTH OT BbIOPAHHBIX ONIOPHbIX 3IEMEHTOB.

¥ CpeaHee BpeMs paboTbl anroputma RSelect coctasnser © (). Jo-
Ka3aTeNbCTBO CBOAMTCS K 9KCNEPUMEHTY € NOADPACHIBAHHEM MOHETHI.

* [eHMaIbHAsA UZEA B AETEPMUHUPOBAHHOM aJIrOpUTME DSelect 3aKJIiO-
4aeTcs B TOM, YTOOBI B Ka4eCTBE OMOPHOrO 371€MEHTA UCMOb30BaTh
«MeaHy MeAMaH»: pa30UTb BXOAHOW MAacCUB Ha IPYNNbl N0 NATh
371EMEHTOB, HEMOCPEACTBEHHO BBIYMCINTD MEANAHY KAXKION FpY bl

n L3
M PEKYPCHUBHO BBIYUCIUTD MEAHAHY ITUX B nobeaureneii neporo
Typa.
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¥ Jlemma 30-70 noka3blBaeT, YTO MEANAHA ME/IWAH TapaHTUPYeET pas-
6uenne BxoaHoro Maccusa Ha 30--70 % wnu 6onblue.

¥ Auanus anroputma DSelect MOKa3bIBAET, YTO 3aTPaThl B PEKypPCHB-
HOM BBI30BE A/ BbIYUCIEHUS MEAUAHbI MEIMaH, NepPeBELIHBAIOTCS
npenmyLiecTsom pasbuerus Ha 30—70 %, 4TO NPUBOAMT K JIMHER-
HOMY BPEMEHH BbINOJHEHUS.

3apauum Ha 3aKpenneHve matepuana

3apgaya 6.1. [TycTb a eCTb HEKOTOPas KOHCTAHTA, HE 3aBUCALLAs OT JUIMHbI 77 BXOAHOIO
MaccuBa, cTporo Mexxay 2 u 1. [Ipeanonoxum, Bl HCNONb3yeTe ANropuT™ RSelect
JUTs BBIYMCIIEHHS MeIHaHbl 31eMEeHTa MaccHBa JUIHHOM n. KakoBa BEpOATHOCTD TOIO,
YTO NepBOMY pPekypCHBHOMY BbI30BY NepeaaeTcs MoAMaccuB JJIMHOH He 6onee a X n?

a) 1—a.
6) a— Y.
B) 1 —Y%.
r 2a-1.

3agaua 6.2. [1ycTb 0 €cTh HEKOTOpas KOHCTAHTA, HE 3aBMCALLAA OT LIMHBI 1
BXOJHOTO MaccHBa, CTporo Mexay 2 v 1. JlonycTUM, U4TO KaX bl peKypCHBHBIi
BbI30B ITOPUTMA RSelect BHIMOMHAETCS TaK XKe, KaK W B MpeAblay el 3anaue, —
NO3TOMY BCAKHH pa3, Koraa peKypCHBHBIN BbI30B MONYYaeT MacCHB ANHHOM K,
€ro peKypCHBHOMY BbI30BY TNepeaaeTcsi NOAMacCHB JUIMHOMH He Oonee ak. KakoBo
MaKCHMAaJIbHOE YUCJIIO0 MOCIIEJ0BaTENbHbIX PEKYPCUBHbBIX BbI30BOB, KOTOPbIE MOTYT
npou3oiTH nepen 3anyckom 6azoBoro ciyyqasn?

Inn
a) ———.
Ina
6) -7
o
_ Inn
®) h(l—0)’
Inn

r) 1\
ln(—+ a)
2
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3apaaum NnoBbILLEHHON CNOXHOCTHU

3agauya 6.3. B 3T0ii 3aqaue BXOGHBIMU AaHHBIMU SBISETCS HEOTCOPTHPOBAHHBIN
MaCcCHB M3 71 Pa3HbIX JNIEMEHTOB X, X,, ..., X, C OJIOKHTENbHBIMU BECAMHU W, W,,

n
«os W,. O603HaUUM uepe3 W cymmy Z , W, Becos. Onpenenure g3geutenHyro
i=
MeouaHy B KaYeCTBE 3IEMEHTA X, 711 KOTOPOro CyMMapHbIH BEC BCEX 3E€MEHTOB
CO 3HaYeHUEM MeHbLUE X, (TO eCTb zx < W,) paBHsieTCs He Oonee W/2, a Takxke
i Sk

CyMMapHBIi BEC 3IEMEHTOB CO 3Ha4YeHHeM 6orbLLue X, (TO eCTb in - W,) paBHsieTCs
He Gonee W/2. O6paruTe BHUMaHKE, YTO UMeeTcs He Oonee ABYX B3BELIEHHBIX
Meauad. [laiite neTepMUHUPOBAaHHBIH TUHEHHbIH aNrOPUTM U151 BBIYUCIIEHUS BCEX
B3BEIICHHbIX MEIMaH BO BXOJHOM MaccuBe. [[Toackaska: Mcnonb3yiTe anroputm
DSelect B Ka4eCTBE MOANPOrPaMMBl. |

3apaua 6.4. [1peanonoxuM, yto Mbl MOAUGULMpPYEM aropuT™ DSelect, pazduBas
3JIeMEHTBI Ha IPYTINbl U3 CEMH JJIEMEHTOB, a He U3 NaTH. (Mcnone3yiite Meauany
Me/lMaH B KaYeCTBE ONOPHOTO 3EMEHTA, Kak U paHblue.) BuinonHsercs 1 3ToT
MoauULUPOBaHHBIR anropuTM Taioke 3a Bpems O(n)? YTo nenarb, €ciu Mbl UC-
nojb3yeM rpynmbl U3 TpeX NEeMEeHTOB'?

3aaaum Nno NporpaMmMmMpoBaHUIO

3anaua 6.5. Peanuzyiite Ha cBOeM JIFOOUMOM si3bIke IPOrpaMMHUPOBAHKS AITOPUTM
RSelect u3 pazaena 6.1. Bawa peanu3sauus 1o/kHa paboTark Ha TOM e MecCTe,
MCnoJb3ys peanu3aluio NOANPOrpaMmbl Partition (KOTOpYyio Bbl, BO3MOXHO,
peanu3oBany A 3a4a4d 5.6) U nepenaBas UHAEKCHl Yepe3 PEKYPCUIO, YTOObI
OTCJIeXHBaTh NO-NPEXHEMY pelleBAHTHYIO YacTh MEepBOHAYaIbHOIO BXOAHOIO
Maccupa. (CM. www.algorithmsilluminated.org ans TecToBbIX cny4yaeB U HabopoB
JI@HHBIX JUIs 3a]a4.)

! Jlns rmy6oKOro norpyeHus B 3Ty TeMy CM. cTarbio «BeiGop Ha ocHOBe rpynmn u3 3 wiu
4 3neMeHTOB 3aHUMaeT JIMHeliHoe Bpems», Ke UeH u Anpuan Jlymurpecky («Select with
Groups of 3 or 4 Takes Linear Time», Ke Chen, Adrian Dumitrescu, arXiv:1409.3600,
2014).
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MpunoxeHune A.
KpaTtkunit 0630p AoKa3aTenbCTB N0 MHAYKLUN

Jloka3sarenbCcTBa 10 MHAYKLMH BCIUIBIBAIOT B MH(OpMaTHke nocmoanHo. Hanpumep,
B pazzaene 5.1 Mbl UCNIONB3YEM [0KA3aTeNbLCTBO MO MHAYKUMH, YTOOB N0Ka3aTh,
YTO ajNropuT™ QuickSort Bcerna NpaBUIbHO COPTHPYET CBOH BXOAHOH MaccCHB.
B pa3gene 6.4 Mbl MCNOJIb3yeM HHAYKLHIO, YTOOBI A0KA3aTh, YTO alrOpUTM DSelect
BBIMOJIHAETCA 32 JIMHEHHOE BpeMsl.

Jloka3aresbCcTBa 0 HHAYKLUMH MOTYT OKa3aTbCsl UHTYMTUBHO HEMOHATHBIMM, MO
KpaliHeli Mepe Ha nepBblil B3MgA. Xopolueld HOBOCTbIO SBNSETCS TO, YTO NOC/E
HENpPOJO/KUTENBHOM MPAKTUKH OHM CNENYIOT AOBOJLHO XXECTKOMY LIabNOHY
Y CTAHOBSATCS NOYTH aBTOMaTHYECKUMHU. B 3TOM mpunoxkeHuu odbicHseTcs wwa-
6J710H ¥ NMpUBOAATCA 1BA KpaTkuX npumepa. Ecnu Bbl HUKOTAA paHblle HE BUAEIH
J10Ka3aTenbCTB MO MHAYKLMH, BaM CJIeyeT AONOJIHUTh 3TO MPHIJIOKEHUE APYTUM
MCTOYHHKOM, B KOTOPOM €CTb elile GoMblile MpUMepoB'.

A.1. lLa6noH ans aokasaTenbCTB N0 MHAYKLUMN

Jnsg Hawmx uener A0Ka3aTeabCTBO MO MHAYKUMHM YCTaHABIWBAET UCTUHHOCTD
yTBepaAeHUs P (n) ans KakA0oro HaTypaibHoro uicna n. Hanpumep, nokasbisas
NPaBUIILHOCTb AIrOpUTMa QuickSort B pasaene 5.1, Mbl MOXeM onpeaeauts P (n)
KaK B BbICKa3bIBaHUH: «AJIi KaXJOr0 BXOAHOTO MaccuBa JJIMHOW n anroput™M
QuickSort copTupyet ero npaBuiibHO». [1pn aHanu3e BpeMeHu paboThbl anropuT™Ma
DSelect B pazaene 6.4 Mbl MOXXEM ONpeAenuTs P (1) kak B BbICKa3bIBAHUH: « VIS
Ka>KJ0r0 BXOJHOTNO MaccuBa AJUHOW n alroput™ DSelect ocTaHaBNMBaeTCs No-
cJie BbinonHeHus: He 6onee 100n onepauuiiy. MHAYKUKMS no3BoNsET 1OKa3bIBATh
CBOICTBO alrOpUTMa, HanpUMep NMPaBUNbHOCTb WJIM PaHULY BpeMeHH paboThl,
NOOYEPEHO YCTaHaBIMBass UCTUHHOCTb CBOWCTBA 11 KaxJ0W JJIMHbI BXOAHBIX
JaHHbIX.

AHaJIOTMYHO PEKYPCUBHOMY aJITOPUTMY, 10Ka3aTeabCTBO MO UHAYKLMHU COCTOUT
U3 IByX 4YacTeii: 6a306020 ciyuas (06a3bl MHAYKLUNAN) U UHOYKYUOHHOZO hepexooa
(wara uHaykuun). ba3oBslii ciiyyaii fokasbiBaeT, 4To P (1) HCTUHHO AJ1s BCeX A0-

! Hanpumep, cM. miaBy 2 cBOGOAHO AOCTYMHBIX Nekuuii Ipuka Jlemana u Toma JleiitoHa
(http://www.boazbarak.org/cs121/LehmanLeighton.pdf).
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CTaro4HO MalblX 3HaueHu n (kak npaBuno, » = 1). [Ipu UHAYKLHOHHOM Mepexoae
Bbl IPMHUMaeTe AonyLieHue, 4to Bce P (1), ..., P(n — 1) UICTUHHBI, U A0Ka3bIBaETe,
yto P(n), cnenosaresibHO, TOXE HCTUHHO.

Ba3oBblii cry4aii: 10Ka3aTh HEMOCPEACTBEHHO, YTO P (1) HCTUHHO.

HHJ.IyKllHOHHblﬁ nepexoA: J0Ka3aThb, YTO JJIA KaXA0ro Leaoro yucna n > 2,

ecmu P(1), P(2), ..., P(n-1) ucrunust, To P (n) HCTUHHO.

mmyrm;urmrma

[Tp1 MHIYKUMOHHOM MEPEXOe Bbl MOXETE OONYCMUMb, YTO UICTUHHHOCTD P (k) yxe
6bLna ycTaHOBEHA AN BCEX 3HAYEHHId & MEHbLUE # — 3TO Ha3bIBAETCA MHYKTHB-
HOH MMMOTE30i, — U AOJDKHbI UCMOJb30BATh 3TO AOMYLIEHUE AN YCTaHOBJEHUS
HUCTUHHOCTH P (n).

Ecnun Bbl nokaxere v 6a3oBbiit ciyyail, 1 MHAYKLUHOHHBIA nepexon, To P(n) —
JNEACTBUTENIbHO UCTUHHO Ml KAXIOI0 MONOXUTENBLHOrO Lieaoro yucna x». P(1)
MCTHHHO No 6a30BOMY CJTyuato, 1 NPUMEHEHHE UHIYKLIMOHHOTO MepPexoia CHOBa
M CHOBA MOKAa3bIBAET, YTO P (1) NICTUHHO IS CKOJIb YTOAHO OOMbILNX 3HAUYEHUH 7.

A.2. Npumep: 3amkHyTaa popmyna

Mbl MOXEM HCMOAB30BaTh MHAYKUMIO AJIS TONyUEHUs 3aMKHYTOH (GOopMYyIbl
JU CyMMbl MEPBbIX # MONOKHTENbHbIX Lenblx unucen. O6o3Hauum yepes P(n)
YTBEPX/AEHHE, YTO

(n+1)n
—

2x1
[1pu n =1 nesas yactb paBHseTCA 1, U MpaBas YacThb paBHAETCS > = 1. 3T0 no-

142+3+...+n=

Ka3biBaeT, 4To P(1) MICTUHHO U YTO Ha 3TOM 06a30BbIi CiTyyaii 3akaH4YuBaeTcs. s
MHYKLHOHHOIO Mepexoaa BbioepeM NPOM3BOJILHOE LENTOe YHCHIO 7 > 2 U Mpea-
nonoxum, uto Bce P(1), P(2), ..., P(n — 1) UCTUHHBI. B 4acTHOCTH, MBI MOXKEM
npunHATh P(n — 1), TO €CTb YTBEpXKACHHE

1+2+3+...+(n—1)=@.
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Teneps Mbl MOXeM 1006aBUTB 1 B 00€ YacTH, YTOObI BEIBECTH

n(n-1) n’—n+2n_(n+l)n
+n= =
2 2 2
yTO J0Ka3biBaeT P (n). [I0CKONBKY MbI YCTAHOBHJIM MCTHHHOCTH M 6a30BOTO Cly-

Yas, I MHAYKUHOHHOIO MEPEX0/ia, Mbl MOXXEM MPUIATH K 3aKIIOUEHUIO, YTO P (1)
UCTHHHO 11 KOKIO0rO MOJIOXKHUTENBHOTO LEJIoro Yucaa n.

1+42+3+...+n=

b

A.3. Mpumep: paamep NONHOro ABOUYHOro Aepesa

Janee naBaiiTe MOACYUTAEM HYUCIIO Y3JIOB B MOJHOM JBOUYHOM JEPEBE C 11 ypOB-
HsaMu. Ha puc. A.1 MBI BUIUM, YTO NPH # = 4 YPOBHSAX YMCIIO y3/10B PaBHAETCA
15 =2%— 1. Moxert a1 310T 06pasew ObITb HCTUHHBIM B LiEJIOM?

Puc. A.1. NonHoe ABOUYHOE AEPEBO C YETLIPbMSA YPOBHAMMU 1 24 — 1 = 15 yanamu

JInst KaKA0ro HaTypaJbHOIO 4YKcia n NycTh P(n) ecTh BbICKa3blBAHHE (IONHOE
JBOHYHOE IEPEBO C 1 YPOBHAMHU uMeeT 2" — 1 y3nos». B kauecTse 6a3oBoro ciy-
vasi 00paTHTe BHUMaHHE Ha TO, YTO MOJIHOE ABOMYHOE JEPEBO C ONHUM yPOBHEM
MMeeT poBHO oiuH y3en. [Tockonbky 2' —1 = 1, 310 goka3biBaeT, 4To P (1) UCTUH-
HO. B kauecTBe HHAYKLMOHHOIO Nepexoa 3aJaiTe NonoXUTeIbHOE LEJOE YUCIIO
n>2u pomnycrure, 4uro Bce P (1), ..., P(n— 1) NCTUHHBIL. Y3/1bl IOJITHOTO ABOMYHOIO
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JlepeBa ¢ 1 YPOBHSIMH MOXHO pa3/ie/IuTh Ha TPU rpyninbl: (i) KOpeHs; (ii) y3/bi B Jie-
BOM MojaepeBe KOpHs; U (iii) y37bl B MpaBoM noajepeBe kopHs. JleBoe U npaBoe
noj/epeBbs KOPHS CaMH SIBASIIOTCS MOJHbIMU BOWYHBbIMHU JIE€PEBbAMH, KaXKABIHA
n3 n — 1 ypoBHei. [Tockonbky Mbl fonyckaeMm, 4to P (n — 1) HCTUHHO, B KOKAOM
U3 JIEBbIX M MPaBbIX MOAJEPEBbEB €CTb POBHO 27! — 1 y310B. CNOXHB Y31bl B TPH
rpynnbl, Mbl B 00LLEH CIIOXKHOCTH MONYYUM

=2"-1

1+ 27'-1 + 2'—1
"] —— ——
KOpEHb  neBoC P npasoe

y3710B B fiepeBe. JTo J0Ka3biBaeT yTBEepxAeHHE O P (1) U, MOCKOIbKY 7 > 2 ObLTO
Kak1M yrojiHo, 3aBepLuaeT HHAYKUMOHHbIH nepexoa. Mbl nenaeM BbIBOA, YTO P (71)
MCTUHHO ISl K&X/0r0 HaTypajlbHOIO Yucaa n.

MpunoxexHue b.
KpaTtkuint 0630p ANCKPETHON BEPOATHOCTH

B 3TOM npunoxeHun paccMaTpuBalOTCsS NMOHATHA AUCKPETHOW BEPOATHOCTH,
KOTOpble HEOOXOAUMbI U1 Hallero aHajan3a paHJOMHU3UPOBAHHOIO aJlrOpUTMa
QuickSort (Teopema 5.1 u paszaen 5.5): BBIOOpOUYHbIE MPOCTPAHCTBA, COOLITHUS,
ciy4yaiiHble BETMYMHbI, MATEMATHUECKOE OXKMAAHKUE U IMHEHHOCTh MaTeMaruye-
cKoro oxxuaanus. Pasnen b.6 3aBepluaeTcs npumMepoM pacrnpeieneHus Harpy3Ky,
KOTOPBI# CBA3bIBAET BCE 3TH MOHATHA BOEAMHO. Mbl Takke OyaemM HCnoabp30BaTh
3TH NMOHATHUS B Oy LLIMX YACTAX ITOI CEPHU KHUI, B KOHTEKCTE CTPYKTYP JAaHHbIX,
rpaoBbIX AITOPHTMOB W ANFOPUTMOB JIOKAJIBHOTO Moucka. EcJii Bbl BUAHTE 3TOT
MaTtepuas B NepBbIi pa3, BaM, BEPOITHO, CJIEAYET, MTOMUMO YTEHHUS 3TOTO MPUIIO-
*eHus, Oonee TiLaTeNbLHO U3Y4UTh AaHHbIH Bonpoc'. Ecnu Bbl BMOENH ero paHblile,
BaM Heo0s3aTe/bHO YUTATh 3TO MPHIIOKEHHE OT Hauana A0 KOHLa — 3ariisiHUTe
B TY 4acTb, [JI€ COAEPXKATCS CBEAEHHS, KOTOpbIE BaM HYXHO OCBEXMTb.

' B nononHeHue k Nekuuam JleMaHa—JIeHTOHa, yMOMAHYTHIM B NPUIIOKEHHH A, CyLue-
CTBYeT OecnnaTHbli BUKH-Y4eOHHK MO AUCKPETHOH BeposTHOCTH (https://en.wikibooks.
org/wiki/High_School_Mathematics_Extensions/Discrete_Probability).
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B.1. BbiOOpoO4HbIe NpPOCTPaHCTBa

Hac uHTepecyloT ciy4aiHble Mpolecchl, B KOTOPbIX MOXET NMPOU30HTH ioboe
KOJIMYECTBO pa3HbIX Bellel. Buibopouroe npocmpancmeo, WK NPOCTPAHCTBO
9JIEMEHTAPHBIX COOBITHH, — 3TO MHOXECTBO () BCeX PasHOOOPa3HbIX UCXONOB,
KOTOpbI€ MOTYT NPOM30HTH, — YHUBEPCANbHOE MHONMCECMB0, B KOTOPOM Mbl OyieM
Ha3HauyaTh BEPOATHOCTH, MPMHUMATH CpeIHHe 3HaYeHHs U Tak Janee. Hanpumep,
€CJIM Halll cy4aiiHbli mpouecc — 310 6pocok KyOuka, To Q = {1, 2, 3, 4, S, 6}.
K cyacTblo, nMpH aHajiM3e paHIOMHU3MPOBAHHbIX AJITOPUTMOB Mbl MOYTHU BCEraa
MOXEM MPHHATH {2 Kak KOHEYHOE MHOXECTBO U paboTaTh TOJLKO C JUCKPETHOM
BEPOATHOCTBIO, KOTOpas ropasno Gosiee aneMeHTapHa, 4eM odLuas TEOpUs BEpPOAT-
HOCTei.

Kaxcaplii anemMeHT i BLIGOPOYHOIO NPOCTPaHCTBA 2 CONPOBOXKAAETCA HEOTpHLA-
TENbHOH 8eposimnocmbio p (i), KOTOPYO MOXKHO pacCMaTpUBaTh Kak 4acToTy, € KO-
TOpO# MCXOA CllyydaiiHoro npouecca paBHsercs i. Hanpumep, ecnu wecturpanHas

o , 1
UrpaJibHas KOCTh ABJISETCA FeOMETPUYECKH NPaBUIIbHOM, TO p (i) paBHAETCA — JUIA

kaxaoroi=1,2,3,4,5,6.B o0lem cinyuae, NOCKONbKY {2 — 3TO BCe, 4TO BOOOLLE
MOJKET NPOM30UTH, BEPOSATHOCTH JAODKHBI PaBHATbCA 1:

> p(i)=1

ieQ

O611MM YaCTHBIM ABASETCA ciy Yaii, Koraa KakAbli 37eMeHT {2 0JHHAKOBO BEPOsA-

N !
TeH — TaK Ha3bIBaeMOE pasHoMepHOe pachpedenerue, rae p (i) = |3| JUISl KaXKA0ro
i € Q'. 310 NOHATHE MOXKET NMOKA3aThCs JOBOJLHO a0CTPAKTHBIM, I03TOMY JaBaiTe
npeacTaBUM JBa npumepa. B nepBoM npumepe cityyaiHblii mpoLece npeacTaBaser
co60if 6pOCOK ABYX CTaHNAPTHBIX (LIECTUrPAHHBIX) UrpabHbIX KocTei. Bbibo-
pOYHOE MPOCTPAHCTBO — 3TO MHOXECTBO U3 36 pasiUYHbIX UCXOIOB, KOTOpBIE
MOT'YT MPOH30ATH:

Q={(1,1),(2,1),(3.1), ..., (5.6),(6,6)}

.

36 ynopln(;lemm nap

Ecnn AONYCTUTb, YTO KOCTH NCOMETPHUECKH TMPpAaBUJIbHBI, TO KQKIbI U3 3TUX UC-

XOJI0B OJMHAKOBO BEPOATEH: p (i) = % VIS Kaxkaoro i € Q.

! Jlnst KOHEYHOrO MHOXECTBA S, |S| 0603HaYaET YUCIIO FTEMEHTOB B S.
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BTopoii npumep, bonee 6nn3kuii k anropuTMam, — 3TO BBEIOOP OMOPHOro 3J1e-
MEHTa B CaMOM BHELUHEM BbI30BE PaHJOMH3MPOBAHHOIO anropuT™a QuickSort
(pazaen 5.4). Jlio6oit an1€MEHT BXOAHOIO MacCHBa MOXET ObITh BBIOpaH B Ka4eCTBE
OTNOPHOTO, MO3TOMY

Q= {123 .., n)
—,_J

]

rae n — JnuHa BXOgHOro Maccuga. [1o onpeaeaeHuo B paHA0OMHU3HpPOBAHHOM aJiro-
puTME QuickSort KX bl 3JIEMEHT OIUHAKOBO BEPOATHO 6yIleT BblﬁpaH B KQ4Y€CTBE

N1 .
OMOPHOI0 AEMEHTA, U No3TOMY p (i) = — I KOKIOro i € Q.
n

B.2. CoObiTHUA

Cobbimue — 310 NOAMHOXECTBO S C £ BEIOOPOYHOrO NMpoCTpaHCTBA — HAbOP
BO3MOXHBIX UCXOA0B CllyuaiiHoro npouecca. BepostHocts Pr(S] cobbiTus S onpe-
AensgeTcs TaK, Kak MOXKHO ObL10 Obl 0XKMAATb, TO €CThb KaK BEPOATHOCTD TOTO, UTO
OZIUH M3 UCXOMOB S MPOUCXOAHUT:

Pr[s]=p(i).

ieS

JlaBaiiTe HEMHOrO MOTPEHHPYEMCS C 3THM MOHATHEM, UCMONb30BAB HALUW ABa
npumepa.

TECTOBOE 3AJJAHME B.1
0O603Ha4KM Yepe3s S MHOXKECTBO UCXOZ0B, Ul KOTOPBIX CyMMa ABYX
CTaHJapTHBIX KyOHKOB paBHa 7. KakoBa BeposATHOCTb COObITHS S '?

a) —.

6) —.

! dakT, KOTOPBIi MONE3HO 3HATh, UrPas B a3aPTHBIC UFPBIL.
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r)

Nj—= =

(Pewienue u nosicHieHue cM. B pasaene b.2.1.)

BTopoe TecToBoe 3agaHue KacaeTcs BbIOOpa ciiyyaliHOro OmopHOro 3jeMeHTa
B CaMOM BHELLIHEM BbI30BE afiroputMa QuickSort. Mbl roBOpUM, YTO ONOPHBIiA
3NIEMEHT ABNAETCS «NpUONMXKEHHONW MeanaHoWy, ecau no kpaiiHed mepe 25 %
3JIEMEHTOB MAaccHBa MEHbILIE ONMOPHOro U Mo KpaiiHeit Mepe 25 % 3neMeHTOB
Goublie ONOPHOTO.

TECTOBOE 3AJAHUE B.2

0O603Ha4uM vepe3 S coObITHE, YTO BLIOPAHHBIN OTMIOPHBII JJIEMEHT
B CAMOM BHELLIHEM BbI30BE aJlropuT™Ma QuickSort sBnsgeTcs npubnu-
JeHHOo#t MennaHoil. KakoBa BeposATHOCTb COObITUS S?

1
a) —, [Ie n — 3TO AJIMHA MacCHuBa.

S

0)

B)

r)

AW N~ &=

(Pewienue u nosicieHue cM. B pasaene b.2.2.)

b.2.1. Pewnenne Tecrosoro 3apavnsa b.1

IIpaBuiabHbIi oTBET: (B). MiMeeTcs 1wiecTb HCXOMOB, B KOTOPBIX CyMMa ABYX
KyOUKOB paBHseTcs 7:

S={(6,1),(5,2),(4,3),(3,4),(2,5), (1, 6)}.
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[MockonbKy kaXxabii ucxon Q paBHOBEPOATEH, p (i) = 31_6 JUist KaXJoro i € S 4 no-
3TOMY

1 6 1
Pr[S]=|S|x—=—=-.
r[S1=1S*36 =36 =

B.2.2. Pewenune Tecrosoro 3agaums b.2

IIpaBnibHbIi 0TBET: (B). B KauecTBE MBICIIEHHOIO IKCTIEPUMEHTA NPEICTaBLTE,
YTO BbI Pa3/IE/TUIIH 2IEMEHTbI BXOJHOINO MACCHBA HA YEThIPE MPYNIbl: HAMMEHbLLHE

n n
Z 3JIEMEHTOB, CJIEAYIOLIHE HAUMEHBIUINUE Z JJICMEHTOB, CJCAYIOLIME HAUMCHb-

n n
e 2 37IEMEHTOB M, HaKOHel, HauboabUIne 1 aneMeHTOB. (Kak 00BIYHO, MBI

UrHopupyem apobu ans npoctoTbl.) Kaxablif aneMeHT BTOpOi W TpeTbel rpynn

n

ABJISIETCA MPUONMKEHHON MeaHaHoil: Bce 7 2IEMEHTOB K3 NnepBoil U NocneaHe

rpynn COOTBETCTBEHHO MEHbLIE 1 OoibLie onopHOro. M Hao6opoT, eciid aropuT™
BbIOMpPAET OMOPHLIi 1eMEHT MO0 M3 NEpBOi, TMOO U3 MocNeHel rpyNnbI, TO
JM0O 3MEMEHTBI MEHBILE ONOPHOIO COCTABIAIOT TOJILKO CTPOrO€ MOAMHOXECTBO
NepBOH rPpyMNmsl, MO0 MEMEHTHI OONBIIE OMOPHOTO SBIAIOTCS TOJNLKO CTPOTMM
MOJAMHOXXECTBOM NocneAHei rpynmnsl. B 3ToM ciiyyae onopHeiii aneMeHT He AB-

n
JISAETCA l'lpl’l6J'lH)KCHHOl/l MeauaHoi. CnenoBarenbHO, COObITHE S COOTBETCTBYET '2‘

3JIEMEHTaM BO BTOPO# M TPETHEH rPyNnax; NOCKOIbKY KaX/blil 31EMEHT OAUHAKOBO
BEPOATHO OyJieT BbIOpaH B Ka4eCcTBe OMOPHOIO 3/IEMEHTA,

1 n 1 1
Pr[S]—|S|x;_-£x;—-2-.

Bb.3. CnyuaiiHble BeNN4nHbI

Cnyuaiinaa éenuvuna — 3TO YMCIEHHAs Mepa BbIX0OJa Cly4aifHOro mpouecca.
dopmanbHO 3TO BellecTBeHHas dyHkuus X: Q — R, onpeaeneHHas Ha BbIGOpPOU-
HOM NPOCTpPAaHCTBE €2, BXOA / € €2 B X ABIAETCA BBIXOJOM Cly4aifHOro mpotecca,
a BbIX0A X (i) — YUCIIOBBIM 3HAYEHUEM.

B *-lameM NIEPBOM NPUMEPE Mbl MOXKEM ONPEJEIHTh CTyyaliHy10 BEIHYHHY, KOTOpas
ABNAETCS CyMMOIi ABYX KOCTel. JTa cliyyaiiHas BeJIMYHHA CTABUT B COOTBETCTBHE
BbIx0Abl (napwl (i, j) ci, j€ {1, 2, .., 6}) BELIECTBEHHbIM YKCIAM COIIACHO
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otobpaxenuto (i, j) > i +j. B HalleM BTOPOM TeKyLieM NPUMEPE Mbl MOXeEM
OMpPENEIHTD CIy4aiiHYIO BEJIMUHHY, KOTOpas ABJIsETCA JVIMHON N0AMaccUBa, nepe-
JIJaBaEMOTO0 NIEPBOMY PEKYPCHBHOMY BbI30BY airoputma QuickSort. Ota ciyyvaiiHas
BEJIMYMHA CTABUT B COOTBETCTBHE KAXABIH BbIXOJ (TO €CTb KXKABIN BHIOpaHHbIH
BApHaHT OMOPHOIO 3NIEMEHTa) LieaoMy uuciay oT 0 (eciu BoIOpaH MUHUMANbHbIH
OMOPHBIH 3MEMEHT) A0 1 — |, Tie n — 3TO ANMHA BXOAHOINO MaccHBa (ecinv BbIOpaH
MaKCHUMaJbHbIH OMOPHBIN 3MEMEHT).

B pasgene 5.5 uccnenyercs cinyvaiiHas BemMuMHa X, KOTOpast MpeAcTaBiseT coboi
BpeMs paboTbl paHAOMU3MPOBAHHOIO AINOPUTMA QuickSort Ha 33JaHHOM BXOAHOM
MaccuBe. 371eCb NPOCTPAHCTBO COCTOSHMM 2 — 3TO MHOXKECTBO BCEX BO3MOXKHbIX
MocCJeJ0BaTeNbHOCTEH OMOPHBIX 3NIEMEHTOB, KOTOPbIE AJITOPHTM MOXET BbIOpaTh,
a X (i) — uucno onepauuii, BbIMOMHAEMbIX aJTOPUTMOM AN KOHKPETHOH moce-
JOBaTENLHOCTH i € £ BApMAHTOB ONOPHBIX IEMEHTOB'.

B.4. MatemaTunueckoe oxupaHue

Mamemamuueckoe oxcudanue, Wi oxcuoaemoe 3uavenue E[X] ciryyaiiHoii Beau-
YHHBI X, — 3TO €€ CpeAHee 3HAUCHUE I BCETO, YTO MOXET MPOM30HTH, B3BELLICH-
HOE COOTBETCTBY IOLLIUM 00Pa3oM OTHOCHTENLHO BEPOATHOCTH Pa3IMuHbIX HCXOOB.
WHTYMTHBHO 3TO MOXHO MOHATb TaK: €CJIM CIyYaifHblii Mpouecc NOBTOPSAETCS
cHOBa U CHOBa, To E[X] npeacrasnser coboit nonrocpoyHoe cpeaHee 3HaUCHHE
cnyuaiiHoil BenuuuHbl X. HanpuMmep, ecnu X — 3To 3Ha4€HUE reOMETPUYECKH
NpaBUNIBHOMN LIECTUTPaHHOM UrpanbHON kocTH, To E[X] = 3,5.

B maremartuke, eciu X : Q — R ecTb ciyyvaiiHas BeiuuuHa U p(i) o6o3HavaeT
BEPOATHOCTb HCXOAa i € 2, TO

E[X]=>p(i)x X (i). B.1)

ieQ

Cneny}omue ABa TCCTOBLIX 3aJaHUA MPOCAT BaC BbIYUCIUTD MAaTEMATUUYECKOE
0XHWAaHUE OBYX C.l'ly'{aﬁHle BEJIMYHH, ONPEACICHHBIX B MPSAbIAYLUEM pa3aeie.

! TTocKOMBKY €AMHCTBEHHAA CTy4aifHOCTh B PaHAOMH3UPOBAHHOM AIFOPHUTME QuickSort
COCTOMT B BBIGOPE OMOPHBIX HTEMEHTOB, Kak TOMBKO Mbl 3aAaJIMM TH BapHAHTbI, y al-
roputMma QuickSort NOSABUTCA HEKOTOPOE YETKO OMPEAENEHHOE BpeMs paboThl.
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TECTOBOE 3AJAHME B.3

KakoBo MaTremarHyeckoe okuaaHHe CyMMBbI ABYX GpockoB KyOuka?
a) 6,5.

6) 7.

B) 7,5.

(Pewenue u noscHenue cm. B pasaene b.4.1.)

Bo3Bpaluasich k paH10MH3UPOBaHHOMY anropuUTMY QuickSort: HACKONbBKO BeNMKa
B CpeJIHEM JUIMHA NOIMACCHBA, NEPEAABAEMOrO NEPBOMY PEKYPCUBHOMY BbI30BY ?
OKBUBaNIEHTHBIM 06Pa30M, CKOJIBKO 3J1EMEHTOB Oyay T MeHbLLe Clly4aliHo BbIOpaH-
HOTO OMOPHOTO 3/IEMEHTA B CPEHEM?

TECTOBOE 3AJAHHME Bb.4

Kakoe u3 cneaytowumx AeiictBuii Haubonee 611M3ko kK MaTemaruye-
CKOMY OXHMJAHHIO pa3Mepa noaMacCcHBa, EpeaBaeMoro nepeoMy
PEKYPCHBHOMY BbI3OBY B aroputme QuickSort?

N 2 2
W NS WS &S
L) ' S .I .I .l

-
N’

(Pewenue 1 noscHeHue cM. B pasaene 5.4.2.)



246 NpunoxeHus

b.4.1. PewseHue TecroBoro 3agaumsa b.3

IIpaBuibHbIH 0TBeT: (6). ECTb Heckosibko cioco00B MOHATh, TOYEMY MaTEMATH-
yeckoe okHaHHe paBHseTcs 7. [1epBblii cnocob — BLIYMCINTB €10 METOJO0M Nepe-
6opa, ucnons3ys onpezaensioilee ypasHenue (b.1). C 36 BO3MOXHBIMU HCXOAAMU
3TO BbIMOJHUMO, HO YTOMUTENBHO. bonee soBkui cnoco® COCTOUT B TOM, 4TOOBI
00BbEAMHHUTb B Napbl BOSMOXHbBIE 3HAUEHHS CYMMBI U UCTIONB30BaTh CHMMETPHIO.
CymMMa paBHOBEPOSTHO MOXKET COCTABNATb 2 WK 12, paBHOBEPOSTHO COCTABIIATh
3 unm 11, 4 tak panee. B kaxaoi U3 3TMX map cpeaHee 3HaYeHUE PaBHO 7, Mo-
3TOMY OHO TaKXe ABJISETCA CPeIHUM 3HaueHHeM B LieJoM. TpeTuid ¥ nyqwui
€noco6 — KCnoab30BaTh IMHEHHOCTb MaTEMaTHYECKUX OXKUAAHHUH, KaK OMUCAHO
B CJIElyIOLIEM pa3jerne.

Bb.4.2. Pewuenne Tecrosoro 3ananHvs B.4

IIpaBuiabHbIi oTBeT: (B). TouHOE 3HaUEHUE MaTeMaTU4YeCKOro OXXKMJAHUS paB-
Hsaercs (n — 1)/2. Ectb 1/n 11anc, yTo nogMaccue umeet JuidHy 0 (ecii onopHbIi
3JIeMEHT ABJIAETCA HAaMMEHBLIUM 3JIEMEHTOM), 1/A LAHC, Y4TO OH UMEET JIUHY |
(ecnu ONOpHbBI 3NEMEHT ABNSETCS BTOPbIM HAUMEHbILUM JJIEMEHTOM), U TaK
Jlanee, BIJIOTb A0 1/n 11aHCca, YTO OH UMEET JUIMHY 72 — 1 (€CJIN OMOPHBIH NEMEHT
siBseTcs HaubonbLIMM 3nieMeHToM). [IpuHuMas Bo BHUMaHue onpeaenenue (b.1)
MareMaTH4eCKOro OKHaHUs' U OCHOBbIBASCh HA TOXIECTBE Z::: = %, y Hac
nonyuaercs

E[X]=;11-x0+;11-xl+...+%x(n—1)=%x£1+2+...+(n—l))=n7_l.

2

(n-1)

' Oaux u3 cnoco6oB yBuaeTs, yto 1 +2+- - - +(n— 1) = n 3
AYKLHIO N0 7 (cM. pa3znen A.2). Jlng 6onee N10BKOro 10Ka3are/ibCTBa BO3bMEM JBE KOMHH
U3 JIEBOM 4acTH U 00BEAMHHUM B napbl: « 1» U3 nepBoii KOMHHU € «1 — 1» U3 BTOPO# KOMHH,
«2» W3 NepBOii KOMUM € «1 — 2)» U3 BTOPO# KOMUH, U Tak Aanee. I1o aact n — | map co
3Ha4yeHHeM n kaxaas. [lockonbKy nBoiHas cymMMa paBHsaeTca n(n — 1), iCXoaHas cyMMma
paBHa M

, — MCNOJIb30BATh UH-
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B.5. JIuHeHOCTL MaTeMaTU4YEeCKOro oOXXuaaHums

b.5.1. ®opMynupoBKa U BapuaHTbl MCNONb30BaAHUSA

Hatue 3axrounTebHoe MOHATHE — MareMaTH4eckoe CBOMCTBO, a He onpeleneHue.
Jlunelinocme Mamemamu4eckozo 0HUOAHUs — 3TO MaTeMaTHYECKOE OXUAAHHE
TOT0, YTO CyMMa Clly4aiHbIX BEJIMYHH paBHa CyMMe UX OTAENbHbIX MaTeMaTnye-
CKHMX OkMaaHNHA. OHO HEBEPOATHO MOJE3HO TS BbIYMCIEHUS MaTeMarhyeckoro
OXKUaHUA YCIIOXKHEHHOI clly4aliHOl BeNWYUHBI, TaKo# Kak BpeMs pabOThI paHI0-
MHU3MpPOBaHHOrO ajropuT™Ma QuickSort, Mo KOTOPOMY CilyyaiiHas BEIMYHMHA MOXET
ObITb BHIPKEHA KaK B3BEILEHHAsA CyMMa Gollee MPOCTHIX ClyyalHbIX BEHYHUH.

Teopema B.1 (1MHeliHOCTL MaTeMaTHYecKoro oxugauus). llycmo X, ..., X

n

ecmo C/lyllaﬁ}lble B€E/IUYUHDL, onpe()e/zeimbze HAa Mmom e camom 6bl60p0‘lHOM npo-

cmpancmee S, u nycme a,, ..., a, ecms 8eujecmsennvie yucaa. Tozoa
n n
E Zl:ajxxj =Zlaij[Xj:|. (52)
J= J=

To ecTb BbI MOXETE B3Th CyMMY M MaTeMaTH4ECKOE OXKMaHHE B 1I000M MOpsiake
1 NOJIyYHTb TO ke camoe. OOLuii ciyyail Henob30BaHUs — 3TO KOra Z:=1 a ,~X ;
ABJIAETCS CIIOXKHO#H Clly4yaliHON BenW4nHOHN (Hanpumep, BpeMs paboThl paHao-
MH3MPOBAaHHOIO anropuT™a QuickSort), a X, IBAAIOTCS NPOCTHIMU CIy4aHHBIMHU
BEJIMUMHAMHU (Hanpumep, ciydaiinbie Benuurnsl 0—1).

Hanpumep, nycts X ecTb CyMMa BYX CTaHAAPTHBIX kocTell. Mbl MOXeM 3anucarhb
X KaK CyMMY JIBYX CITy4aiiHbIX BEHYHH, X; U X,, KOTOpbIE SABJIAIOTCS 3HAYCHUAMH
COOTBETCTBEHHO MePBOii U BTOPO# kocTel. MaTremaTueckoe oxuaanue X, uiau X,

JIErKO BBIYMCIUTh, UCMOb30BaB onpexaeneHue (b.1), kak %(1+2+3+4+5+6) =3,5.

JIMHeHHOCTh MaTeMaTU4YeCcKOro OXXMaHUs Toraa Jaet
E[X]=E[X,|+E[X,]=3,5+3,5=7,

TMOBTOPSs Halll OTBeT B paszene B.4.1 ¢ MeHbUIMM 00beMOM paboThI.

' B cT3HOpPACKOH BEpPCHH 3TOro Kypca 3a AeCATb HelleNb JIEKLUii Ha OCKe s OUEPUHBAIO
KBaJpaT BOKPYT TOJILKO ONHOTO TOXKAECTBAa — JIMHEHHOCTH MaTeMaTHYeCckoro OXXUaaHus.
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Upe3BbluaiiHO BAYKHBIM MOMEHTOM SIBISIETCS TO, YTO IUHEUHOCb MAMEMAMUYECKO-
20 0XHCUOGHUA CRPABEONUBA OAdCe ONA CTIYYAIHBIX 8EIUYUH, KOMOPbIE He ABNAIOMCS
Hezasucumbimu. Ham He HyxHO Oynet hopMasibHO ONpelieNsTh MOHATHE HE3aBUCH-
MOCTH B 3TOI KHHIe, HO Y BaC, BEPOATHO, ECTh XOpOLLIEe HHTYUTUBHOE NOHMMaHHe
TOTO, 4TO 3TO 3HAYUT: 3HAHHE YEro-TO O 3HAUEHUH OJHOMN CyyaiHOMN BETUUMHbBI
He FOBOPUT BaM HHYEro HOBOTO O 3HaYeHHAX Apyrux. Hanpumep, npuBeneHHble
BbILLE CllyuaiiHbie BEJIM4MHbI X| U X, HE3aBUCHMBI, IOCKONIBKY MpeanonaraeTcs,
Y4TO JiBE KOCTH GpOCalOT He3aBUCUMO APYT OT Apyra.

Jlns npuMepa 3aBUCUMBIX Cly4YaiHbIX BEIAYMH PACCMOTPUM Mapy MarHETH4ECKH
CBA3aHHBIX KOCTEH, rlie BTopas KOCTb BCErAa OKa3bIBAaeTCs CO 3HauY€HWEM Oouib-
ILIMM, YeM Yy MepBoii (M 1, ecnu nepBas KOCTb NokasbiBaeT 6). Tenepsb, 3Has
3HayeHue JI000# U3 HUX, Bbl TOUHO 3HAETe, KAkOBO 3HayeHHe Apyroi kocti. Ho
MBI N10-MPEXHEMY MOXKEM 3anucaTh CyMMy X IByX KOCTeH kak X, + X, rie X, u X,
ABNISIOTCS 3HAYEHUAMH ABYX KocTeil. [To-npe>xHeMy COXpaHseTCs BAPUAHT, UTO X,
paccMaTprBaeMblil H30JIMPOBaHHO, PaBHOBEPOATHO OyaeT mobbiM u3 {1, 2, 3, 4,
S, 6}, 1 TO Ke caMoe BepHO s X,. Ce0oBaTeNnbHO, y HAC MO-NMPEXHEMY NOoJTy-
yaercda E[X|] = E[X,] = 3,5, ¥ N0 THHEAHOCTH MaTEMaTHYECKOrO OXKUIAHMUS Y HAC
no-npexHeMy nonyvaercs E[X] =7.

[MoueMy Bbl JOKHBI yAUBNATLCS? BHelHe ToxaecTBO B (b.2) MOXET BLIMAAETL
kak Tasroyiorus. Ho ecnu Mbl nepeiieM oT CyMM K MpOM3BEACHUAM CITyUaiiHbIX
BEJNMYMH, TO aHajior TeopeMbl b.1 6osbLie He OyneT co6110aaTbCs A1 3aBUCHMBIX
ciyvaiiHbix Beau4dH'. [103TOMy NMHEHHOCTh MaTEeMaTHYECKOrO OXMIAAHUA AeH-
CTBUTENILHO SIBISETCSA YAaCTHBIM CBOHCTBOM CYyMM CIy4YaliHbIX BENHUMH.

! MarHeTHuyecku CBA3aHHbIE KOCTH 00ECMEYHBAIOT OANH KOHTpNpuMep. B kauecTse eie
6oJiee MPOCTOTO KOHTPIpUMeEpa MpPEanonokuM, uyto X, u X, nu6o pasHbl 0 1 1, nn6o 1
1 0, npuyeM kaxabiil pesyasrar umeet 50 %-Hyio BeposaTHocTb. Toraa E[X, x X,] = 0,

aE[X,] x E[X,] = %
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b.5.2. [loka3zaTenbnCcrao

[Tone3HocTb TIMHEHHOCTH MAaTEMATUYECKOTO OXKMAAHUSA CONOCTaBUMA MO NpocTOTE
TOJIBKO C €ro uoxazaTenbcnaom'.

Loxaszamenvcmeo meopemut b. 1. Hauas ¢ npaBoii uacty (b.2) n pasnoxus ee ¢ no-
Motubto onpeaenenus (b.1) MateMarnueckoro oXKMAaHUs, NOy4YaeM

jz;:aj xE[XJ:ZZl:aj x(g‘;p(i)ij (i))
-3(Z0<p0x, )

ieQ

M3MeHHB Nopagok CyMMHPOBaHHS, Mbl HMEEM

Z(Z“ xp(i)x X, ( ) Y| S xp()xx, () | (5.3)

ieQ ieQ\ j=1

[Nockonbky BEpOATHOCTD p (i) HE 3aBUCUT OTj = 1, 2, ..., n, Mbl MOXXEM BBITAILUTH
ee U3 BHyTpeHHel CyMMBbI:

> Za xp(i)x X, ( Zp(l ]Z:;ajij(i)

ieQ2\ j=1

HakoHel, cHoBa ucnonb3ys onpeneneHue (b.1) MareMarnueckoro oxuaHus, Mbl
nosry4yaem JeByto yacts (b.2):

> p(i)x g‘ajx)(j(i) =E gajij

ieQ

Y m.o.

Bot u Bce! JIMHEHHOCTh MaTeMaTH4eCKOro OXKUAAHUS — 3TO NMPOCTO 0OpaTHbIH
NOPAAOK JBOHHONO CyMMHPOBaHHUS.

['oBOps 0 NBOHHOM CyMMHpOBaHHH, ypaBHeHHe (b.3) MOXeT nokasarbcst Henpo-
3pa4yHbIM, €CIIM Bbl OA3a0bLTH 3T BUABI allrebpanieckux npeodpazosanuii. YToObl

! Tlpu nepBOM YTEHHH ITOTO AOKA3ATENbCTBA JUIA MPOCTOTHI CNEAYET MPUHATD, UTO 4, =
=a,=-=a,=1.
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AyMaThb 0 HeM Goree Ipu3eMIIEHHO, OpraHusyiite a,p (i)X/(7) B peLLeTke, B KOTOPOH
CTPOKH WHIEKCHPOBaHbI MO i € £, cronbupbl UHAEKCHpoBaHbl Mo j € {1, 2, ..., n}
 4ucno a; p(i) X (i) HaxonuTcs B suekiKke i-i CTPOKH M j-ro cronbua:

— =
&8
o]
~
=
~.
~
Nl

JleBas yacTb (B.3) cHauania cyMMupyeT Kaxablii cTonbell, a 3aTeM CkJ1aJbIBaeT 3TH
cyMMbI cTonOLoB. [1paBas uacTh CHauasa CyMMHpPYET CTPOKH, @ 3aTe€M CKJIa/ibiBaeT
3TU CYMMBI CTPOK. B TOM 1 B Ipyrom cnydae Bbl ONy4YHTE CyMMY BCEX 3HaUEHHi
B pELLETKE.

B.6. NMpumep: pacnpeneneHne Harpy3ku

YToOb! CBA3aTh BOEJMHO BCE MpPEAbIAYIIME MOHATHS, PACCMOTPUM NpUMep pac-
npezesnenus Harpysku. [Ipeanonoxum, HaM Hy>KeH aNrOpUTM, KOTOPbIN Ha3HauaeT
MpOLIECChI CEpBEpaM, HO Mbl — cymnepieHuBbl. OHO U3 CaMblX NPOCTHIX pelle-
HHii — NPOCTO HA3HAYUTh KK MPOLIECC Cy4aiHOMY CEpBEpY, NPHUYEM KaKIbIi
cepBep OAMHAKOBO BeposiTeH. Hackonbko xopowwo 31o padoraet!?

JIns KOHKPETHOCTH MPUMEM, YTO €CTb 1 MPOLECCOB, a TakXKe 1 CepPBEpOB, I/ie
n — HEKOTOpOe MOJIOKUTENbHOE Lieioe Yucio. Bo-nepBbIX, JaBaiiTe MPOsACHHM
BbIOOPOYHOE MPOCTPAHCTBO: MHOXKECTBO {2 — 3TO MHOXECTBO BCEX 1" BO3MOX-
HBIX CMIOCOOOB Ha3HaueHHs NMPOLIECCOB CepBeEpaM n BapMaHTaMU [ KaXKJI0ro 13
n npoueccos. [1o onpeaeneHIO HALLIETo JICHMBOIO aJINrOPUTMa KaXAbli U3 3TUX 1"
MCXOZI0B OZIMHAKOBO BEPOSTEH.

' Drot TNPUMEP TAKXKE UMEET OTHOLUIEHHE K HALEMY 06Cy)l<ll€HHlO XCLHUPOBAHHA B 4aCTH 2.
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Teneps, koraa y Hac ecTb BbIOOPOUHOE MPOCTPAHCTBO, MbI MOXKEM OMpPEAEUTh
cnyuaiinble BenyuuHbl. OfHA UHTEpeCcHas BeJIMYMHA — 3TO Harpy3ka Ha cepBep,
N03TOMY ONpeAeNtM Y Kak CydyaliHyto BeTM4HHY, PaBHYIO KOJIMUYECTBY MPOLIECCOB,
KOTOpble Ha3HAYaloTCs nepBoMy cepsepy. (McTopus onuHakoBa JUisl BCeX CepBepoB
B CHJIy CUMMETPHH, MO3TOMY Mbl BIOJIHE MOXEM COCPEAOTOYUTHCS HA MEPBOM.)
KakoBo MareMaTnueckoe oxuaaHue Y?

B npuHuune, Mbl MoxkeM BeluvcnuTh E[ Y] nyTeM oueHku onpenensioulero ypas-
HeHus (B.1) Metonom nepebopa, HO ITO HENMPAKTHYHO JUIS BCEX 3HAYEHUI, KpoMe
HauMeHbLUHUX 3HaueHuH n. K cyacTbio, nockonbky Y MOXeT ObITh BbIpaxceHa Kak
CyMMa NpOCTBIX CIy4aiHbIX BeJTHYHH, TUHEHHOCTh MATEMaTHYECKOTO OXKUJAHHS
MOXET COKOHOMHUTb HaM AeHb. PopManbHO And j = 1, 2, ..., n, ONMpeaenuM

X = {1 €cnu j-H mpolecc NpUBauBaETCA IEPBOMY CEPBEPY
e

0 B IPOTHBHOM CITy4ae

CnyyaiiHble BeTM4HHBI, KOTOpblE NPMHUMAIOT TONbKO 3HaYeHHs 0 U 1, yacTo Ha-
3bIBAOTCS MHAMKATOPHBIMH CIyYaHHbIMH BEJIMYUHAMH, TOCKOJILKY OHH NOKa3bl-
BalOT, HE MPOUCXOAHT JIM HEKOTOPOE COObITHE (HapUMep, COObITHE — MPOLIECC j
NpUCBaUBAETCs NIEPBOMY CEpBEPY).

W3 onpenenetuii Mbl MOXeM BbIPa3UTh Y kak cymMMy 3Ha4YeHHi X:
n
Y=>X,
j=1

CornacHo nMHEHHOCTH oxxuaaHui (TeopeMa b.1) mMaremaruuyeckoe oxuaaHue ¥
ABJIAETCSA CYMMON MaTeMaTH4eCKHX OKHIAHUH X!

E[Y]=E gXJ =IZ:.E|:XJ:|'

HOCKOJIBK)/ Kaxxaas cnyqaﬁﬂaﬂ nepeMEHHasA Af/ TaKas npocTas, JICrko BbIYUCIIUTD
€€ MaTEMAaTHYECKOC OXKHAAHUE HAIIPAMYIO:

E[ X, |=0xPr[ X, =0]+1xPr[ X, =1]=Pr[ X, =1].
—

0
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[Mockonbky j-# npoLecc paBHOBEPOATHO MOXET ObITh HA3HAUEH KXKAOMY U3 h cep-
BEpoB, Pr [X ;= 1:| = —. CobpaB Bce BMeCTe, y Hac Mojyyaercs
n

n
E[Y]:ZE[X,]=nxl=1.
= n
Takum 06pa3oM, ecd HaC MHTEPECYIOT TOJBKO CpeJHHE Harpy3Ku Ha cepBepbl,
TO Halll CBEPXJIEHUBbIH aNropuT™M paboTaeT NpocTo OTIMUYHO! DTOT NpuMep
¥ PaHAOMH3HPOBAHHbIA AINOPUTM QuickSort MOKa3bIBalOT, KaKylO posib UrpaeT
paHaOMH3alusA B TPOEKTUPOBAHHH AJITOPHUTMOB: Mbl HaCTO MOXEM oboiiTuch aeii-
CTBHUTEbHO NPOCTOI IBPUCTHKOM, €CJIM B NpoLiecce AenaeM ClydaiiHbli BoIOOp.

TECTOBOE 3AJJAHHE B.5

PaccmoTpum rpynny U3 k uenoBek. JIonycTHM, YTO A€Hb POXKAEHUS
KaXk/10r0 YesjoBeKa BIHUMAETCsi paBHOMEPHO Clly4aiiHbIM 00pa3om
13 365 Bo3MoxxHocTed. (M mpourHopupyem BUCOKOCHbIE IOAbl.)
Kakoe HauMeHblliee 3HaUE€HHE k Takoe, YTO 0XKHAAEMOE YHUCIIO Map
Pa3HbIX JIOJEH C OAHNM U TEM )K€ AHEM POXKAEHHUS PABHO KaK MUHH-
myM eannuue? [[loackaska: onpeaenuTe HHAUKATOPHYIO CIyUaiHY 10
BEIIMUMHY AN KaxJ10# napsl moaei. Mcnonb3yiite nuHeiiHOCTD
MaTeMaTH4ecKoro oxuaanus. ]

a) 20.
6) 23.
B) 27.
r) 28.
n) 366.

(PelueHue U MOACHEHUE CM. HUXE.)

IIpaBuABLHBI 0TBeT: (T). 321aIUM MOJOKUTEIbHOE LIEJI0e YKCII0 kK 1 0603HaUUM
MHOXeCTBO monei kak {1, 2, ..., k}. O603HauuM uepe3 ¥ konuyecTBo nap nwonei
C OZIMHAKOBbIM JIHEM poxkaeHHs. Kak npeanaraercs B noackaske, Onpeaeaum oaHy
ciyyaiiHyto BenMYMHY X, 1Uisl Kaxaoro sapuaHTa i, j € {1, 2, ..., k} moneii, rae
i <j. OnpenenuM X, kak 1, eCliv i ¥ j NMEIOT OAMHAKOBLIA AeHb POXKACHHS, U 0
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B [IPOTHBHOM CJjiy4ac. CrneoBareibHO, /Yii ABJIAFOTCA HHAWKATOPHBIMHU CITY YalHbIMU
NEPEMEHHBIMHU, U

k-1 k
Y=>>x,

i=] j=i+l

[lo nuHeiiHOCTH MaTemMaTHYeCKOro oxuaaHus (teopema b.1)

E[Y]=E[§2Xy]= YE[x,]. (5.4)

i=1 j=i+l Jj=i+l

bl

i
—

[ockonbKy X, — 9T0 MHAMKATOpHas ciy4aiHas BenuunHa, E[X;] = Pr{X, = 1].
Hmeercs (365)% BO3MOKHOCTEH 1A AHEH POXAEHUS JIONAEH i U j, U B 365 U3 3TUX
BO3MOXHOCTEI i ¥ j UMEIOT OIUH U TOT XK€ JIEHb POXIECHHUS.

[TpuHKUMasi, 4TO Bce KOMOMHALMK IHEH POXKAEHHUS PaBHOBEPOSATHbI,

1
Pr[ —]_(365) %

IMoacrasus 310 B (b.4), MbI UMeeM
k-1

11 (k) k(k-1)
53 s

i=1 j=i+l

rae (3) o6o3HayaeT GUHOMUANBHBIN KO3(GdULMEHT «u3 2 Mo k» (Kak B pelleHHH
TecToBOro 3ananus 3.1). Haumenbluee 3nauenue k, ais koroporo k(k—1)/730> 1,
paBHO 28.
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